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WOVEN g-FRAMES IN HILBERT C∗-MODULES

Ekta Rajput, Nabin Kumar Sahu, and Vishnu Narayan Mishra∗

Abstract. Woven frames are motivated from distributed signal processing with
potential applications in wireless sensor networks. g-frames provide more choices
on analyzing functions from the frame expansion coefficients. The objective of this
paper is to introduce woven g-frames in Hilbert C*-modules, and to develop its fun-
damental properties. In this investigation, we establish sufficient conditions under
which two g-frames possess the weaving properties. We also investigate the sufficient
conditions under which a family of g-frames possess weaving properties.

1. Introduction

Frames in Hilbert spaces were first proposed by Duffin and Schaeffer [10] in 1952
while studying the nonharmonic Fourier series. Frames can be viewed as more flexible
substitutes of bases in Hilbert spaces. They are more flexible tools as linear indepen-
dence between the frame elements are not required. In 1985, as the wavelet era
began, Daubechies, Grossmann, and Meyer [9] reintroduced and developed the theory
of frames in 1986. Due to its remarkable structure, the subject drew the attention
of many mathematicians, physicists, and engineers because of its wide application in
various well known fields like signal processing [4], coding and communications [19],
image processing [5], sampling theory [11], numerical analysis, filter theory [3]. In re-
cent years, it has emerged as an important tool in compressive sensing, data analysis,
and in several other areas. The notion of woven frames in Hilbert space was intro-
duced by Bemrose et al. [2], and more deeply investigated in [7, 8]. The concept of
woven frames is partially motivated by preprocessing of Gabor frames, and has poten-
tial applications in wireless sensor networks that require distributed processing under
different frames. In the past few years, several generalizations of frames in Hilbert
space have been proposed, for example, fusion frames [6], pseudo-frames [16], etc.
Sun [20] introduced the concept of g-frame or generalized frames in Hilbert spaces.
Let X and Y be separable Hilbert spaces, and {Yi : i ∈ I} be a sequence of closed
subspaces of Y . Let L(X ,Yi) be the collection of all bounded linear operators from
X into Yi.

Definition 1.1. [20] A sequence {Λj ∈ L(X ,Yj) : j ∈ J} is called a generalized
frame, or simply a g-frame, for X with respect to {Yj : j ∈ J} if there are two positive
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constants A and B such that

A‖f‖2 ≤
∑
j∈J

‖Λjf‖2 ≤ B‖f‖2, ∀f ∈ X .(1.1)

Woven frames are powerful tools in wireless sensor network. In Hilbert spaces, they
are defined as follows:

Definition 1.2. [2] Let [m] = {1, 2, ....,m}. A family of frames {φij}i∈I for j ∈ [m]
for a Hilbert space H is said to be woven, if there are universal positive constants A
and B such that for every partition {σj}j∈[m] of I, the family {φij}i∈σj ,j∈[m] is a frame
for H with lower and upper frame bounds A and B, respectively.

In [17], Li et al. introduced the concept of woven g-frames in Hilbert spaces.

Definition 1.3. [17] A family of g-frames {Λij}i∈I,j∈[m] for a Hilbert space H is
said to be woven if there are universal positive constants A and B such that for every
partition {σj}j∈[m] of I, the family {Λij}i∈σj ,j∈[m] is a g-frame for H with lower and
upper frame bounds A and B, respectively.

In recent years, many mathematicians got significant results by extending the the-
ory of frames from Hilbert spaces to Hilbert C∗-modules. Hilbert C∗-modules are
generalizations of Hilbert spaces by allowing the inner product to take values in a
C∗-algebra rather than in the field of real or complex numbers. They were introduced
and investigated initially by Kaplansky [14]. Frank and Larson [12] introduced the
concept of frames in finitely or countably generated Hilbert C∗-modules over a unital
C∗-algebra.

In [15], A. Khosravi and B. Khosravi introduced g-frames in Hilbert C∗-modules
and observed that they share many useful properties with their corresponding notions
in Hilbert spaces. Let U and V be finitely or countably generated Hilbert A-modules,
and {Vi : i ∈ I} be a sequence of closed Hilbert submodules of V . Let End∗A(U ,Vi)
be the collection of all adjointable A-linear maps from U to Vi.

Definition 1.4. [15] A sequence {Λi ∈ End∗A(U ,Vi) : i ∈ I} is called a g-frame or
a generalized frame in U with respect to {Vi : i ∈ I} if there exist constants C,D > 0
such that for every f ∈ U ,

C〈f, f〉 ≤
∑
i∈I

〈Λif,Λif〉 ≤ D〈f, f〉.(1.2)

Woven frames for finitely or countably generated Hilbert C∗-module were introduced
and studied in [13].

