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NEW BANACH SPACES DEFINED BY THE DOMAIN OF
RIESZ-FIBONACCI MATRIX

PINAR ZENGIN ALP AND EMRAH EVREN KARA

ABSTRACT. The main object of this study is to introduce the spaces co(ﬁq) and
¢(F7) derived by the matrix ¢ which is the multiplication of Riesz matrix and
Fibonacci matrix. Moreover, we find the a-, 8-, 7- duals of these spaces and give
the characterization of matrix classes (A(ﬁq), Q) and (€, A(ﬁq)) for A € {co,c} and
Qe {ly,co,¢, 0}

1. Introduction

Let w be the space of all real or complex valued sequences. We denote the family
of all finite subsets of N = {0,1,2,...} by F and the set of real numbers by R.

Any vector subspace of w is called a sequence space. Further ¢y, ¢ and /., are the
spaces of all convergent to zero, convergent and bounded sequences, respectively and
the norm on these spaces is given by ||ul|oc = sup; |u;|. Moreover, csp, cs and bs are
the spaces of sequences which constituted convergent to zero, convergent and bounded
series, respectively.

Let A = (a;;) be an infinite matrix with a;; € R for all 4, j € N. A defines a matrix
mapping from a sequence space X into another sequence space Y if for every sequence
u = (u;) € X, the sequence Au = (A;(u)), the A—transform of w, is in Y, where

A,L(’U/) = Z CLij’LLj
J

is a convergent series for each i € N. Also, (X,Y) is the class of all infinite matrices
defined from X into Y.
The sequence space

Xa={u=(yj;) ew: Au e X}

is called as the matrix domain of an infinite matrix A in the sequence space X.

In the literature [e.g. [3,5, 13,14, 16, 19,22, 23,27, 31-33, 36]] several authors have
studied to construct a new sequence space by means of the matrix domain of a par-
ticular limitation method.
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In mathematics, the sequence (f;) of Fibonacci numbers is defined by the following
formula

fo=fi=land fi=fi-1+ fi2, 122
There are many fascinating features and applications of the sequence of Fibonacci
numbers. For instance, the golden ratio which is famous in sciences and arts is ob-
tained by the ratio sequence of Fibonacci numbers.

Recently, Kara [18] defined the Fibonacci matrix F = (ﬁ]) by using the Fibonacci
numbers as

. PR
fij = Fn 0 I =0
0 , 0<j<i—1lorj>i

for all 7, j € N, where f; is the i-th Fibonacci number (i € N).

~ ~

Following Kara et al. [6] the sequence spaces cyo(F') and ¢(F') are introduced as

follows:
co(ﬁ) = {u = (u;) €w: lim (iuz = Eui_1> = 0}
=0 fz‘+1 fi

and

o(F) = {u:(uz) cw:3leC> lim ( Ji u; — fi“ui_l) :l}.

100 fz’+1 fi

Kara and Tlkhan [20] have given a new matrix 7' = (t;;) as

tij = _t—ll. , J=i1—1
0 , 0<y<i—1oryj>r,

where t; > 0 for all i € N and t = (¢;) € ¢\cp. If we choose t; = f~f+i1 (i € N), we have

the matrix F. By using the matrix 7', Kara and Ilkhan [21] have defined the spaces
co(T) and (7).

Subsequently, various Banach spaces have been established by defining different
matrices with the help of Fibonacci numbers. Several authors have examined some
topological and geometric properties of these new spaces [7-9,11,15,25,26].

The triangle limitation matrix R = (r;;) of Riesz mean is defined by

Lo 0<j<i
rij: Qi .
0, j>1

where (g;) is a sequence of positive numbers and @); = Z;:o q; for all i« € N.By
using these matrices, Altay and Bagar [2] introduced the Riesz sequence spaces of
non-absolute type. More work on Riesz mean and other related topics can be found
in the literature [10, 12,24, 34].

