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APPROXIMATION OPERATORS AND FUZZY ROUGH SETS IN
CO-RESIDUATED LATTICES

Ju-Mok OH AND YONG CHAN Kim*t

ABSTRACT. In this paper, we introduce the notions of a distance function, Alexan-
drov topology and S-upper (®-lower) approximation operator based on complete
co-residuated lattices. Under various relations, we define (®, ©)-fuzzy rough set on
complete co-residuated lattices. Moreover, we study their properties and give their
examples.

1. Introduction

Pawlak [15,16] introduced the rough set theory as a formal tool to deal with impre-
cision and uncertainty in the data analysis. For an extension of Pawlak’s rough sets,
many researchers [1-11,19,20,24] developed lower and upper approximation operators.
Radzikowska et al.[17,18] investigated (I, T')-generalized fuzzy rough set where 7" is a
t-norm and [ is an implication. J.S.Mi et al.[14] investigated (S, T")-generalized fuzzy
rough set where 7" is a t-norm and S(a,b) =1—T(1 —a,1 — b) is an implication.

Ward et al.[23] introduced a complete residuated lattice which is an algebraic struc-
ture for many valued logic [3-5]. It is an important mathematical tool as algebraic
structures for many valued logics [1-11,19,20]. Using this concepts, fuzzy rough sets,
information systems and decision rules were investigated in complete residuated lat-
tices [1,2,7,20,25]. Moreover, Zheng et al.[25] introduced a complete co-residuated
lattice as the generalization of t-conorm. Junsheng et al.[7] investigated (®,&)-
generalized fuzzy rough set on (L, V, A\, ®, &, 0, 1) where (L, V, A, &, 0, 1) is a complete
residuated lattice and (L, V, A, ®,0, 1) is complete co-residuated lattice in a sense [13].

As the study of rough set theory and topological structures, many researchers [1,6-
9,12,14,15,17,21] investigated the Alexandrov topology and lattice structures of fuzzy
rough sets determined by lower and upper sets. In particular, Kim [8-11] introduce
the notion of Alexandrov topologies as a topological viewpoint of fuzzy rough sets and
studied the relations among fuzzy preorders, lower and upper approximation operators
and Alexandrov topologies in complete residuated lattices.
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In this paper, we introduce the notions of distance functions, Alexandrov topologies
and ©-upper (@-lower) approximation operators based on complete co-residuated
lattices (L, V, A, ®,0, 1). Under various relations, we define (&, ©)-fuzzy rough set on
complete co-residuated lattices (L, V, A, ®,0,1) where & is induced by &. Moreover,
we study their properties and give their examples.

2. Preliminaries

DEFINITION 2.1. [7,25] An algebra (L, A, V, @, 0, 1) is called a complete co-residuated
lattice if it satisfies the following conditions:

(Ql) L =(L,<,V,A,0,1) is a complete lattice where 0 is the bottom element and
1 is the top element.

(Q2)a=a®0,adb=bBaand a® (bdc)=(a®b) ®cforalla,bce L.

(Q3) (Aier @) ® b= N\;er(ai @ D).

Let (L, <,®) be a complete co-residuated lattice. For each x,y € L, we define

x@y:/\{zeL]y@ZZx}.
Then (x @ y) > ziff x > (z 0 vy).

In this paper, we assume (L, A,V,®,5,0,1) is a complete co-residuated lattice.
For « € L,A € L, we denote (« © A),(a ® A),ax € L* as (a © A)(z) = a ©
Alz), (@ A)(z) =a® A(z), ax(r) = a.

Put N(z) =16 x. The condition N(N(z)) = z for each z € L is called a double
negative law.

REMARK 2.2. (1) An infinitely distributive lattice (L, <,V, A, &
a complete co-residuated lattice. In particular, the unit interval ([0, 1],
V,0,1) is a complete co-residuated lattice [7,25].