Definition 1.5. [13] Let [m] = {1, 2, ...,m}, m ∈ N. A family
{
{φij}i∈I

}
j∈[m]

of

frames for U is called woven if there exist universal positive constants A and B such
that for every partition {σj}j∈[m] of I, the family {φij}i∈σj ,j∈[m] is a frame for U with
lower and upper frame bounds A and B, respectively. Each family {φij}i∈σj ,j∈[m] is
called a weaving.

The above literature motivates us to introduce the notion of woven g-frames in
Hilbert C∗-modules. In this paper, we introduce the concept of woven g-frames in
Hilbert C∗-modules, and develop their fundamental properties.
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2. Woven g-frames

Let I and J be finite or countable index sets and let N be the set of natural numbers.
Throughout this paper, we assume that U and V are finitely or countably generated
Hilbert A-modules, and {Vi : i ∈ I} is a sequence of closed Hilbert submodules of V .
For each i ∈ I , End∗A(U ,Vi) is the collection of all adjointable A-linear maps from U
to Vi and End∗A(U ,U) is denoted by End∗A(U).

Now we define woven g-frames in Hilbert C*-modules.

Definition 2.1. Two g-frames Λ = {Λi}i∈I and Γ = {Γi}i∈I for U are said to
be woven g-frames if there exist universal positive constants A and B such that for
any partition σ of I, the family {Λi}i∈σ

⋃
{Γi}i∈σc is a g-frame for U with lower and

upper g-frame bounds A and B, respectively, that is

A〈f, f〉 ≤
∑
i∈σ

〈Λif,Λif〉+
∑
i∈σc

〈Γif,Γif〉 ≤ B〈f, f〉,∀f ∈ U .(2.3)

Definition 2.2. A family of g-frames {{Λij}∞j=1 : i ∈ I} for U with respect to
{Vi : i ∈ I} is said to be woven g-frames if there exist universal positive constants A

and B such that for any partition {σi}i∈I of N, the family
⋃
i∈I

{Λij}j∈σi is a g-frame

for U with lower and upper g-frame bounds A and B, respectively, that is

A〈f, f〉 ≤
∑
i∈I

∑
j∈σi

〈Λijf,Λijf〉 ≤ B〈f, f〉, ∀f ∈ U .(2.4)

Let {Vi : i ∈ I} be a sequence of Hilbert A-modules, we define the space⊕
i∈I

Vi =
{
{cij}j∈σi,i∈I : cij ∈ Vi such that

∑
j∈σi,i∈I

〈cij, cij〉 is norm convergent in A
}
.

The inner product in
⊕
i∈I

Vi is defined by

〈{cij}, {dij}〉 =
∑
i∈I

∑
j∈σi

〈cij, dij〉.

Let {{Λij}∞j=1 : i ∈ I} be a family of woven g-frames.

The operator T : U →
⊕
i∈I

Vi defined by

Tf = {Λijf}j∈σi,i∈I
is called the analysis operator.

The operator T ∗ :
⊕
i∈I

Vi → U defined by

T ∗{cij} =
∑
i∈I

∑
j∈σi

Λ∗ijcij

is called the synthesis operator.
By composing T and T ∗, we obtain the frame operator S : U → U as

Sf = T ∗Tf

=
∑
i∈I

∑
j∈σi

Λ∗ijΛijf,
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where Λ∗ij is the adjoint operator of Λij.

Proposition 2.1. Let {{Λij}∞j=1 : i ∈ I} be a family of woven g-frames for U .
Then the frame operator S is self adjoint, positive, bounded and invertible on U .

Proof. Since S∗ = (T ∗T )∗ = T ∗T = S, the frame operator S is self adjoint.
Let {{Λij}∞j=1 : i ∈ I} be woven g-frame for U with universal lower and upper frame
bounds A and B, respectively.

For any f ∈ U , Sf =
∑
i∈I

∑
j∈σi

Λ∗ijΛijf . Then

〈Sf, f〉 =
〈∑
i∈I

∑
j∈σi

Λ∗ijΛijf, f
〉

=
∑
i∈I

∑
j∈σi

〈Λijf,Λijf〉.

⇒ A〈f, f〉 ≤ 〈Sf, f〉 ≤ B〈f, f〉.
⇒ AI ≤ S ≤ BI.
Therefore, the frame operator S is positive, bounded and invertible.

