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GENERALIZED SEQUENTIAL CONVOLUTION PRODUCT FOR
THE GENERALIZED SEQUENTIAL FOURIER-FEYNMAN
TRANSFORM

Byoung Soo Kim' AND IL Yoo*

ABSTRACT. This paper is a further development of the recent results by the authors
on the generalized sequential Fourier-Feynman transform for functionals in a Banach
algebra S and some related functionals. We investigate various relationships between
the generalized sequential Fourier-Feynman transform and the generalized sequential
convolution product of functionals. Parseval’s relation for the generalized sequential
Fourier-Feynman transform is also given.

1. Introduction

In [16], the authors introduced the concept of generalized sequential Feynman in-
tegral to define the generalized sequential Fourier-Feynman transform for functionals
in the Banach algebra S which was introduced by Cameron and Storvick [1]. Their
results are generalization of the previous results on the sequential Feynman integral
and sequential Fourier-Feynman transform introduced and studied by Cameron and
Storvick [1-3].

In the present paper we introduce the concept of generalized sequential convolution
product for the generalized sequential Fourier-Feynman transform. Existence of the
generalized sequential convolution product for functionals in the Banach algebra S
and some related functionals are established in Theorems 3.3, 3.4, 3.5 and 3.6.

In Section 4, we show that the generalized sequential Fourier-Feynman transform
of the generalized sequential convolution product of functionals is a product of the
generalized sequential Fourier-Feynman transforms of these functionals. We also ob-
tain Parseval’s relation for the generalized sequential Fourier-Feynman transform for
some functionals.

Results in [6] on the sequential Fourier-Feynman transform and the sequential
convolution product can be obtained as corollaries of our results here.

Received December 28, 2020. Revised May 20, 2021. Accepted May 24, 2021.

2010 Mathematics Subject Classification: 28C20, 46G12.

Key words and phrases: generalized sequential Feynman integral, generalized sequential, Fourier-
Feynman transform, generalized sequential convolution product, generalized first variation, Parseval’s
relation.

1 This study was supported by the Research Program funded by the Seoul National University
of Science and Technology.

x Corresponding author.

(© The Kangwon-Kyungki Mathematical Society, 2021.

This is an Open Access article distributed under the terms of the Creative commons Attribu-
tion Non-Commercial License (http://creativecommons.org/licenses/by-nc/3.0/) which permits un-
restricted non-commercial use, distribution and reproduction in any medium, provided the original
work is properly cited.



322 Byoung Soo Kim and I Yoo

Let Cy[0,T] be the space of continuous functions z(t) on [0, 7] such that z(0) = 0.
Let a subdivision o of [0, 7] be given:
c:0=1m< < - <7 =T,

and let X = X (t) be a polygonal curve in Cy[0, 7T based on a subdivision ¢ and the
real numbers & = {&}, that is,

—

X(t) = X(t,0,¢)

where
= _ —1 t— Ti_
X(t,0,8) = ST — 1) + &t — 1)
Tk — Tk—1
when 7, <t <7, k=1,2,...,m and & = 0. If there is a sequence of subdivisions

{0}, then o,m and 7 will be replaced by o,,, m,, and 7, .
Let Z;, be the Gaussian process

Zh(w,t):/o h(s) dx(s),

where h(# 0 a.e.) is in Ly[0,7] and the integral fot h(s)dz(s) denotes the Paley-
Wiener-Zygmund (PWZ) integral [5,8,9,13].
Note that Zj is a Gaussian process with mean zero and covariance function

min{s,t}
/ Zn(x,8)Zy(z,t) dm(x) = / R*(u) du,
CO[OvT} 0

where the integral on the left-hand side of the last expression denotes the Wiener
integral. Of course if h = 1 on [0,T], then Z,(z,t) = z(t) is the standard Wiener
process.

The standard Wiener process is stationary in time, while the Gaussian process Zj,
is non-stationary in time, unless h is equal to the constant function 1.

