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ON THE UNIQUENESS OF CERTAIN TYPE OF SHIFT
POLYNOMIALS SHARING A SMALL FUNCTION

BiswaJIT SAHA

ABSTRACT. In this article, we consider the uniqueness problem of
S

the shift polynomials f™(2)(f™(z)—1) H flz4ci)H and f7(2)(f(2)—

Jj=1

1)m H f(z 4+ ¢;)", where f(z) is a transcendental entire function
j=1

of finite order, ¢;(j = 1,2, ..., s) are distinct finite complex numbers

and n(> 1), m(> 1), s and p,;(j = 1,2, ..., s) are integers. With the

concept of weakly weighted sharing and relaxed weighted sharing we

obtain some results which extend and generalize some results due to

P. Sahoo [Commun. Math. Stat. 3 (2015), 227-238].

1. Introduction, Definitions and Results

By a meromorphic function we shall always mean a meromorphic
function in the complex plane. We assume that the reader is famil-
iar with the standard notations in Nevanlinna’s value distribution the-
ory of meromorphic functions as explained in [6], [7] and [16]. For a
nonconstant meromorphic function h, we denote by T'(r, h) the Nevan-
linna characteristic function of h and by S(r, h) any quantity satisfying
S(r,h) = of{T(r,h)} as r — oo, possibly outside of a set of finite linear
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measure. We say that the meromorphic function a(z) is a small function
of f,if T(r,a(z)) = S(r, f).

Let k be a positive integer or infinity and a € CU{oco}. Set E(a, f) =
{z: f(2) —a = 0}, where a zero with multiplicity & is counted k times. If
the zeros are counted only once, then we denote the set by E(a, f). Let f
and g be two nonconstant meromorphic functions. If E(a, f) = E(a, g),
then we say that f and g share the value a CM (counting multiplicities).
On the other hand, if E(a, f) = E(a, g), then we say that f and g share
the value a IM (ignoring multiplicities). We denote by Ej)(a, f) the set
of all a-points of f with multiplicities not exceeding k, where an a-point
is counted according to its multiplicity. Also we denote by Ek)(a, f)
the set of distinct a-points of f with multiplicities not greater than k.
We denote by Nyy(r,a; f) the counting function of zeros of f — a with
multiplicity less or equal to k, and by Nk,) (r,a; f) the corresponding one
for which multiplicity is not counted. Let Ny(r,a; f) be the counting
function of zeros of f —a with multiplicity at least k& and N (r, a; f) the
corresponding one for which multiplicity is not counted. Set

Nk(T’,Cl; f) = N(r,a; f) +N(2(T,a; f) + o +N(k<ra a; f)

Let Ng(r,a; f, 9) (Ng(r,a; f, g)) be the counting function (reduced count-
ing function) of all common zeros of f — a and g — a with the same
multiplicities and Ny(r,a; f,g) (No(r,a; f,g)) the counting function (re-
duced counting function) of all common zeros of f —a and g —a ignoring
multiplicities. If

N(r,a; f) + N(r,a;9) = 2Ng(r,a; f,g) = S(r, f) + S(r, 9),
then we say that f and g share a “CM”. On the other hand, if
N(r,a; f) + N(r,a;9) — 2No(r,a; f,g) = S(r, f) + S(r, 9),

then we say that f and g share a “IM”.
We now explain in the following definition the notion of weakly weighted
sharing which was introduced by Lin and Lin [9].

DEFINITION 1.1. [9] Let f and g share a “IM” and k be a positive

integer or oo. NkE) (r,a; f,g) denotes the reduced counting function of
those a-points of f whose multiplicities are equal to the corresponding
a-points of g, and both of their multiplicities are not greater than k.

N?k (r,a; f, g) denotes the reduced counting function of those a-points of
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f which are a-points of g, both of their multiplicities are not less than

k.

DEFINITION 1.2. [9] Let a € CU {oo} and k be a positive integer or
oo. If

)
N@(T,CMQ) —Nf)(r,a; f>g) S )7
N(kﬂ(raa; f) _N((]kJrl(T?a; fr9)=S(r[),

— —o0
N(k+1(7"> UHQ) - N(k-{-l(rv a; f, 9) = 5(73 9)7

or if kK =0 and
N(Taa;f) _NO(Taa;fag) = S(Taf)a
N(T,(l;g) _NO(raa; f7 g) = S(’I", g)7

then we say f and g weakly share a with weight k£ and we write f and
g share “(a,k)” to mean that f, g weakly share a with weight k.