Theorem 2.1. Let {{Λij}mj=1 : i ∈ I} be a sequence of g-Bessel sequences for U
with respect to {Vi : i ∈ I} and with g-Bessel bounds Bj. Then, every weaving is a

g-Bessel sequence with bound
m∑
j=1

Bj.

Proof. Let [m] = {1, 2, ...,m}, and let {σj}j∈[m] be any partition of I. Then for
every f ∈ U , we have

m∑
j=1

∑
i∈σj

〈Λijf,Λijf〉 ≤
m∑
j=1

∑
i∈I

〈Λijf,Λijf〉

≤
m∑
j=1

Bj〈f, f〉.

Hence the proof.

Proposition 2.2. Let Λ = {Λi}i∈N and Γ = {Γi}i∈N be g-Bessel sequences in U
with respect to {Vi : i ∈ N} with g-Bessel bounds B1, B2, respectively. If J ⊂ N,
and ΛJ ≡ {Λj}j∈J and ΓJ ≡ {Γj}j∈J are woven g-frames, then Λ and Γ are woven
g-frames for U .

Proof. Let A be universal lower g-frame bound for the woven g-frame ΛJ and ΓJ ,
and let σ ⊂ N be an arbitrary subset. Then,

A〈f, f〉 ≤
∑
j∈σ∩J

〈Λjf,Λjf〉+
∑

j∈σc∩J

〈Γjf,Γjf〉

≤
∑
j∈σ

〈Λjf,Λjf〉+
∑
j∈σc

〈Γjf,Γjf〉

≤ (B1 +B2)〈f, f〉.

Hence, Λ and Γ are woven g-frames for U .
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Theorem 2.2. Let Λ = {Λi}i∈N and Γ = {Γi}i∈N be woven g-frames for U with
respect to {Vi : i ∈ I} with universal g-frame bounds A and B. If J ⊂ N and∑

j∈J

〈Λjf,Λjf〉 ≤ D〈f, f〉

for all f ∈ U and for some 0 < D < A. Then Λ0 ≡ {Λi}i∈N\J and Γ0 ≡ {Γi}i∈N\J are
woven g-frames for U with universal g-frame bounds A−D and B.

Proof. Let σ be any subset of N\J . We compute∑
j∈σ

〈Λjf,Λjf〉+
∑

j∈(N\J)\σ

〈Γjf,Γjf〉

=
( ∑
j∈σ

⋃
J

〈Λjf,Λjf〉 −
∑
j∈J

〈Λjf,Λjf〉
)

+
∑

j∈(N\J)\σ

〈Γjf,Γjf〉

=
( ∑
j∈σ

⋃
J

〈Λjf,Λjf〉+
∑

j∈(N\J)\σ

〈Γjf,Γjf〉
)
−
∑
j∈J

〈Λjf,Λjf〉

≥ A〈f, f〉 −D〈f, f〉 = (A−D)〈f, f〉,∀f ∈ U .

On the other hand, for all f ∈ U , we have∑
j∈σ

〈Λjf,Λjf〉+
∑

j∈(N\J)\σ

〈Γjf,Γjf〉

≤
∑

j∈σ
⋃
J

〈Λjf,Λjf〉+
∑

j∈(N\J)\σ

〈Γjf,Γjf〉 ≤ B〈f, f〉.

Hence, Λ0 and Γ0 are woven g-frames for U with the universal lower and upper g-frame
bounds A−D and B, respectively.

Lemma 2.1. [1] Let U and V be two Hilbert A-modules over a C∗-algebra A, and
T ∈ End∗A(U ,V). Then the following statements are equivalent:

1. T is surjective.
2. T ∗ is bounded below with respect to norm i.e there exists m > 0 such that
‖T ∗f‖ ≥ m‖f‖ for all f ∈ U .

3. T ∗ is bounded below with respect to inner product i.e there exists m > 0 such
that 〈T ∗f, T ∗f〉 ≥ m〈f, f〉 for all f ∈ U .

Lemma 2.2. [18] Let U and V be Hilbert A-modules over a C∗-algebra A, and let
T : U → V be a linear map. Then the following conditions are equivalent:

1. The operator T is bounded and A-linear.
2. There exists k ≥ 0 such that 〈Tx, Tx〉 ≤ k〈x, x〉 for all x ∈ U .

Theorem 2.3. Let Λ = {Λi}i∈N and Γ = {Γi}i∈N be a pair of g-frames for U with
respect to {Vi : i ∈ N}. Then for every partition σ of N, Λ and Γ are woven g-frames
for U with universal lower and upper g-frame bounds A and B, respectively, if and
only if