roy=NzeLl|yVvz>ua}
|0, ify>ua,
- { x, ifyF .
Put N(z) =16z =1for x # 1 and N(1) = 0. Then N(N(z)) = 0 for z # 1 and
N(N(1)) = 1. Hence N does not satisfy a double negative law.
(2) The unit interval with a right-continuous t-conorm @, ([0, 1], <,®), is a com-
plete co-residuated lattice [7.25].
(3) ([1,00],<,V,® =+, A, 1,00) is a complete co-residuated lattice where

roy=Nzell,oo][yz =z}
1, ity >z,
- 5, ify 2 .
x-a=a-00=00,Ya € [1,00],00 8 00 = 1.
Put N(z) = co © 2 = oo for  # 0o and N(oco) = 1. Then N(N(z)) =1 for x # oo
and N(N(o0)) = co. Hence N does not satisfy a double negative law.
(4) ([0,00],<,V,® = +,A,0,00) is a complete co-residuated lattice where

yorxr=Nze€l0,00]|z+2>y}
=Mzel0,00] |22 —z+y}=(y—x) VO,
o0+ a=a+00=o00,Ya€ |[0,00],005 00 =0.
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Put N(z) = co © x = oo for  # oo and N(oo) = 0. Then N(N(z)) =0 for x # oo
and N(N(o0)) = co. Hence N does not satisfy a double negative law.
(5) ([0,1], <, V, @, A,0,1) is a complete co-residuated lattice where

x@y—(xp+yp) 1 <p< oo,
roy=Aze 0] (@4 za)
=Nz €0,1]| 2> (@ —y?)r} = (a7 — y?)7 V0,

Put N(z) =16z = (1—3:”) for 1 < p < oo. Then N(N(z)) = z for x € [0,1].
Hence N satisfies a double negative law.

(6) Let P(X) be the collection of all subsets of X. Then (P(X),C,U,N,& =
U, 0, X) is a complete co-residuated lattice where

AoB=N\{CeP(X)|BUC D A}
=ANB°=A-B.

Put N(A) = X 6 A= A for each A C X. Then N(N(A)) = A. Hence N satisfies a
double negative law.

LEmMA 2.3, [11] Let (L,A,V,®,0,0,1) be a complete co-residuated lattice. For
each x,y, z,x;,y; € L, we have the following properties.

D) Ify<z (z@y) <(r®z2),y0r<z20randroz<10yY.
(VzEF T;) Oy = Vzer(xz ©y) and v © (/\iGF Yi) = vz‘er(x O Ui)
(/\zel" 1) ©Y < Nier(@: ©y)

(\/ZEF yl) < /\zel_‘(x@yl)
crx=0,z60=x2 and 06 x =0. Moreover, roy =0 iff v <y.

x
yd(zoy) >z, y>z0(x0y) and (z0y)d (YOS z2) > 26O 2.
ro(ydz)=(r0y)oz=(r02)0yY.

r0y> (202002, y0r>(202)0(20y) and (ry) © (2O w) <
(rOz2)@(yow).

9 z@y=0iff t=0andy=0.

(10) (z@y)02<2d(yo2) and (z0y) B2 > 26 (YO 2).

(11) If L satisfies a double negative law and N(z) = 1 © x, then N(x & y) =
N(r)oy=N(y)oz and v Oy = N(y) © N(x). Moreover, N(\/,cr 7:) = N;er N (24)
and N(Nier @i) = Vier N(@i).-

DEFINITION 2.4. [11] Let (L,A,V,®,5,0,1) be a complete co-residuated lattice.
Let X be a set. A function dx : X x X — L is called a distance function if it satisfies
the following conditions:

(M1) dx(xz,x) =0 for all x € X,

(MQ) dx<l',y) ©® dX(Q, Z) > dX($7 Z)? for all x,Y,z € Xa

(M3) If dx(z,y) = dx(y,z) =0, then z = y.

The pair (X, dx) is called a distance space.

(2)
(3)
(4) @
(5)
(6)
(7)
(8)

REMARK 2.5. (1) We define a distance function dx : X x X — [0,00]. Then
(X, dx) is called a pseudo-quasi-metric space.

(2) Let (L,A,V,®,0,0,1) be a complete co-residuated lattice. Define a function
dp - Lx L — L as dy(z,y) = x ©y. By Lemma 2.3 (5) and (8), (L,d) is a dis-
tance space. Moreover, we define a function dyx : LX x LX — L as d;x(A,B) =
V.ex(A(z) © B(z)). Then (LX,d;x) is a distance space.
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(3) We define a function dp px : [0,00]% X [0,00]% — [0,00] as djx (A, B) =
Vaex (A@) & B@) = V,ex (B(z) — A(2)) v 0). Then ([0, 00, dipuy) 35 a pseudo-
quasi-space.

(4) If (X,dy) is a distance space and we define a function dy'(z,y) = dx(y, ),
then (X, dy') is a distance space.