Let ¢ # 0 be a given real number and let F'(z) be a functional defined on a subset
of Cy[0, T] containing all the polygonal curves in Cy[0,T]. Let {o,,} be a sequence of
subdivisions such that the norm ||o,|| — 0 and let {\,} be a sequence of complex
numbers with Re A, > 0 such that A\, =& —iq. Then if the integral in the right hand
side of (1.1) exists for all n and if the following limit exists and is independent of
the choice of the sequences {o,} and {\,}, we say that the generalized sequential
Feynman integral with parameter ¢ exists and it is denoted by

—

(1.1) / F(Zy(z,-))dz = lim Wi (00, ) F(Zp(X (-, 00, ), ) dE,

n—=00 Jpmg,

where
Wi (o, 3 = Yor exp{—% /OT‘%(t,Jn,g))th}
(1.2) o m m B
= () Moo eof 5 3 =8
k=1 k=1
and

A\ m/2 m 1
_ (2 _ -1/2
(1.3) Yor = ( 27T> k|:|1(rk 1) 7
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When h = 1 on [0,77], the generalized sequential Feynman integral is reduced to
the sequential Feynman integral [ o p (x) dz defined and studied in [1-3,6].

2. Generalized sequential Fourier-Feynman transform

Let D[0, T be the class of elements = € Cy[0, T'] such that x is absolutely continuous
on [0, 7] and its derivative 2’ € Ls[0,T]. For u,v € Ly]0,T] and x € Cy[0, T, we let

(u,v) :/o u(t)v(t) dt,

and for a subdivision ¢ of [0, T, we let

Tk
(11, v = / w(t)o(t) dt
Tk—1
for k = 1,...,m. If there is a sequence of subdivision {o,}, then (u,v); will be

replaced by (u, v), k.

Let M = M(L2[0,T]) be the class of complex measures of finite variation defined
on B(Ls[0,T1]), the Borel measurable subsets of L[0,T]. A functional F' defined on a
subset of Cy[0, 7] that contains D[0, T is said to be an element of & = S(L[0, T]) if
there exists a measure f € M such that for z € D[0,T],

(2.1) F(w)—/L[OT] exp{i(v, 2) } df (v).

Note that S with the norm ||F|| = ||f|| is a Banach algebra [1].
Next we consider one more class of functionals which is different from but are

closely related with the expression (2.1).
Let T be the set of functions ¥ defined on R by

(2.2) U(r) :/Rexp{irs} dp(s)

where p is a complex Borel measure of bounded variation on R.
For s € R, let ¢(s) be the function v € Ly[0,T] such that v(t) = s for 0 <t < T}
thus ¢ : R — Ly[0, T is continuous. For E € B(Ly[0,T]), let

(2.3) U(E) = p(¢~" (E)).
Thus ¢ € M. Transforming the right hand member of (2.2), we have for z € D|[0,T],

(2.4) W ((T)) = / . expli 2 v,

and U(z(T)), considered as a functional of z, is an element of S. These functionals
were studied in [3,4,6,16].

In the application of the Feynman integral to quantum theory, the function ¥ in
(2.2) corresponds to the initial condition associated with Schrodinger equation.

Cameron and Storvick defined the sequential Fourier-Feynman transform for the
first time in [2]. And in [6] the authors and coworkers modified the definition so as to
be useful to study the sequential Fourier-Feynman transform in conjunction with the
convolution product. For discussions on the differences between the two definitions
of sequential Fourier-Feynman transform, see Remarks 1.4 and 3.5 in [6] and Remark
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3.2 in [16]. We introduce the definition of the generalized sequential Fourier-Feynman
transform from [16].

DEFINITION 2.1. Let ¢ be a nonzero real number. For y € D[0,T], we define a
generalized sequential Fourier-Feynman transform I'y ;(F") of F' by the formula

(2.5) LB - |  F(Za(e) +y) da

if it exists.

For the convenience of the readers, we introduce some results from [16] on the
existences and explicit expressions for the generalized sequential Fourier-Feynman
transforms of functionals that we work with in this paper.

THEOREM 2.2 (Theorem 3.4 in [16]). Let F € S be given by (2.1) and ¢ be a
nonzero real number. Then the generalized sequential Fourier-Feynman transform
Lyn(F)(y) exists and is given by the formula

, l
(26) L) = [ expfito) - o lohlE} a0
L2[0,T] q
for y € D[0,T]. Furthermore, as a function of y, Ty, (F) is an element of S. In fact,

2.7) Con(F)(y) = / expli{v, 1)} df (v)

L2[0,T)

for y € D[0,T], where f;h is the measure in M defined by

(28) B = [ exp{= lohIE} drto)
for E € B(L»[0,T)).