A‖〈f, f〉‖ ≤ ‖
∑
i∈σ

〈Λif,Λif〉+
∑
i∈σc

〈Γif,Γif〉‖ ≤ B‖〈f, f〉‖

for all f ∈ U .
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Proof. ( =⇒ ) Obvious.
Now assume that there exist constants 0 < A,B <∞ such that for all f ∈ U

A‖〈f, f〉‖ ≤ ‖
∑
i∈σ

〈Λif,Λif〉+
∑
i∈σc

〈Γif,Γif〉‖ ≤ B‖〈f, f〉‖.(2.5)

We prove that Λ and Γ are g-woven frames for U with the universal lower and upper
g-frame bounds A and B, respectively.
As S is positive, self adjoint and invertible operator. We have

〈S
1
2f, S

1
2f〉 = 〈Sf, f〉 =

∑
i∈σ

〈Λif,Λif〉+
∑
i∈σc

〈Γif,Γif〉.

From equation (2.5), we have
√
A‖f‖ ≤ ‖S

1
2f‖ ≤

√
B‖f‖.

By using Lemma 2.1, we have

〈S
1
2f, S

1
2f〉 = 〈Sf, f〉 ≥ A〈f, f〉.

Since S
1
2 is bounded and A-linear, by using Lemma 2.2, we have

〈S
1
2f, S

1
2f〉 = 〈Sf, f〉 ≤ B〈f, f〉.

Theorem 2.4. Let Λ = {Λi}i∈N and Γ = {Γi}i∈N be a pair of g-frames for U with
respect to {Vi : i ∈ N} with g-frame bounds A1, B1 and A2, B2, respectively. Assume
that there are constants 0 < λ1, λ2, µ < 1 such that

λ1
√
B1 + λ2

√
B2 + µ ≤ A1

2(
√
B1 +

√
B2)

and

‖
∑
i∈N

〈(Λ∗i − Γ∗i )fi, (Λ
∗
i − Γ∗i )fi〉‖

1
2 ≤ λ1‖

∑
i∈N

〈Λ∗i fi,Λ∗i fi〉‖
1
2

+ λ2‖
∑
i∈N

〈Γ∗i fi,Γ∗i fi〉‖
1
2 + µ‖〈{fi}, {fi}〉‖

1
2(2.6)

for all {fi}i∈N ∈
(⊕
i∈N

Vi
)
. Then, Λ and Γ are woven g-frames with universal lower

and upper frame bounds A1

2
and B1 +B2, respectively.

Proof. Let T and R be the synthesis operator for the g-frames {Λi}i∈N and {Γi}i∈N,

respectively. T :
⊕
i∈N

Vi → U is defined as

T{fi} =
∑
i∈N

Λ∗i fi,

and R :
⊕
i∈N

Vi → U is defined as

R{fi} =
∑
i∈N

Γ∗i fi.
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For each σ ⊂ N, define the bounded operators

Tσ, Rσ : (
⊕
i∈σ

Vi)→ U

as Tσ({fi}) =
∑
i∈σ

Λ∗i fi and Rσ({fi}) =
∑
i∈σ

Γ∗i fi.

We note that ‖Tσ‖ ≤ ‖T‖, ‖Rσ‖ ≤ ‖R‖ and ‖Tσ −Rσ‖ ≤ ‖T −R‖.
As we know ‖f‖2 = ‖〈f, f〉‖,∀f ∈ U and using equation (2.6), we have

λ1‖T ({fi}i∈N)‖+ λ2‖R({fi}i∈N)‖+ µ‖{fi}i∈N‖
≥ ‖

∑
i∈N

〈(Λ∗i − Γ∗i )fi, (Λ
∗
i − Γ∗i )fi〉‖

1
2 = ‖(T −R)({fi}i∈N)‖.

This gives ‖T −R‖ ≤ λ1‖T‖+ λ2‖R‖+ µ.
Using this, for any σ ⊂ N, we compute

‖
∑
i∈σ

Λ∗iΛif −
∑
i∈σ

Γ∗iΓif‖ = ‖Tσ({Λif}i∈σ)−Rσ({Γif}i∈σ)‖

= ‖TσT ∗σf −RσR
∗
σf‖

= ‖TσT ∗σf − TσR∗σf + TσR
∗
σf −RσR

∗
σf‖

≤ ‖(TσT ∗σ − TσR∗σ)f‖+ ‖(TσR∗σ −RσR
∗
σ)f‖

≤ ‖Tσ‖‖T ∗σ −R∗σ‖‖f‖+ ‖Tσ −Rσ‖‖R∗σ‖‖f‖
≤ ‖T‖‖T −R‖‖f‖+ ‖T −R‖‖R‖‖f‖
≤ (λ1‖T‖+ λ2‖R‖+ µ)(‖T‖+ ‖R‖)‖f‖
≤ (λ1‖T‖+ λ2‖R‖+ µ)(