(5) Let (L,A,V,®,6,0,1) be a complete co-residuated lattice. Let (X,dx) be
a distance space and define (dy Wdx)(z,2) = A cx(dx(z,y) © dx(y,2)) for each
z,z € X. By (M2), (dx Wdx)(z,2) > dx(z,z) and (dx Wdx)(z,2) < dx(x,x) &
dx(z,z) =d(x,z). Hence (dx Wdx) = dx.

3. Approximation operators and fuzzy rough sets

DEFINITION 3.1. A subset 7 C L¥ is called an Alexandrov topology on X iff it
satisfies the following conditions:

(Ol) ax €T.

(02) If A; e 7 for all i € I, then \/,.; Ai, \jey Ai € 7.

(03)If AcTand a € L, then A o,a® A€ T.

DEFINITION 3.2. A map J : LX — L% is called an ©-upper approzimation
operator if it satisfies the following conditions, for all A, A; € L*, and o € L,

(J1) J(Aca)=TJ(A) S a,

(J2) T(Vier Ai) = Vier T (Ai),

(J3) J(A) > Aand J(J(A)) = T(A).

DEFINITION 3.3. A map H : LX — L¥ is called an @®-lower approzimation
operator if it satisfies the following conditions, for all A, A; € L*, and o € L,

(H1) Hla® A) = a @ H(A),
(H2) H(/\ie[ A;) = /\ie[ H(Ai),
(H3) H(A) < A and H(H(A)) = H(A).

Let H (resp. J) be @-lower (resp. ©-upper) approximation operator on X. As
a generalization of fuzzy rough set, the pair (H(A), J(A)) is called an (&, S )-fuzzy
rough set for A € LX.

The map o : LX — L is an fuzzy accuracy measure defined, for A € LX

a(A) = \/ (T(A)(x) © H(A)(x)).

zeX

THEOREM 3.4. Let dx € L**X be a distance function. Define Juy, Hay : L~ —
LX as follows
Jax (B)(x) =V yex(B(y) © dx(z,y)),
Hax (A)(y) = Npex (Alr) @ dx(2,9))-
Then the followings hold.
(1) Juy is an ©-upper approximation operator.
(2) Hay is an B-lower approzimation operator. Moreover, (Hay (A), Jay (4)) is an
(®, © )-fuzzy rough set for A € LX.
(3) jdx (O‘X) = oy, jdx(dX(x> _)) = dX(aja _) and a @ jdx (A) > jdx<a D A) Jor
each o € L, A € L* and Ty, (A) < Juy (B) for A < B.
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(4) Hay (ax) = ax, Hay (dx(z,—)) = dx(z,—) and Hay (A) S a < Hg (AS ) for
each o € L, A € L* and Hay (A) < Hay (B) for A < B.
(5) Hay (A) = V{B | Jay(B) < A} and Ty (00 A) = a@?—[d;(A), forall A € LX.
6) Jax (B) = N{A | Hay(A) > B}.
7) For each A, B € L, Hay (Juy (B)) = Juy (B) and Juy (Hay (A)) = Hay (A)
8) Tay = {A € LY | A(x) ®dx(x,y) > A(y)} is an Alexandrov topology on X with
z,—), (e dx(—,x)) € Tay. Moreover,

Tdx = {de( ) | A€ LX} = {/\yeX(A(y) ® dX(?J? )) | A€ LX}
={Jux(A) | A L7} ={V x(Aly) ©dx(—,y)) | A€ L},

Proof. (1) (J1) For each A € L* and a € L, by Lemma 2.3 (7),

Jix (A© a)(x) = V,cx ((Aly) © @) © dx(z,y))
= V,ex((Aly) ©dx(2,y)) © a = Ju (A)(z) © a.

(J2) For each A; € L*, by Lemma 2.3(2), Juy (Vicr Ai) = Vier Jax (As).

(J3) For each A € LY, Juy (A)(2) = V,ex(Aly) © dx(2,y)) > A(z) © dx(z,2) =
A(z).

For each A € L¥,

(jdx( N(@) = Vyex (Tax (A)(y) © dx («
ex(Veex(A(2) ©dx(y, 2)) © dx(z,y))
ex(V.ex ((A(2) © dx(y, 2)) © dx(z,y))) (by Lemma 2.3 (2))

sex(A(2) © (dx(y, 2) © dx(x,y))) (by Lemma 2.3 (7))

zeX( (2) © A\yex(dx(y, 2) © dx(z,y))) (by Lemma 2.3 (2))

sex(Alz 2) © dx (. 2)) = Juy () @).