THEOREM 2.3 (Theorem 3.7 in [16]). For x € D[0,T], let F(z) = G(z)¥(z(T))

where G € S and ¥ € T are given by (2.1) with corresponding measure g in M
and (2.2), respectively. Then the generalized sequential Fourier-Feynman transform
Lyn(F)(y) exists and is given by the formula

. 1

29 TP = [ [en{ivrsy) - o lw+ Db} dols)dglo)
L2[0,7] JR q

for y € D[0,T]. Furthermore, as a function of y, T'y»(F) belongs to S. In fact,

(2.10) Con(F)(y) = / expli{v, 1)} df, (v)

L2[0,T)

for y € D|[0,T], where f;’h is the measure given by (2.8) with corresponding measure
f defined by f(E) = ng[O,T] g(E —u)dip(u) for E € B(L[0,T7).

THEOREM 2.4 (Theorem 3.8 in [16]). Let ® be a bounded measurable functional
defined on L5[0,T], and let

(2.11) Fla) = /L el ) ) do)
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Then the generalized sequential Fourier-Feynman transform I', ,(F)(y) exists and is
given by the formula

, 1
212 TP = [ ep{itey) - 5o die)
L2[0,7) q
for y € D[0,T]. Furthermore, as a function of y, T'y»(F) belongs to S. In fact,
2.13 L)) = [ explitony))}dfulo)
L2[0,T]

for y € D[0,T], where f;h is the measure given by (2.8) with corresponding measure
f defined by f(E) = [, ®(v)df(v) for E € B(L,[0,T)).

3. Generalized sequential convolution product

In this section we define and study the generalized sequential convolution prod-
uct for the generalized sequential Fourier-Feynman transform. We investigate the
existence of the generalized sequential convolution product for functionals in Section
2. Also we show that the generalized sequential Fourier-Feynman transform of the
generalized sequential convolution product is a product of the generalized sequential
Fourier-Feynman transforms for these functionals.

DEFINITION 3.1. Let ¢ be a nonzero real number. For y € D[0,T], we define the
generalized sequential convolution (F x G), of F' and G by the formula

(3.1) (F % Q)gn(y) = /qu F(y + f/_h;x '>>G<Z/ - i_hz(ﬂf ')> dx

if it exists.

REMARK 3.2. 1. When h =1 on [0, 7], the generalized sequential convolution
product (F % G), is reduced to the convolution product (F * G), for the se-
quential Fourier-Feynman transform which was defined and studied on [6].

2. Hence some of the results in [6] can be obtained as corollaries of the results
in this section. For example, Theorems 3.1, 3.2, 3,3 and 3.8 in [6] follow from
Theorems 3.3, 3.9, 3.10 and 3.4 below, respectively.

3. Convolution product for the analytic Fourier-Feynman transform was introduced
and studied in many literatures including [5,7,10-12, 14, 15].

4. Forn = —E, we know that |g§§%| =1, Wy, (on, 5) =Wy, (on,7) and Z,(X (-, Jn,g), )
= —Zn(X(-,0n,7),-). So we conclude that the generalized (sequential) convolu-
tion product, in common with the convolution product for the analytic Fourier-

Feynman transform [7,10], is commutative.

THEOREM 3.3. Let F; € S be given by (2.1) with corresponding measures f; in
M for j = 1,2. Then for each nonzero real number q, the generalized convolution
product (Fy x Fy),p exists, belongs to S and is given by

1

/ _i V] — Uy 2
Fo Bt = [ el Gt ) lo ez}
x dfy(vy) dfz(v2)

(3.2)
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fory € DI[0,T]. Furthermore, as a function of y € D|[0,T], (Fy*Fy),n(y) is an element
of . In fact

33) (Fux Fal) = [ expfitwny))} i),
L2[0,7]
where f5, = fyno ¢~ and

(3.4) funB) = [ exp{ =1 lon = e)blE}ds(or) da()

for E € B(L3[0,T)) and ¢ : L3[0,T] — L[0,T] is a function defined by ¢(vy,vq) =
v1+v2