Niy(ra; f) = Ny (r, a5 f,9) = S(r, f
=S(r,g

r,

Now it is clear from definition 1.2 that weakly weighted sharing is a
scaling between IM and CM.

In 2007, A. Banerjee and S. Mukherjee [1] introduced a new type of
sharing which is weaker than weakly weighted sharing and is defined as
follows.

DEFINITION 1.3. [1] We denote by N(r,a; f |= p;|= q) the reduced
counting function of common a-points of f and ¢ with multiplicities p
and ¢, respectively.

DEFINITION 1.4. [1] Let a € CU{oo} and k be a positive integer or
0o. Suppose that f and g share a “IM”. If for p # ¢,

Z N(r,a; f |=p;g |=q) = S(r),
p,q<k

then we say that f and g share a with weight k in a relaxed manner and
in that case we write f and g share (a, k)*.

Recently, the topic of shift equation and shift product in the complex
plane C has attracted many mathematicians, a large number of papers
have focused on value distribution of shifts and shift operator analogues
of Nevanlinna theory (including [3], [4], [5], [8] and [13]) and many people
paid their attention to the uniqueness of shifts and shift polynomials of
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meromorphic function and obtained many interesting results. In this
direction J.L. Zhang [17] considered the zeros of certain type of shift
polynomials and proved the following result for small functions.

THEOREM A. Let f(z) and g(z) be two transcendental entire function
of finite order, a(z) (# 0) be a small function with respect to f(z)
and ¢ be a nonzero complex constant. If n > 2 is an integer then
f"(2)(f(z) = 1)f(z 4+ ¢) — a(z) has infinitely many zeros.

In the same paper the author also proved the following uniqueness
result.

THEOREM B. Let f(z) and g(z) be two transcendental entire func-
tions of finite order, and «(z)(# 0) be a small function with respect to
both f(z) and g(z). Suppose that ¢ is a nonzero complex constant and
n > 7 is an integer. If f"(2)(f(2)—1)f(z+c¢) and g"(z)(g(z) —1)g(z+c¢)
share o(z) CM, then f(z) = g(z).

In 2014, using the idea of weakly weighted sharing and relaxed weighted
sharing C. Meng [12] obtained the following uniqueness theorems which
improve and supplement Theorem B in different directions.

THEOREM C. Let f(z) and g(z) be two transcendental entire func-
tions of finite order, and a(z)(# 0,00) be a small function with respect
to both f(z) and g(z). Suppose that c is a nonzero complex constant and
n > 7 is an integer. If f"(2)(f(z)—1)f(z+4¢) and g"(z)(g(z) —1)g(z+c¢)
share “(«(z),2)”, then f(z) = g(z).

THEOREM D. Let f(z) and g(z) be two transcendental entire func-
tions of finite order, and «(z)(# 0,00) be a small function with respect
to both f(z) and g(z). Suppose that c is a nonzero complex constant and
n > 10 is an integer. If f"(2)(f(2)—1)f(z+c¢) and ¢"(2)(g(z)—1)g(z+c)
share («(z),2)*, then f(z) = g(z).

THEOREM E. Let f(z) and g(z) be two transcendental entire func-
tions of finite order, and o(z)(# 0,00) be a small function with respect
to both f(z) and g(z). Suppose that ¢ is a nonzero complex constant
and n > 16 is an integer. If

By (0, G - DG+ 0)) = By (0l ()al) - Dol +0)).

then f(z) = g(z).
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In 2015, P. Sahoo [14] studied the uniqueness problem of shift polyno-
mials of the form f™(z)(f™(2) —1)f(z+c¢) and f*(2)(f(z) —1)"f(z+c¢)
and proved the following results which generalize Theorems C-E.

THEOREM F. Let f(z) and g(z) be two transcendental entire func-
tions of finite order, and o(z)(# 0,00) be a small function with respect
to both f(z) and g(z). Suppose that c is a nonzero complex constant, n
and m(> 1) are integers such that n > m~+6. If f"(2)(f™(z)—1)f(z+c)
and g"(z)(g™(z) — 1)g(z + ¢) share “(a(2),2)”, then f(z) = tg(z) where
" =1.