√
B1 +

√
B2)‖f‖

<
A1

2(
√
B1 +

√
B2)

(
√
B1 +

√
B2)‖f‖

=
A1

2
‖f‖.(2.7)

Now, from the equation (2.7), it follows that

‖
∑
i∈σc

Λ∗iΛif +
∑
i∈σ

Γ∗iΓif‖

= ‖
∑
i∈σc

Λ∗iΛif +
∑
i∈σ

Λ∗iΛif −
∑
i∈σ

Λ∗iΛif +
∑
i∈σ

Γ∗iΓif‖

= ‖
∑
i∈N

Λ∗iΛif +
∑
i∈σ

Γ∗iΓif −
∑
i∈σ

Λ∗iΛif‖

≥ ‖
∑
i∈N

Λ∗iΛif‖ − ‖
∑
i∈σ

Λ∗iΛif −
∑
i∈σ

Γ∗iΓif‖

≥ A1‖f‖ − ‖
∑
i∈σ

Λ∗iΛif −
∑
i∈σ

Γ∗iΓif‖

≥ A1‖f‖ −
A1

2
‖f‖

=
A1

2
‖f‖.
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This gives universal lower g-frame bound. By using Theorem 2.1, we get B1 + B2 as
universal upper g-frame bound. Hence, Λ and Γ are woven g-frames.

Theorem 2.5. Let Λ = {Λi}i∈N and Γ = {Γi}i∈N be a pair of g-frames for U with
respect to {Vi : i ∈ N} with g-frame bounds A1, B1 and A2, B2, respectively. Assume
that there are constants 0 < λ, µ, γ < 1 such that

λB1 + µB2 + γ < A1

and

‖
∑
i∈σ

〈(Λ∗iΛi − Γ∗iΓi)f, (Λ
∗
iΛi − Γ∗iΓi)f〉‖

1
2(2.8)

≤ λ‖
∑
i∈σ

〈Λ∗iΛif,Λ
∗
iΛif〉‖

1
2 + µ‖

∑
i∈σ

〈Γ∗iΓif,Γ∗iΓif〉‖
1
2

+ γ(
∑
i∈σ

‖Λif‖2)
1
2 .

for all f ∈ U and for every σ ⊂ N. Then, Λ and Γ are woven g-frames with universal
g-frame bounds (A1 − λB1 − µB2 − γ

√
B1) and (B1 + λB1 + µB2 + γ

√
B1).

Proof. For any σ ⊂ N, we use the fact that for f ∈ U ,

‖
∑
i∈σ

Λ∗iΛif‖ ≤ B1‖f‖ and ‖
∑
i∈σ

Γ∗iΓif‖ ≤ B2‖f‖

and as we know that ‖f‖2 = ‖〈f, f〉‖,∀f ∈ U , (2.8) implies

‖
∑
i∈σ

(Λ∗iΛi − Γ∗iΓi)f‖(2.9)

≤ λ‖
∑
i∈σ

Λ∗iΛif‖+ µ‖
∑
i∈σ

Γ∗iΓif‖+ γ(
∑
i∈σ

‖Λif‖2)
1
2 .

We compute

‖
∑
i∈σc

Λ∗iΛif +
∑
i∈σ

Γ∗iΓif‖

= ‖
∑
i∈N

Λ∗iΛif +
∑
i∈σ

Γ∗iΓif −
∑
i∈σ

Λ∗iΛif‖

≥ ‖
∑
i∈N

Λ∗iΛif‖ − ‖
∑
i∈σ

Γ∗iΓif −
∑
i∈σ

Λ∗iΛif‖

≥ A1‖f‖ − ‖
∑
i∈σ

Γ∗iΓif −
∑
i∈σ

Λ∗iΛif‖

≥ A1‖f‖ − λ‖
∑
i∈σ

Λ∗iΛif‖ − µ‖
∑
i∈σ

Γ∗iΓif‖ − γ(
∑
i∈σ

‖Λif‖2)
1
2

≥ (A1 − λB1 − µB2 − γ
√
B1)‖f‖,
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and

‖
∑
i∈σc

Λ∗iΛif +
∑
i∈σ

Γ∗iΓif‖

= ‖
∑
i∈N

Λ∗iΛif +
∑
i∈σ

Γ∗iΓif −
∑
i∈σ

Λ∗iΛif‖

≤ ‖
∑
i∈N

Λ∗iΛif‖+ ‖
∑
i∈σ

Γ∗iΓif −
∑
i∈σ

Λ∗iΛif‖

≤ B1‖f‖+ λ‖
∑
i∈σ

Λ∗iΛif‖+ µ‖
∑
i∈σ

Γ∗iΓif‖+ γ(
∑
i∈σ

‖Λif‖2)
1
2

≤ (B1 + λB1 + µB2 + γ
√
B1)‖f‖.