N

Proof. Let 0: 0 =19 <7 <--- <7y =T be a subdivision of [0,7]. Then

£ (y + Zh(X(7 0',5), )>F2<y - Zh(X(7 0',5), ))
V2 \/5
§ — Skt
= e v 4 v, y) + — h
/L%[O,T} Xp{\/ﬁ< I ZTk_Tk 1< R >k}
X dfl(vl) dfg(Uz).
Let A be a complex number with Re A > 0, and let

y+Zh(X( 0, _3’))

La(FL, ) = [ Wi(o, E)Fl(

Rm

" F2<y_Zh()\(/(§'aU7£) ))dg

By the Fubini theorem, we have for y € D[0, T

V] — Vg 1
I, \(Fy, F :/ JC,( )exp{—v +U,’}
,A( 1, F3) 0] A \/5 \/§< 1 2 y>

x dfy(v1) dfa(vz),
where
V1 — V2 A e (fk - fkfl)Q
D) o, / {230 G =)
7)\ \/§ ,y 7)\ m p 2 ; Tk- - kal
ka S 1 1—02,h)k}d€.
Tk — Tk—1
Letting np, = & — §k_1 for k =1,2,...,mand using the integration formula fR e—an*¥ibn gy

= (I)2 exp{-2 }for Rea > 0 and b € R, we have

m

T ('Ul —U2> { 1 'U1 —UQ, }
o — | = €X —_— .
A \/§ P 4)\ 1 Tk — Tk—1
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Let {0, } be a sequence of subdivisions of [0, 7] such that ||o,|| — 0, and let {\,} be
a sequence of complex numbers such that Re \, > 0 and A\, — —iq as n — oo. Let

<v1\;;2 7h>n,k

’Ugmh(t) = Trk—Tnk—1

0, ift=T

ian,k—1§t<Tn,k, k:1,...,m

Then since
Wz 2
Z 1 Z (v1 — v, h)7 ),
|U0'n hH2 - Uo'n dt— 2 )
Tn,k—1 k=1 Tnk — Tnk—1

we have by Lemma 2.1 of [16],

V1 — V2 . _L _ 2}
lim o, (%57 ) = e =l - el

Now applying the bounded convergence theorem, we obtain
(Fix Fo)gn(y) = lim Ly, 5, (F1, F)

v ! i 2
= expy —=(\V1 + v2,y ) — —||[v1 — Vv
Lo Pl gt 4 oat) — ol w3}
x df1(vy) dfz(v2)

as we wished. Furthermore since f,  in (3.4) belongs to M and ¢ is a Borel measurable
function, we see that f¢, € M and (Fy x F3),n(y) can be expressed as (3.3) which
completes the proof. O

THEOREM 3.4. For x € D[0,T), let Fy(z) = G;(2)¥;(x(T)) where G; € S and
U, € T are given by (2.1) with corresponding measures g; in M and (2.2), respectively
for 5 = 1,2. Then for each nonzero real number q, the generalized convolution product
(Fy * Fy), exists, belongs to S and is given by

(Fy * F2)gn(y) / /exp (v1 + vy + 81 + 82, 9)
L2[0T R2

3.5
3 - ol = v - s2)blE}

X dpi(s1) dpa(s2) dgi(v1) dga(v2)

fory € DI[0,T]. Furthermore, as a function of y € D0, T, (Fy*F,),n(y) is an element
of §. In fact

(3.6) (Fy % Fy)gn(y) = / el ) df ),

for y € D[0,T], where f;}h = fq,h o ¢t is the measure in M with fqﬁ defined by

(3.4) replaced f, and fy with f1 and fg, respectively, and fl and f2 are the measures
defined in the proof below.