Hence J,, is an ©-upper approximation operator.

(2) (H1) Hay(a® A)(y) = Ajex((a @ A)(2) & dx(z,y)) = o ® N\,cx(Alz) &
dx(z,y)) = @ ® Hay (A)(y).

(H2) Hay (Njer A1) = Noex (Nier Ai(@)@dx (2,9)) = Nier (Npex (Ai(@)Bdx (. y)) =
/\ieF Hay (A,)(y)

(H3) Hay (A)(y) = V,ex (Alz) ® dx(z,y)) < Aly) @ dx(y,y) = Ay).

For all Be LX, 2 € X,

Hay (Hay (A)(2) = A, EX(de(A)(l") ® dx(z,2))

Y))

[T S
>y

<<§<<

y) @ dx (9, 2)) = Hay (A)(2).

Hence H,4, is an @-lower approximation operator.

(3) Since jdx(ax)(x) = \/yeX(OéX<y) S/ dx(l',y)) < «, by (J3)7 jdx(ax) = Ox.
For each z,z € X,

Jax (dx(z,=))(2) = \/ (dx(,y) © dx(z,y)) = dx(z, 2).

yeX
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For each A € LX and a € L,

a® Jux(A)(2) = a @V, cx (Aly) © dx(2,y))
> Vyex(@® (Aly) © dx(z,y)))
2 Vyex((@® A)(y) © dx(z,y)) (by Lemma 2.3 (10))
= Jax (@ © A) ().
For A S B, jdX(A) S jdX(B)
Py (4) Since Hay (ax)(y) = Nyex(ax (@) @ dx(v,y)) > a, Hay(ax) = ax. For r,z €
Hay (dx(2,=))(2) = )\ (dx (2, y) ® dx(y, 2)) = dx(z, 2).
For each A € LX and a € L,

Haix(AS a)(z) = N\jex (A a)(2) & dx(z, 2))
> Neex ((A(z) @ dx(z,2)) © )
> Noex(Alz) ® dx (1, 2)) © @
= Ha (A)(2) © a.
(5) By (J2), for each A € LX,

VAB(Y) | Jax (B)(x) < A(x)} = V{B(y) | Vyey (B(y) © dx(z,y)) < A(z)}
= Naex(dx(z,y) ® A(x)) = Hay (A)(y)-

Forall Be€ LX,z € X,

(6) By (H2), for each B € L,

NA@) | Hay (A)(y) = By)}
= MA@) | Apex (Alr) @ dx(2,y)) > B(y)}
= Vyer (BY) © dx(2,y)) = Jux (B)(x).

(7) For each B € L,

Hax (Jax (B))(2) = Npex (Jax (B)(x) © dx (2, 2))

Naex(Vyex (Bly) © dx(x,y)) © dx(z, 2))

/\xex Vyex ((B(y) © dx(x,y)) ® dx(z, 2))

Neex Vyex(B(y) © (dx(2,y) © dx(z,2))) (by Lemma 2.3 (10))
Vyex(B(y) © \/xe (dx(2,y) © dx(z,2)))

Vyex(B(y) © dx(2.)) = Juy (B)(2).

(Hax (B)(y) © dx(z,y))
X Vdx(2,9)) © dx (2, )
vex Noex((B(2) @ dx(z,9)) © dx(z,y))
" +(B(# dx(z,y) ©dx(z,y)) (by Lemma 2.3 (10))
V X(dX(Z y) ©dx(z,y))
,2)) = Hay (B)(z).

VIV IV IV ||

>
A‘d
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>
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>
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(02) 1f A; € 7y for all i € I, Ve Ai(x) © dx(2,y) > Ve (Ailx) © dx(2,y)) >
Vier Ady) and Ay A(@) & dx(z.9) = Aier(A(@) © dx(2.9)) > Ay Aily). Henee
Vier Ais Nicr Ai € Tay.

(O3)If A € 7y, and a € L, then dx (x,y)®(A(x)Sa)Ba > dx(z,y)BA(x) > Aly).
Thus dx(z,y) ® (A(z) s a) > Aly) ©a. So Aca € 1y, Easily, a® A € 74, .