Therefore, Λ and Γ are woven g-frames with the universal lower and upper bounds
(A1 − λB1 − µB2 − γ

√
B1) and (B1 + λB1 + µB2 + γ

√
B1), respectively.

Theorem 2.6. For i ∈ I, let Λi = {Λij}j∈J be a family of g-frames for U with
respect to {Vi : i ∈ I} with bounds Ai and Bi. For any σ ⊂ J and a fix t ∈ I, let

P σ
i (f) =

∑
j∈σ

Λ∗ijΛijf −
∑
j∈σ

Λ∗tjΛtjf for i 6= t. If P σ
i is a positive linear operator, then

the family of g-frames {Λi}i∈I is g-woven.

Proof. Let {σi}i∈[m] be any partition of J . Then, for every f ∈ U , a fix t ∈ I and
j ∈ σi, we have ∑

j∈σi

〈Λ∗tjΛtjf, f〉(2.10)

=
∑
j∈σi

〈
Λ∗ijΛijf − P σ

i (f), f
〉

≤
∑
j∈σi

〈
Λ∗ijΛijf, f

〉
. (As P σ

i is a positive linear operator )

Now, using (2.10) we have

At〈f, f〉 ≤
∑
j∈J

〈Λ∗tjΛtjf, f〉

=
∑
j∈σ1

〈Λ∗tjΛtjf, f〉+ ...+
∑
j∈σi

〈Λ∗tjΛtjf, f〉+ ...+
∑
j∈σm

〈Λ∗tjΛtjf, f〉

≤
∑
j∈σ1

〈Λ∗1jΛ1jf, f〉+ ...+
∑
j∈σi

〈Λ∗ijΛijf, f〉+ ...+
∑
j∈σm

〈Λ∗mjΛmjf, f〉

≤ (B1 + ...+Bi + ...+Bm)〈f, f〉
=

∑
i∈I

Bi〈f, f〉.

This implies that

At〈f, f〉 ≤
∑
i∈I

∑
j∈σi

〈Λ∗ijΛijf, f〉 ≤
∑
i∈I

Bi〈f, f〉.
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Theorem 2.7. For each j ∈ [m], let Λi = {Λij}i∈I be a family of g-frames for U
with bounds Aj and Bj. Suppose there exists K > 0 such that

∑
i∈J

‖〈(Λij − Λil)f, (Λij − Λil)f〉‖

≤ K min
{∑
i∈J

‖〈Λijf,Λijf〉‖,
∑
i∈J

‖〈Λilf,Λilf〉‖
}

(j, l ∈ [m], j 6= l)

for all f ∈ U and for all subsets J ⊂ I. Then the family of g-frames {{Λij}i∈I : j ∈
[m]} is woven with universal frame bounds∑

j∈[m]Aj

2(m− 1)(K + 1) + 1
and

∑
j∈[m]

Bj.

Proof. Let {σj}j∈[m] be any partition of I. For the lower frame inequality, we have

∑
j∈[m]

Aj‖〈f, f〉‖

= A1‖〈f, f〉‖+ ...+ Am‖〈f, f〉‖
≤

∑
i∈I

‖〈Λi1f,Λi1f〉‖+ ...+
∑
i∈I

‖〈Λimf,Λimf〉‖

=
(∑
i∈σ1

‖〈Λi1f,Λi1f〉‖+ ...+
∑
i∈σm

‖〈Λi1f,Λi1f〉‖
)

+ ...

+
(∑
i∈σ1

‖〈Λimf,Λimf〉‖+ ...+
∑
i∈σm

‖〈Λimf,Λimf〉‖
)

≤
[∑
i∈σ1

‖〈Λi1f,Λi1f〉‖+ 2
(∑
i∈σ2

‖〈(Λi1 − Λi2)f, (Λi1 − Λi2)f〉‖+
∑
i∈σ2

‖〈Λi2f,Λi2f〉‖
)

+ ...+ 2
( ∑
i∈σm

‖〈(Λi1 − Λim)f, (Λi1 − Λim)f〉‖+
∑
i∈σm

‖〈Λimf,Λimf〉‖
)]

+ ...