Proof. We know from the proof of Theorem 2.3 of [16], that F; belongs to S and
can be expressed as

B = [ el ()
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for y € D[0,T], where f; € M is given by f;(E fL2[0 71 95 (B — u;) dipj(uy) for
E € B(L,[0,T]) and j = 1,2. Now we apply Theorem 3.3 to obatin

7 7
F, x F. 7y:/ exp{—w + wo, Yy — —|[(w; — w h2}
Fr Paat) = [ esp{ Sl ) = ol =l

x dfi(wr) dfa(ws)

for y € D[0,T]. By the unsymmetric Fubini theorem and the transformation v; =
w; —uj, J = 1,2, we have

(Fy % Fy)gn(y) = /L4[0 . exp{%(vl + vy + Uy + Uz, y')
i 2
- 4—q||(01 — VU2t U — U2)h||2}
x dgi(vr) dipi (ur) dgz(v2) dibe(us)

for y € D[0,T]. By the definition of ¥; and 1);, j = 1,2, and the Fubini theorem, we
obtain (3.5). Moreover it is obvious to see that (Fy % Fb),x(y) can be expressed as
(3.6) and that (F * Fy),, belongs to S. O

THEOREM 3.5. Let Fj(x) = [, exp{i(v;, 2')}@;(v;) df;(v;), © € D0, T], where
®; is a bounded measurable functional defined on Ls[0,T] for j = 1,2. Then for each
nonzero real number q, the generalized convolution product (Fy * Fy), exists, belongs

to S and is given by

) l
Fi x F. = ex{—v+v,’——v—v h2}
P ) = [ esp{ St +eny) — il el

x @1 (v1)Pa(vz) df1(v1) dfz(va)

fory € DI[0,T]. Furthermore, as a function of y € D|[0,T], (Fy*Fy),n(y) is an element
of S. In fact

(3.8) (Fy # Fy)gn(y) = / el af )

(3.7)

for y € D[0,T], where f(ih = fqﬁh o ¢! is the measure in M with f'q,h defined by
(3.4) replaced f; and fy with fl and f~2, respectively, and fl and fz are the measures
defined in the proof below.

Proof. We know from the proof of Theorem 2.4 of [16], that F; belongs to S and
can be expressed as

Fi(z) = / e} ()

for y € D[0,T], where f; € M is given by f;(E = [ ®;(v;) df;(v;) for E €
B(L5[0,T]). Now we apply Theorem 3.3 to obatin

: n_ b v, — U 2
(Fi + Fos(s) = [ o P50 ) = gl hlE)
x dfy(v1) dfa(va)
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for y € D[0,T). Replacing df;(v;) by ®(v;) df;(v;), we completes the proof. Moreover
it is obvious to see that (F} * F3),,(y) can be expressed as (3.8) and that (Fy * Fy),
belongs to S. O

In Theorems 3.3, 3.4 and 3.5, we considered the generalized convolution product
(Fy % Fy),p, of the same type of functionals F; and F,. That is, for example, in
Theorem 3.3 F; and F, were given by (2.1), while in Theorem 3.4, F; was given by
G(2)¥;(x(T)) for j =1, 2.

But F; and Fj are not necessarily of the same type of functionals. In the following
theorem we express explicitly (F} * F3),, when Fy and F are different type of func-
tionals. We state these results without proofs because they can be proved by similar
methods as in Theorems 3.3, 3.4 and 3.5.

THEOREM 3.6. Let I, Fy and F3 are given as in Theorems 3.3, 3.4 and 3.5, re-
spectively. Then for each nonzero real number ¢, the following three generalized
convolution products exist, belong to § and are given by

(Fl*FQqh / /eXp v1+1}2+82,y>
L2[0T

(3.9)
= g lon = v = )bl dpas2) dfa(02) dgn(r2),
oy )= /. o exp{ = u1 + 5./
— 0 = B} a(oa) i (0) )
and
(Fy % F3)gn(y) / /exp (Vg + v3 + S2,Y)
(3.11) L5(0.7]
- 4—qH(Uz — 3+ Sz)hHg}‘bS(Us) dps(s2) dga(v2) dfs(vs)
for y € D[0,T].

4. Transform and convolution product

In this section, we examine the generalized sequential Fourier-Feynman transform
of the generalized convolution product of functionals in S. It turns out that the
relationship (4.1) below is the same as Theorem 3.3 in [12] for the generalized analytic
Fourier-Feynman transform.

THEOREM 4.1. Let Fj, j = 1,2, be given as in Theorem 3.3. Then for all nonzero
real number q, Uy, ((Fy * F3),)(y) exists and

(4.1) Con((Fr = F2)oa)(0) = Dan(B) (75 ) Tan ()

for y € D[0,T].