THEOREM G. Let f(z) and g(z) be two transcendental entire func-
tions of finite order, and o(z)(# 0,00) be a small function with respect
to both f(z) and g(z). Suppose that c¢ is a nonzero complex constant, n
and m(> 1) are integers such that n > 2m~+8. If f"(2)(f™(z)—1)f(z+c¢)
and g"(2)(g™(z) — 1)g(z + ¢) share («(z),2)*, then f(z) = tg(z) where
tm = 1.

THEOREM H. Let f(z) and g(z) be two transcendental entire func-
tions of finite order, and «(z)(# 0,00) be a small function with respect
to both f(z) and g(z). Suppose that ¢ is a nonzero complex constant, n
and m(> 1) are integers such that n > 4m + 12. If

By (a2 /") - D1+ 0)) = By (a(2).6"(6" )~ D+
then f(z) = tg(z) where t"™ = 1.

THEOREM . Let f(z) and g(z) be two transcendental entire functions
of finite order, and «(z)(# 0, 00) be a small function with respect to both
f(2) and g(z). Suppose that c is a nonzero complex constant, n and
m(> 1) are integers satisfying n +m > 10. If f*(2)(f(z) — 1) f(z + ¢)
and g"(2)(g(z) —1)"g(z+c) share “(«(z),2)”, then either f(z) = g(z) or
f(2) and g(z) satisfy the algebraic equation R(f,g) = 0, where R(f,g)
is given by

R(wy,wy) = wi(w; — 1) wq (2 + ¢) — wi(we — 1)™wsa(z + ¢).

THEOREM J. Let f(z) and g(z) be two transcendental entire func-
tions of finite order, and o(z)(# 0, 00) be a small function with respect to
both f(z) and g(z). Suppose that ¢ is a nonzero complex constant, n and
m(> 1) are integers satisfying n +m > 13. If f*(2)(f(z) — 1) f(z + ¢)
and g"(z)(g(z) — 1)™g(z + ¢) share (a(z),2)*, then the conclusions of
Theorem I hold.
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THEOREM K. Let f(z) and g(z) be two transcendental entire func-
tions of finite order, and o(z)(# 0,00) be a small function with respect
to both f(z) and g(z). Suppose that c¢ is a nonzero complex constant, n
and m(> 1) are integers satisfying n +m > 19. If

By (a2 /") = 11+ ) ) = By (a2 6"(a(2) - 1)z 40
then the conclusions of Theorem I hold.

Regarding the results of P. Sahoo stated above it is natural to ask the
following question which is the motive of the present paper.

QUESTION 1.1. What can be said about the relationship between two
entire functions f(z) and g(z) if one replace the difference polynomial

(@) ™(2) =D f(z+¢) by f7(2)(f™(2) = 1) [ ] f(z+¢;)* in Theorems

J=1

F-H and f"(2)(f(2) = D)™ f(z +¢) by f"(2)(f(2) = )" [ f(= + ;)
j=1

in Theorems I-K, where f(z) is a transcendental entire function of finite

order, ¢;(j = 1,2,...,5), n(> 1), m(> 1), s and p;(j = 1,2,...,s) are

integers?

S
For the sake of simplicity we also use the notation o = Z 1
j=1
In the paper, our main concern is to find the possible answer of the
above question. We prove following theorems which extend and gener-
alize Theorems F-K. The following theorems are the main results of the

paper.

THEOREM 1.1. Let f(z) and g(z) be two transcendental entire func-
tions of finite order and a(z)(# 0, 00) be a small function with respect to
both f(z) and g(z). Suppose that ¢; (j = 1,2, ..., s) be distinct finite com-
plex numbers and n(> 1), m(> 1), s and p;(j = 1,2, ..., s) are integers

satisfying n > max{m+o+5,m+5c}. If f*(2)(f™(2)—1) H f(zte)t

and g"(z)(¢g"(z) — 1) f[g(z +¢;)" share “(a(z),2)”, then f(z) = tg(z)
where t"17 = 1. "
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THEOREM 1.2. Let f(z) and g(z) be two transcendental entire func-
tions of finite order and a(z)(# 0,00) be a small function with respect
to both f(z) and g(z). Suppose that ¢; (j = 1,2,...,s) be distinct fi-
nite complex numbers and n(> 1), m(> 1), s and p;(j = 1,2, ..., s) are
integers satisfying n > max{2m + 20 + 6,m + 5a}. If f"(2)(f™(z) —

DTG+ e and ()~ DTz + e share (a().2)"
thé;l f(z) = tg(z) where t™*7 = 1. "