+
[
2
(∑
i∈σ1

‖〈(Λim − Λi1)f, (Λim − Λi1)f〉‖+
∑
i∈σ1

‖〈Λi1f,Λi1f〉‖
)

+ ...

+ 2
( ∑
i∈σm−1

‖〈(Λim − Λi(m−1))f, (Λim − Λi(m−1))f〉‖+
∑
i∈σm

‖〈Λi(m−1)f,Λi(m−1)f〉‖
)

+
∑
i∈σm

‖〈Λimf,Λimf〉‖
]
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≤
[∑
i∈σ1

‖〈Λi1f,Λi1f〉‖+ 2
(
K
∑
i∈σ2

‖〈Λi2f,Λi2f〉‖+
∑
i∈σ2

‖〈Λi2f,Λi2f〉‖
)

+ ...

+ 2
(
K
∑
i∈σm

‖〈Λimf,Λimf〉‖+
∑
i∈σm

‖〈Λimf,Λimf〉‖
)]

+ ...

+
[
2
(
K
∑
i∈σ1

‖〈Λi1f,Λi1f〉‖+
∑
i∈σ1

‖〈Λi1f,Λi1f〉‖
)

+ ...

+ 2
(
K

∑
i∈σm−1

‖〈Λi(m−1)f,Λi(m−1))f〉‖+
∑

i∈σ(m−1)

‖〈Λi(m−1)f,Λi(m−1)f〉‖
)

+
∑
i∈σm

‖〈Λimf,Λimf〉‖
]

=
∑
i∈σ1

‖〈Λi1f,Λi1f〉‖+ ...+
∑
i∈σm

‖〈Λimf,Λimf〉‖

+ (m− 1)2(K + 1)
(∑
i∈σ1

‖〈Λi1f,Λi1f〉‖+ ...+
∑
i∈σm

‖〈Λimf,Λimf〉‖
)

=
[
2(m− 1)(K + 1) + 1

] ∑
j∈[m]

∑
i∈σj

‖〈Λijf,Λijf〉‖

for all f ∈ U . From Theorem 2.1, we know that {{Λij}i∈I : j ∈ [m]} satisfies upper

frame inequality with universal upper frame bound
∑
j∈[m]

Bj. Hence, for all f ∈ U , we

have ∑
j∈[m]Aj

2(m− 1)(K + 1) + 1
‖〈f, f〉‖ ≤

∑
j∈[m]

∑
i∈σj

‖〈Λijf,Λijf〉‖ ≤
∑
j∈[m]

Bj‖〈f, f〉‖.

Proposition 2.3. Let {Λij}i∈I,j∈[m] be a family of woven g-Bessel sequences for U
with respect to {Vi : i ∈ I} and with g-Bessel with bound B. Then, {ΛijT}i∈I,j∈[m] is
also woven g-Bessel sequence with bound B‖T‖2 for every T ∈ L(U).

Proof. Suppose that {Λij}i∈I,j∈[m] is a family of woven g-Bessel sequence for U with
respect to {Vi : i ∈ I} and with g-Bessel bound B. Then for any partition {σj}j∈[m]

of I, we have

m∑
j=1

∑
i∈σj

〈Λijf,Λijf〉 ≤ B〈f, f〉.

Now
m∑
j=1

∑
i∈σj

〈ΛijTf,ΛijTf〉 ≤ B〈Tf, Tf〉

≤ B‖T‖2〈f, f〉, ∀f ∈ U .

Hence the proof.
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Theorem 2.8. Let {Λij}i∈I,j∈[m] be a family of g-frames for U with respect to
{Vi : i ∈ I}. Then {Λij}i∈I,j∈[m] is a woven g-Bessel sequence with bound D if and
only if

‖
m∑
j=1

∑
i∈σj

〈Λijf,Λijf〉‖ ≤ D‖f‖2,∀f ∈ U

holds for any partition {σj}j∈[m] of I.

Proof. ( =⇒ ) Obvious.

On the other hand, we define a linear operator T : U →
⊕
i∈I

Vi defined as

Tf =
m∑
j=1

∑
i∈σj

Λijfeij

for any partition {σj}j∈[m] of I, where {eij}i∈σj ,j∈[m] are the standard orthonormal
bases for Vi.
Then

‖Tf‖2 = ‖〈Tf, Tf〉‖ = ‖
m∑
j=1

∑
i∈σj

〈Λijf,Λijf〉‖ ≤ D‖f‖2.

This implies that ‖Tf‖ ≤
√
D‖f‖. Hence T is bounded. It is obvious that T is

A-linear. Then by Lemma 2.2, we have

〈Tf, Tf〉 ≤ D〈f, f〉.