&I@
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Proof. From the expression (3.3) for (Fy * F3),(y) and Theorem 2.2, we have

Pon((Fy % Fa)on)(y) = /

. i .
expfi(w, ') = - llwhl3} dfen(w)
L2[0,T] q

for y € D[0,T]. Using the definition of f¢, in Theorem 3.3, we rewrite ', (Fy *
FZ)qu(y) as

l

Lol(Foe ) = [ exp{ o+ uny)
! ! L2[0,T] \/§

7

- 2—q(|\vlh|!§ + Hv2h|!§)} dfy(v1) df2(v2),

and, by Theorem 2.2, it is easy to see that the last expression is equal to the right
hand side of (4.1) and this completes the proof. O

Next we show that the Parseval’s relation for the generalized sequential Fourier-
Feynman transform holds for functionals in &, which is a generalization of the Par-

seval’s relation for the sequential Fourier-Feynman transform established in Theorem
3.3 of [6].

THEOREM 4.2. Let I}, j = 1,2, be given as in Theorem 3.3. Then for all nonzero
real number q, the Parseval’s relation

[ (e (22 a

sfy i .
:/ F1<Zh\% )>F2<——Zh\(/y2_’ )>dy

for the generalized sequential Fourier-Feynman transform holds.

(4.2)

Proof. Since we know from Theorems 2.2 and 3.3 that both sides of (4.1) belong to
the Banach algebra S as a function of y, by Theorem 2.2 of [16], they are generalized
sequential Feynman integrable and

[t (e (22 a

_ / T Ta((Fr o F)an) (Zaly, ) dy.

To evaluate the generalized sequential Feynman integral on the right hand side of the
above expression, we apply Theorem 2.2 to the expression (3.3) for (Fy % Fy),n(y) to
obtain

Lo n((Fy* F2)gn)(y) = / exp{i(v, /) } d(f51)qn(0),

L1[0,T7]

where (f¢,)! ,, is the measure in M defined by (2.8) replaced f with f¢,, and f¢), is
the measure defined in Theorem 3.3. Now applying the evaluation formula for the
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generalized sequential Feynman integral in Theorem 2.2 of [16], we obtain

/S E Lo n((F1* F2)gn(Zn(y,-)) dy

7 ) o
- exps —||vh|5 ¢ d v
/LQ[QT] {2qH HZ} ( q,h)q,h< )
:/ eXp{—iH(Ul —vz)hllg}dfl(vl)dﬁ(u%
L3[0.T] 4q

where the second equality is obtained by the definition of the measure ( qc,h)tq,h' On

the other hand, since S is a Banach space,

F&%)B(—%) = /L%[QT] eXp{%(m - 02>y'>} df1(v1) dfa(va)

belongs to S, and we apply the evaluation formula in Theorem 2.2 of [16] once more

to obtain
sfq 7 X 7 .
/ F1< n (Y, )>F2<_ n (Y, ))dy
V2 V2
i
= [ ep{ gl = ehlB}dfifon) diaon),
L2[0,7) q
which completes the proof. O]

REMARK 4.3. From a careful look at the relationship (4.2), we can modify the proof
of Theorem 4.2 to obtain the following alternative form of the Parseval’s relation for
the generalized sequential Fourier-Feynman transform:

sf_g
[ CaaED . DT F2) 2l ))
(4.3)

_ / " E(Za(y, ) Fa(—Zu(y, ) dy.

for F;j, 7 = 1,2, as in Theorem 3.3 and for every nonzero real number g.

Since all the qunctionals we worked with in Theorems 3.4 through 3.6 belong to the
Banach algebra S, by Theorems 4.1 and 4.2, we have the following results.

THEOREM 4.4. Let F and F, be given as in Theorems 3.4, 3.5 or 3.6. Then for

all nonzero real number q, Iy, ((F1 * F2),4)(y) exists for y € D[0,T] and relationship
(4.1) holds.

THEOREM 4.5. Let Fy and F, be given as in Theorems 3.4, 3.5 or 3.6. Then for
all nonzero real number q, the Parseval’s relations (4.2) and (4.3) for the generalized
sequential Fourier-Feynman transform holds.
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