THEOREM 1.3. Let f(z) and g(z) be two transcendental entire func-
tions of finite order and a(z)(# 0, 00) be a small function with respect to
both f(z) and g(z). Suppose that ¢; (j = 1,2, ..., s) be distinct finite com-
plex numbers and n(> 1), m(> 1), s and p;(j = 1,2, ..., s) are integers

satisfying n > max{4m + 40 + 8, m + 5c}. If By, (a(z), ) (f™(z) —

s

DTG+ e ) = By :) - D Lot + e ) then
f(g = tg(z) where t"17 = 1. "

THEOREM 1.4. Let f(z) and g(z) be two transcendental entire func-
tions of finite order and a(z)(# 0,00) be a small function with respect
to both f(z) and g(z). Suppose that ¢; (j = 1,2,...,s) be distinct finite
complex numbers and n(> 1), m(> 1), s and p;(j = 1,2, ..., s) are inte-

gers satisfying n +m > o + 9. If f"(2)(f(z) — 1)™ H f(z +¢;)" and

j=1

g"(2)(g(z)—1)™ Hg(z+cj)“f share “(a(z),2)”, then either f(z) = g(2)
j=1

or f(z) and g(z) satisfy the algebraic equation R(f, g) = 0, where R(f, g)

is given by

R(wy,wy) = wi(wy — 1)™ le(z + ¢ —wi(wy — 1)™ Hw2(2 + ¢t
j=1 i=1

THEOREM 1.5. Let f(z) and g(z) be two transcendental entire func-
tions of finite order and a(z)(# 0,00) be a small function with respect
to both f(z) and g(z). Suppose that ¢; (j = 1,2, ...,s) be distinct finite
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complex numbers and n(> 1), m(> 1), s and p;(j = 1,2, ..., s) are inte-

gers satisfying n +m > 20 + 11. If f"(2)(f(z) — 1)™ H f(z+¢j)" and

j=1

g"(2)(g(z) = )™ Hg(z + ¢j)" share (a(z),2)*, then the conclusions of
j=1

1.4 hold.

THEOREM 1.6. Let f(z) and g(z) be two transcendental entire func-
tions of finite order and a(z)(# 0,00) be a small function with respect to
both f(z) and g(z). Suppose that ¢; (j = 1,2, ..., s) be distinct finite com-
plex numbers and n(> 1), m(> 1), s and p;(j = 1,2, ..., s) are integers

satisfying n+m > 40+15. If By (oz(z), (=) (f(z)—1)™ f[f(z—f—cj)“f)
=1

= By (a(z),g”(z)(g(z) - 1)mHg(z + cj)“J), then the conclusions of
=1

1.4 hold.

2. Lemmas

Let F and G be two nonconstant meromorphic functions defined in
the complex plane C. We denote by H the function as follows:

F// 2F/ G// ZG/
H={— — (= - _
(i)~ (G600)
LeEMMA 2.1. [3] Let f(z) be a transcendental meromorphic function
of finite order, then

T(r,f(z+¢)=T(r, f)+ S(r, f).

LEMMA 2.2. [11] Let f be a meromorphic function of finite order p
and let ¢(# 0) be a fixed nonzero complex constant. Then

N(r,0; f(z+¢)) < N(r,0; f) + S(r, f),
N(r,00; f(z+¢)) < N(r,00; f) + 5(r, f),
N(r,0; f(z +¢)) < N(r,0; f) + S(r, f),
N{(r,00; f(z +¢)) < N(r,00; f) + S(r, ),

outside of possible exceptional set with finite logarithmic measure.
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LEMMA 2.3. [2] Let f be an entire function of finite order and F =

S (fmM(z) = 1) Hf z+¢;)". Then

j=1
T(r,F)=n+m+0o)T(r,f)+ S(r, f).
LEMMA 2.4. Let f be an entire function of finite order and F =
P2 () = ) T] £+ e Then
j=1
T(r.F) = (n+m+o)T(r, f) + S(r. f).
Proof. Applying the same method of Lemma 2.3, we can easily prove
it. O
LEMMA 2.5. [1] Let F' and G be two nonconstant meromorphic func-
tions that share “(1,2)” and H # 0. Then

T(r,F) < Ng(r 0; F) + Ng(r, 0; G) + Na(r,00; F') + No(r, 00; G)

—ZN \>p)+S(7" F)+5(r,G),

and the same mequahty holds for T'(r,G).