Equivalently,
m∑
j=1

∑
i∈σj

〈Λijf,Λijf〉 ≤ D〈f, f〉, as desired.

Example 2.1. Let A = l∞, U = C0 be the Hilbert A-module of the set of all null
sequences equipped with the A-inner product

〈u, v〉 = uv∗ = {uiv∗i }∞i=1 = {uivi}∞i=1

for any u = {ui}∞i=1 ∈ U and v = {vi}∞i=1 ∈ U .
Let j ∈ J = N and define Aj ∈ B(U) by Aj

(
{fi}i∈N

)
= {δijfj}i∈N ∀{fi}i∈N ∈ U .

Let Λ = {Λj}∞j=1 and Γ = {Γj}∞j=1 be defined as follows:

{Λj}∞j=1 = {A1 + A2, A1 + A2, 0, 0, 0, ...}
{Γj}∞j=1 = {0, 0, A3, A4, A5, ...}.

Let f = {f1, f2, f3, ...} ∈ U . Then 〈f, f〉 = {f1f ∗1 , f2f ∗2 , f3f ∗3 , ....}. Here partial
ordering ′ ≤′ means pointwise comparision.
For any subset σ of N, we have∑

j∈σ

〈Λjf,Λjf〉+
∑
j∈σc

〈Γjf,Γjf〉 ≤ 2〈f, f〉.

On the other hand, it is clear that

〈f, f〉 ≤
∑
j∈σ

〈Λjf,Λjf〉+
∑
j∈σc

〈Γjf,Γjf〉.
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Hence Λ and Γ are woven g-frames with universal lower and upper frame bounds 1
and 2, respectively.

Theorem 2.9. Let Λ = {Λi}i∈N be a g-frame for U with respect to {Vi : i ∈ N}
with upper and lower g-frame bounds A and B, respectively. Suppose S is the g-frame
operator of {Λi}i∈N such that S−1Λi is self adjoint for all i ∈ N. Then {Λi}i∈N and
{Λ∗iS−1}i∈N are woven g-frames for U .

Proof. Let σ be any partition of N. Since S−1 and S−1Λi are self adjoint, we have

A〈f, f〉 ≤
∑
i∈N

〈Λif,Λif〉

=
∑
i∈σ

〈Λif,Λif〉+
∑
i∈σc

〈Λif,Λif〉

=
∑
i∈σ

〈Λif,Λif〉+
∑
i∈σc

〈SS−1Λif, SS
−1Λif〉

≤
∑
i∈σ

〈Λif,Λif〉+
∑
i∈σc

‖S‖2〈S−1Λif, S
−1Λif〉

≤
∑
i∈σ

〈Λif,Λif〉+B2
∑
i∈σc

〈(S−1Λi)
∗f, (S−1Λi)

∗f〉

=
∑
i∈σ

〈Λif,Λif〉+B2
∑
i∈σc

〈Λ∗iS−1f,Λ∗iS−1f〉

≤ max{1, B2}
(∑
i∈σ

〈Λif,Λif〉+
∑
i∈σc

〈Λ∗iS−1f,Λ∗iS−1f〉
)
.

This implies that

A

max{1, B2}
〈f, f〉 ≤

∑
i∈σ

〈Λif,Λif〉+
∑
i∈σc

〈Λ∗iS−1f,Λ∗iS−1f〉.

Thus
A

max{1, B2}
is a universal lower g-frame bound. To find a universal upper

g-frame bound, we compute∑
i∈σ

〈Λif,Λif〉+
∑
i∈σc

〈Λ∗iS−1f,Λ∗iS−1f〉

=
∑
i∈σ

〈Λif,Λif〉+
∑
i∈σc

〈(S−1Λi)
∗f, (S−1Λi)

∗f〉

=
∑
i∈σ

〈Λif,Λif〉+
∑
i∈σc

〈S−1Λif, S
−1Λif〉

≤
∑
i∈σ

〈Λif,Λif〉+
∑
i∈σc

‖S−1‖2〈Λif,Λif〉
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≤
∑
i∈σ

〈Λif,Λif〉+
1

A2

∑
i∈σc

〈Λif,Λif〉

≤ max{1, 1

A2
}
∑
i∈N

〈Λif,Λif〉

≤ Bmax{1, 1

A2
}〈f, f〉.

Hence, {Λi}i∈N and {Λ∗iS−1}i∈N are woven g-frames for U with universal lower g-frame

bound
A

max{1, B2}
and universal upper g-frame bound Bmax{1, 1

A2
}.
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