The theory of sequence spaces plays a fundamental role in summability theory,
which is a wide field of functional analysis and has many applications. For example,
the solvability of infinite systems of differential equations in classical Banach sequence
spaces has been investigated by several authors [1,17,28,30] in recent times by using
the measure of non-compactness. In this paper we introduce and work on some new
Banach spaces by using Riesz and Fibonacci matrices.
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2. The difference sequence spaces co(F?) and c¢(F9)

In this section, we introduce the spaces co(ﬁq) and c(ﬁq) derived by the matrix
F?% which is the multiplication of Riesz matrix and Fibonacci matrix. By using these

infinite matrices, we define a new matrix F'? = (ff;) as
9 _Ji 4+1 fi+e L
L_Ji _ G lida <
= Qi fi+1 Qi fii 0
E Qi fir1 )=
0 , ] >

We compute the inverse (ﬁq)*l = ((fq)z_]l) of the matrix F as

oo Qi @

~nq fifi+1 4 Firifjz a1 0 Y <1
(f9 = ey =
, ] >

Now, we introduce the difference sequence spaces co(F?) and ¢(F?) by

%

co(ﬁq) = {u: (u;) € w: é;% (%u] - ijjuj_1> —0asi— oo}

and
1< fi /i

c(F1) = u=(u) Ew:—qu <]uj —jHuj_1> — L asi— oo for some L € R
Qi Ji+1 [

) ]:0

The sequence v = (v;), which will be frequently used, is defined as the Fa_transform
of the sequence u = (u;); i.e.

v=(v;) = é jgoqj (%u] - fjf—jujl) ., (ieN).
As the notation of matrix domain, these spaces may be redefined as
co(F7) = (co)pe and o(F9) = Chq-
Now we may begin with the following theorem which is essential in the text.
THEOREM 2.1. The spaces co(F?) and ¢(F?) are Banach spaces with the norm
& Sieot (i = Bt )|

given by ||ul|z, = sup;

Proof. We prove the theorem for only the space co(F7). Firstly, let |ul| 7q = 0.

Then, || F9ul|s = 0 and since ||.||o is a norm we have F9u = 6. Since F is invertible,
we obtain u = 0. R
Now, let @ € C and u € ¢o(F9). Then,

leul| g = [ (at)[|oe = [locFul[o

= el Fulloo = lalllull -
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Take any u, o € co(ﬁq). Then,

lu+ 1l g = [|1F9(u+ @)oo = || Fu + Fia o
<N Fu|o + | F]| oo = [|ull g0 + ||| 70-

Hence, (cO(F 9),||./|7¢) is @ normed space. It remains to prove the completeness of

the space cO(Fq) Now, let (u;) be a Cauchy sequece in co(Fq) Then, (v;) is a sequence
in ¢g. Clearly,

lui = wll po = [ (s — up)l]oo

= || Fu; = Foulloo = [[o: = villoc,

that is, (v;) is a Cauchy sequence in ¢y. Since (cy, ||.||oo) is a Banach space, there exists
¥ € ¢ such that lim; .. v; = ¥ in ¢p. Now, let u = (F9)~'7; then we have

lim [[u; — @ 5, = lim || F(u; — )]0
i—00 i—00

= lim || Flu; — F| o = lim |Jv; — 0]|os = 0.
1—00 =00

This means that lim; ,ocu; = @ in co(]? 7), where u € co(ﬁ 7). Hence the proof is
completed. O

THEOREM 2.2. The spaces co(ﬁq) and c(ﬁq) are linearly isomorphic to ¢y and c,
respectively.

Proof. To prove this we should show the existence of a linear bijection between the
spaces co(F 7) and ¢, Wh1ch preserves the norms. Consider the mapping ¥ : CO(F 1) —
co defined by ¥(u) = Fy for all u € CO(F 7). Clearly, V is linear and injective. Let
u = (u;) be the sequence with terms

Ui = i( Jj+1 %_ ]Jrl QT)U +f]+1 Q]
’ frfr+1 qr fr+1f7“+2 qr+1 f]+2 qj+1 K
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for all j € N, where v = (v;) € co. It follows that

RN ff_)
QZ (fﬁl f

= i f] ! ( J2+1 QT _ j2+1 QT) fj+1 Q] '
Qi JZOQJ f]+1 <; frfr+1 qr fr+1fr+2 qr+1 Ut e f]+2 dj+1 i

-y (Z( poe L0, ha, )
0

] frfrJrl qr fr+1fr+2 dr+1 f]+1 QJ

fjfj+1&_ fifit1 Qr i @
Z < frfrJrl dr )U e j)

fre1free @i fy+2 qj+1

=0
3 fifis1 Qr _ Jifin & % ,
(ZO (f fr+1 dr ) ot j Ujl)

Jre1fre2 Grin q;
- _qu <<_J _hi G )Uj LG Qj—lvj1>
Qi j=0 q; fj+2 qj+1 fj+2 dj+1 q;
l§ Qi Qi )
= = q | —v; — ——v;
Qs ;) ’ <qj T
1

Q Z (Q]’U] ijl’l}jfl) =V, — 0 (’L — OO)

which means that u = (u;) € co(F). From this equality, we also deduce that ||u|| Fq =
|Wul|o. It is clear here that if the spaces ¢(F'?) and c are respectively replaced by the
spaces ¢o(F'7) and ¢y, then we obtain the fact that c¢o(F£'?) = ¢. This completes the
proof. O

THEOREM 2.3. The inclusion co(F?) C ¢(F?) is strict.