LEMMA 2.6. [1] Let F' and G be two nonconstant meromorphic func-
tions that share (1,2)* and H # 0. Then

T(r,F) < Na(r,0; F) 4+ No(r,0; G) + Na(r,00; F) + Na(r, 00; G)
+N(r,0; F) + N(r,00; F) — m(r,1; G)
+S(r, F) 4+ S(r,G),
and the same inequality holds for T'(r,G).

LEMMA 2.7. [10] Let F' and G be two nonconstant entire functions,
and p > 2 an integer. If E,,)(1, F) = E,)(1,G) and H # 0, then
T(r,F) < No(r,0; F) + Na(r, 0; G) + 2N (r,0; F) + N(r, 0;G) + S(r, F) + S(r, G),
and the same inequality is true for T'(r, G).

LEMMA 2.8. [15] Let F' and G be two nonconstant meromorphic func-
tions and H = 0. If

) N(r,0;F) + N(r,o00; F

lim sup

)+
<1
r—>00 T(T

N(r,0;G) + N(r,00; G)
)
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where T'(r) = max{T(r, F),T(r,G)}, r € I and I is a set with infinite
linear measure, then either F = G or FG = 1.

LEMMA 2.9. 2] Let f and g be transcendental entire functions of
finite order. Suppose that ¢; (j = 1,2,...,s) be distinct finite complex
numbers and n, m, s and p;(j = 1,2, ..., s) are integers. If n > m + 5o

and .f"(2)(f"(2) = D [[ fz ) = g"(2) (9" (2) =) ] [ 9= + ),

j=1
then f(z) = tg(z), where t™ = "7 = 1.

3. Proof of the Theorems

Proof of Theorem 1.1. Let

S

@) =D L+ e

P = - 7
9" (2)(g™(z) — 1) H g(z 4 c;)H
G(z) = 7!

Then F' and G are transcendental meromorphic functions that share
“(1,2)” except the zeros and poles of a(z). From Lemma 2.3 we get

(3.1) T(r,F)=n+m+ao)(r, f)+ S(r f),

(3.2) T(r,G)=(n+m-+0o)T(r,g)+ S(r,g).
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If possible we may assume that H # 0. Then using Lemmas 2.1, 2.2 and
2.5 we deduce that

T(r,F)+T(r,G)

< 2Ny(r,0; F) + 2N5(r,0; G) + 2No(r, 00; F') + 2No(r, 00; G)
+S(r, F) 4+ S(r,G)

AN(r,0; f) +4N(r,0;g) + 2N (r, 1; f™) + 2N(r, 1;9™)

+2N (r, 0; H flz+ cj)”j) +2N (7‘, 0; Hg(z + cj)“j)

J=1 J=1

IN

+S(r, f)+ S(r,g9)
(33) < C2m+20+D{T(r,f)+T(r,g9)}+ S(r, f)+ S(r,9).

Therefore from (3.1), (3.2) and (3.3) we obtain
(n —m-a0 —4){T(’I",f) +T(T,g)} < S(Tmf) + S(T7g)7

a contradiction with the assumption that n > m + o + 5. Thus, we must
have H = 0.
Since

N(r,0;F) + N(r,0;G) 4+ N(r,00; F) + N(r, 00; G)
< N(r,0; f) + N(r,0;9) + N(r,1; f™) + N(r,1;g™)

+N (r, 0; H flz+ cj)“f) + N(r, 0; f[g(z + cj)“f)

+S(r, f) —1—75(7“, q9) )
(m+o+D{T(r, f)+T(r,g)} +S(r, f)+ S(r,9)
T(r),

IAINA

where T'(r) = max{T'(r,F),T(r,G)}, by Lemma 2.8, we deduce that
either =G or FG = 1. Let FG = 1. Then

P E = DG+ e)mg () o™ () = D [T ol + e = o?
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fPE)(f) =D =) + 22 )+...—|—1)Hf(z_|_cj)uj
g"()(9(z) = V(g™ (2) + g™ 2() + .+ D [ oz + ) = a?

j=1

It can be easily viewed from above that N (r,0; f) = S(r, f) and N(r, 1; f) =
S(r, f). Thus we obtain

6(0, f) + (1, f) +0(1, f) = 3,

which is not possible. Therefore, we must have F' = G and then

1"z = 1) H f+ ) =g"(2)(g"(2) = 1) Hg(z +¢)"