Since dx(z, —)(y) ® dx(y, z) > dx(x,—)(2), dx(z,—) € T4,. Since

z))(y) ® dx(y,2) ® dx(z, )
) ))( )@dX(yax) >

(aodx(—x))(y) ®dx(y,z) > a©dx(z,x), that is, (0« © dx(—,x)) € Tuy.
For Ae 1y, A= N\,ex(A(x) ®dx(z,—)) = Hay (A) € Tay and A =/, (A(z) ©
dX(_vx)) = jdX(A) € Tax -

(Oz@dx( s
> (Oé@dx(

O

THEOREM 3.5. (1) Let H : L — L be an ®-lower approzimation operator iff
there exist a distance function dy on X such that

H(A) ) = N\ (Al2) ® dy(z,y))-

zeX

(2) If L satisfies a double negative law, then J : L — L* be an S-upper approz-
imation operator iff there exist a distance function dy on X such that

J(B)(x) = \/ (B(y) © ds(x,y)).

yeX

Proof. (1) (=) Put dyy : X x X — L as dy(x,y) = H(0,)(y) where 0,(x) = 0 and
0.(y) =1for x £y € X.

(ML) dig(,2) = H(0,)(z) < 0,(x) = 0.

(M2) Since A4 = A, (A(y) ©0,) and H(0) = A,cx (H(0,)(5) &0,)

/\yeX<dH($v y) SZ dH(ya Z))

= Nyex(H(02)(y) & H(0y)(2)) ( by (H2))

= H(Ayex(H(02)(y) ® 0y)(2)) = H(H(0,))(z)
=H(0,)(z) = dy(x, 2).

Hence dy is a distance function. Moreover,

H(A)(y) = (/\xex(A(ﬂf) 0.))(y)
= Naex (Alz) ©H(0.)(y))
= Naex(A2) @ dn(z,9)))-

(<) It follow from Theorem 3.4(2).

(2) (=) Putdys: X x X — Las dy(x,y) = N(T(N(0,))(x) where 0,(x) = 0 and
0.(y) =1for x £y € X.

(M1) Since J(N(0,) > N(0, d7(z,2) = N(J(N(0,))(x) < N(N(0,)(x) = 0.
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(M2) Since A = A cx (A(y)®0y), N(A) = A\,cx (N(A)(y)®0y), by Lemma 2.3(11),
A= V,yex(N(0y) © N(A)(y)),

S
N(Ayex(ds(z,y) ® ds(y,2)))
Vyex (N(NT(N(0,))(x) & NI (N(0.))(y))) (
\/ye (T(N(0y))(z) © N(T(N(0.))(y))) ( by
T (Vyex (N(0y))(z) © N(T(N(0.))(y)))) (b
J(T ( ( 2)))(@) = T(N(0.))(x)
N(dz(z,2)).

Hence d 7 is a distance function. Moreover,

J(B)(x) = T(V ey (N(0,)(2) © N(B)(y))
= Vyer (T (N(0y))(z) © N(B)(y))
= Vyer (Bly) © N(T(N(0,))) ()
= Vyer (Bly) © dy(2,9))).

(

(<) It follow from Theorem 3.4(1).

by (H2))
H2))
(H2))

(
y

]

EXAMPLE 3.6. Let X = {z,y,z} be a set and (L = {0, 1, %, 27 1},®,0,0,1) be a
complete co-residuated lattice with

rdy=1A(r+vy), z0y=(x—y) V0.
Define d%,dx : X x X — L as

01 1 03 %
i-(§0 1) (1]
i3 0 i2 0

Since d (z,2) ®dk(z,y) = + +3 2 di(x,y) = 1, d} is not a distance function. Since
dx Wdy = dx from Remark 2.5(5), dx is a distance function.

By Theorem 3.4(8), we obtain an Alexandrov topology 74, = {Ha4,(C) | C €
LX} ={Ju (D) | D € L*} where

Ha, (O) = Noex (C(2) © dry
C(x) A (Cly) + 5) A (C(
(z) + 411) Cly) A (C(
(x) + ) A (Cly) + 3)
)

) +
):\/xEX( (1: @ TX( ) ))
(@) v (Dly) ~ BV (D(z) = )
1% (l)

e (2, =))

(C
(¢
T, (D
D
D(y) v

( V(D(y) = 3) v D(2)
The pair (Hay (A), Ty (A)) is an (B, ©)-fuzzy rough set for A € L.

(=
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