Proof. Let u be in co(ﬁq). Hence, Fay € cp. Since the inclusion ¢y C ¢ holds, we

have F9u € c¢. Thus, u € ¢(F?). This means that co(F?) C c¢(F?). Further, let us
consider the sequence u = (u;) defined as

1 , J=0,

Jtl Qr i Qr Jit1 Q5 .
{ Z <frfr+1 qr fr+1fr+2 QT+1> + fj q;5 ’ ‘] > 1

Then, we obtain Féu = (1,1,1,...) € c\co. It follows that u € c¢(F?)\co(F9) ; that is,
the inclusion strictly holds. O]
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3. The a-, - and y-duals of the spaces ¢;(F9) and c¢(F9)

In this section, we determine the a-, - and y-duals of the spaces co(F9) and ¢(F?).
The a-, 8- and y-duals of a sequence space A are defined respectively by

AO‘:{a:(aj)ew:zmjuj\<ooforallu:(uj)€A},

j=1

AP = {a = (a;) €Ew: Zajuj converges for all u = (u;) € A} :
j=1

E :ajuj

(2 ]:1

sz{a:(aj)ew:su'p <ooforallu:(uj)€/\},

Now, we quote some lemmas which are necessary to find the a—, $- and ~-duals of
the spaces ¢o(F9) and c(F1).

LeEMMA 3.1. [35] Let A = (a;;) be an infinite matrix.
A= (aij) c (00,0) =

(1) supz la;;| < oo
f

and
(2) lim a;; exists for each j € N
11— 00
hold.
A = (ai;) € (c,c) & (1), (2) and
(3) llir?o Z a;; exists
J
hold.

A = (a;5) € (co, o) = (¢,ls) < (1) holds.
A = (ai;) € (co, l1) = (¢, (1) &

g aup 3

KeF &
7

E CLij

1eK

< 00,

holds.
LEMMA 3.2. Let a = (a;) € w and the matrix B = (b;;) be defined by B; =
a;(F?)~1, that is,
N O RN
Yo la(fn)y . 05 <
for alli,j € N. Then, a € (A(F?))* if and only if B € (A, (1), where A € {cy, c}.

Proof. Let v = (v;) be the Fi-transform of a sequence u = (u;) € w; that is,
v; = F(u) for all i € N. Then, we have

au; = ai(ﬁq)i’l(v) = B;(v)
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for all i € N. Thus, we obtain that au = (a;u;) € ¢, with u € A(ﬁq) if and only if
Bv € ¢; with v € A. This implies that a € (A(F9))* if and only if B € (A, ¢;), where
A € {co, c}. Hence, the proof is completed. ]

LEMMA 3.3. [4, Theorem 3.1] Let C' = (¢;;) be defined with a sequence a = (a;) € w
and the inverse matrix S = (s;;) of the triangle matrix T' = (t;;) by

C”_{ 0 , g>i
R parsey , 0<j <
for all 1,5 € N. Then,
(A1) ={a=(aj) ew: C € (A )},
(MT)) ={a=(a;) ew: C € (A Lls)}
where A € {c, c}.

THEOREM 3.4. Let define the following sets:

. Qi  fla @
dy =<a=(a;) €Ew: sup ( S =1 = =L gl < ooy,
{ i) Ke]—"z Z filiv1 4 fiv1five ¢
[ 2 )
Z ( fr—i—l % . 7"+1 Q] ) a,| < oo 7
—\fifinn ¢ Tl ain

ds =< a=(a)€w: lim ZZ: ( fru 9 _ fr“ @ ) a, exists for each j € N
oo fifivt 5 fimifiee i

d}z{a:(aj)Ew:sng
Cod

2
7o r+1 Q] fr+1 Qj . .
dy {a (a;) €w: lggog E ( — — = : ‘ )are}ﬂstsforeachjEN}.

=0 r—; fifivt ¢ fivrfire ¢

Then, we ilave R A
(a) (co(F))™ = (c(F?))" = da.

~

(b) (co(F))? = dy N dy and (c(F?))? = dy N dy N ds.
(c) (co(F))" = (c(F?))" = do.