Therefore, by Lemma 2.9 it follows that f(z) = tg(z), where ¢ is a
constant satisfying ¢"* = 1. This completes the proof of Theorem 1.1. [

Proof of Theorem 1.2. Let F' and G be defined as in the proof of
Theorem 1.1. Then F' and G are transcendental meromorphic functions
that share (1,2)* except the zeros and poles of a(z). We assume, if
possible, that H # 0. Using Lemma 2.1, 2.2 and 2.6 we deduce that

T(r,F)+T(r,G)
< 2Ny(r,0; F) + 2N5(1,0; G) 4+ 2No(r, 00; F') + 2No(r, 00; G)

+N(r,0; F) + N(r,00; F) + N(r,0; G) + N(r,00; G)
—m(r,1; F) —m(r,1;G) + S(r, F) + S(r,G)
5N(r,0; f) +5N(r,0;9) + 3N (r,1; f™) + 3N (r,1;g™)

+3N (r, 0; H flz+ cj)”J) + 3N (T, 0; Hg(z + cj)“j)
+S(r, f) + S(r q9)
(3.4) < Bm+30c+5){T(r,f)+T(r,g)}+ S(r, f)+ S(r,g).
Therefore, using (3.1) and (3.2) we obtain from (3.4)
(TL —2m — 20 — 5){T(T7 f) + T(Tag)} < S(T, f) + S(T7g)7

IN
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a contradiction since n > 2m+ 20 + 6. Thus, we must have H = 0. Then
the result follows from the proof of Theorem 1.1. This completes the
proof of Theorem 1.2. O

Proof of Theorem 1.3. Let F' and G be defined as in the proof of
Theorem 1.1. Then F' and G are transcendental meromorphic functions
such that

By (a(a), 1)) - D16+ )

7, (a(z),g"(Z)(gm(Z) —-1) Hg(z + Cj)uj)

except the zeros and poles of a(z).
Since

2Ny (r,0; F) 4+ 2Ny(r,0; G) + 3N(r,0; F) + 3N (,0; G)
< TN(r,0;f) + 7TN(r,0;9) + 5N (r, 1; f™) + 5N (r, 1;g™)

+5N (r, 0: [T f(=+ cj)“f) + 5N (n 0;: [ J o=+ Cj)"’j)
j=1 J=1

+S(r, f)+ S(r,g)
< Bm4+50+{T(r,f)+T(r,9)}+ S(r, f)+ S(r,9),

from Lemmas 2.7 and 2.8 and proceeding similarly as in the proof of
Theorem 1.1, the conclusion of Theorem 1.3 follows. O

Proof of Theorem 1.4. Let
frEfE) =) ] F+ o)
j=1

F(z) = G ,

g"(2)(g(z) =)™ H 9(z + )"
a(z)

Then F and G are transcendental meromorphic functions that share
“(1,2)” except the zeros and poles of a(z). From Lemma 2.3 we get

(3.5) T(r,F)=mn+m+o)T(r,f)+ S(r, f),

G(z) =
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(3.6) T(r,G)=(n+m+0o)l(r,g)+ S(r,g).

If possible we may assume that H % 0. Then using Lemmas 2.1, 2.2 and
2.5 we deduce that

T(r,F)+T(r,G)

< 2Ny(r,0; F) + 2N5(1,0; G) 4+ 2No(r, 00; F') + 2No(r, 00; G)
+S(r, F) + S(r, Q)

< 4N(r,0; f) +4N(r,0;9) +4N(r,1; f) + 4N(r,1; g)

+2N <T, 0; H flz+ Cj)“j) +2N (7“, 0; f[g(z + Cj)‘”)
j=1

j=1
+S(r, f) + S(r,g)
(3.7) < 204+ 8){T(r,f)+T(r,g)}+S(r,f)+ S(r,g).
Therefore from (3.5), (3.6) and (3.7) we obtain
(n+m—o=8{T(r,f)+T(r,g)} < S(r,f)+5(r,g),

a contradiction with the assumption that n+m > ¢+ 9. Thus, we must
have H = 0.
Since

N(r,0; F) + N(r,0;G) + N(r,00; F) + N(r, 00; G)

< N(r,0; f) + N(r,0;9) + N(r, 1; f) + N(r, 1; 9)

(0Tt e ) (0Tt o)

j=1 j=1

+S(r, f)+ S(r,g)
(0 +2{T(r, )+ T(r,9)} + S(r, f) + S(r,9)
T(r),

where T'(r) = max{T'(r, F),T(r,G)}, by Lemma 2.8, we deduce that
either ' =G or F'G = 1. Let F'G = 1. Then

1) (f(z) =)™ H flz+c¢)*g"(2)(g(z) —1)™ Hg(z ) = a’.

J=1

IAINA

It can be easily seen from above that N (r,0; f) = S(r, f) and N(r, 1; f) =
S(r, f). Thus we obtain

60, f) +6(1, f) +6(L, f) = 3,
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which is not possible. Therefore, we must have F' = G and then

(3.8)

7EE = D TG+ e = " @g() = 0" [ ol + ),

Set h = 5. If h is a constant, then substituting f = gh in (3.8), we
deduce that

[T otz + coyslgm(umtmte = 1) = Cygn = (et - 1)
j=1

Fo ot (D)™ (A" — 1)] = 0.

S
Since g is a transcendental entire function, we have H g(z +¢;)" # 0.
j=1
So from above we obtain

gm(hn+m+a' _ 1) - m Clgm71<hn+m+ofl . 1) N (_1)m(hn+a o 1) — 07

which implies A = 1 and hence f = g. If h is not a constant, then it
follows from (3.8) that f and g satisfy the algebraic equation R(f, g) = 0,
where R(f, g) is given by

S S

R(wy,wy) = wi(wy — 1)™ H wi(z 4 ¢j)" — wy(wy — 1)™ ng(z +¢j)!.

J=1 Jj=1

Proof of Theorem 1.5. Let F and G be defined as in the proof of
Theorem 1.4. Then F' and G are transcendental meromorphic functions
that share (1,2)* except the zeros and poles of a(z). We assume, if
possible, that H # 0. Then using Lemma 2.1, 2.2 and 2.6 we deduce
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that

T(r,F)+T(r,G)

< 2Ny(r,0; F') 4+ 2N3(r,0; G) + 2Na(r, 00; F') + 2No(r, 00; G)
+N(r,0; F) + N(r,00; F) + N(r,0; G) + N(r,00; G)
—m(r,1; F) —m(r,1;G) 4+ S(r, F) + S(r, G)
5N(r,0; f) +5N(r,0;9) +5N(r,1; f) + 5N(r, 1; g)

+3N (r, 0; f[ flz+ cj)“j) + 3N (r, 0; f[g(z + cj)“J)

j=1 j=1

+S(r, )+ S(r,g)
(3.9) < Bo+10{T(r,f)+T(r,g)} +S(r,f)+ S(r,g).

Therefore, using (3.1) and (3.2) we obtain from (3.9)
(n +m —20 — 10){T(T7 f) + T(T’, g)} < 5(7“7 f) + S<T79)7

a contradiction since n+m > 20+ 11. Thus, we must have H = 0. Then
the result follows from the proof of Theorem 1.4. This completes the
proof of Theorem 1.5. O

Proof of Theorem 1.6. Let F' and G be defined as in the proof of
Theorem 1.4. Then F' and G are transcendental meromorphic functions
such that

IN

By (a(a). 076 - D" [[ 1+ )

- By (a(2h (a0 - 1" [ Lo+

except the zeros and poles of a(z).
Since

2N,(r,0; F) + 2N5(r,0; G) + 3N (r,0; F) + 3N(r,0; G)
< TN(r,0; f) + TN(r,0;9) + TN(r, 1; f) + TN (r, 1; g)

+5N (r, 0; H flz+ cj)“f) +5N (r, 0; Hg(z + cj)“f)

+S(r, f) +§(r,g) )
< Bo+ W4T, f)+T(r,g9)}+ S f)+S(rg),
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from Lemmas 2.7 and 2.8 and proceeding similarly as in the proof of
Theorem 1.4, the conclusion of Theorem 1.6 follows. O]

Open Problems. In the paper, there are two open questions for further
research.

QUESTION 3.1. What can we get if we consider transcendental mero-
morphic functions in Theorems 1.1 - 1.67

QUESTION 3.2. Can we relax the lower bound of n in Theorems 1.1
- 1.67

Conclusion. In this paper some results of uniqueness problems of shift
polynomials of transcendental entire functions of finite order have been
extended and generalized with the help of weakly weighted sharing and
relaxed weighted sharing.

Acknowledgement. The author is grateful to the referees for read-
ing the manuscript carefully and making a number of valuable comments
and suggestions for the improvement of the paper.
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