Proof. The proof is obtained by combining Lemmas 3.1, 3.2 and 3.3. m

4. Characterization of certain classes of matrices

In the final section, we give the characterization of the classes (A(F?),Q) and
(€2, A(F7), where A € {co,c} and Q € {1, co, ¢, o0}

Throughout this section, we write a(i,j) = Zi«:o a,; for given an infinite matrix
A = (a;;), where 7,7 € N. Now, we give a lemma which is necessary together with
Lemma 3.1 to characterising the classes (A(F9), Q).
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LEMMA 4.1. [35] Let A = (a;;) be an infinite matrix.
A = (a;5) € (co, ¢o) if and only if (1) and

(5) lim a;; = 0 for each j € N
i—00
hold.
A = (ai;) € (¢, ¢) if and only if (1), (5) and
©) fim D oy =0
j
hold.

Now, we have a theorem which is required to characterize the classes of matrices
from cq(F?) or ¢(F'?) to classical sequence spaces.

THEOREM 4.2. Let A € {co,c} and Q be a sequence space. Then, we have A =
(a;;) € (A(F?),Q) if and only if

(7) DY = (dz(] ) (A, ¢) for each fixed i € N,
(8) D = (di;) € (A, ),
where

(@) 0 , g >1
dlj Ll ajj + Zr =j+1 ( oL St > a, , 0<5<1

fi aj fifi+1 45 fi+1fi+2 i+

and

dij = fj+1%aij+ i ( fia Qi r+1 Q; )air
fi 4 S \Jili 4 finire g
for all i, 5,1 € N.

Proof. The proof can be given using a similar technique as for Theorem 4.1 of [29].
So, we omit the proof. O

Now, we list some conditions:

)| < o0 for each fixed i € N,

(9)

(10) llim dl(;) exists for each fixed 7,7 € N,
—00
!
(11) lhm d exists for each fixed i € N.
—00
7=0

THEOREM 4.3. Let A = (a;;) be an infinite matrix. Then, we have:

(a) A= (a;;) € (co(F9),4) < (9) and (10) are true, and (4) is true for d;;.

(b) A = (a;;) € (co(F?),cp) < (9) and (10) are true, and (1) and (5) are true for
dij.
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(c) A = (a) € (co(F9),¢) < (9) and (10) are true, and (1) and (2) are true for
dij.

(d) A= (a;j) € (co(F7), ls) < (9) and (10) are true, and (1) is true for dij.

Proof. (a)From Theorem (4.2), A = (a;;) € (co(F9),1,) if and only if D® (dz(])> €
(co, c) for each i € N and D = (d;j) € (co,lq). It follows from Lemma (3.1) that
DO = (dgj) € (co,c) if and only if (9) and (10) hold and D = (d;;) € (co, 1) if and
only if (4) holds for d;.

(b)From Theorem (4.2), A = (a;;) € (co(F9),co) if and only if D = (dz(;)) €
(co,c) for each ¢ € N and D = (d;;) € (co,cp). It follows from Lemma (3
DU = (dl(;)) € (co,c) if and only if (9) and (10) hold and from Lemma (4.
D = (d;;) € (co, ¢o) if and only if (1) and (5 ) hold for d;;.

(c)From Theorem (4.2), A = (a;;) € (co(F9),¢) if and only if D® = (d}) € (¢
for each i € Nand D = (d;;) € (co, ¢). It follows from Lemma (3.1) that D = )
(co, ¢) if and only if (9) and (10) hold and D = (d;;) € (co, ¢) if and only if (1) and
(2) hold for d’LJ

(d)From Theorem (4.2), A = (a;;) € (co(F9),ls) if and only if D@ = (dl(;)) €
(co,c) for each i € N and D = (d;;) € (co,ls). It follows from Lemma (3.1) that
DY = (d}?) € (co, ) if and only if (9) and (10) hold and D = (dy) € (co, l) if and
only if (1) holds for d;;. O

THEOREM 4.4. Let A = (a;;) be an infinite matrix. Then, we have:

(a) A= (a;;) € (c(F?),4) < (9), (10) and (11) are true, and (4) is true for d;;.

(b) A = (a;;) € (c(F9),co0) < (9), (10) and (11) are true, and (1), (5) and (6) are
true for d;;.

(c) A = (a;) € (c(F9),c) < (9), (10) and (11) are true, and (1), (2) and (3) are
true for d;;.

(d) A= (a;;) € (c(F),lx) < (9), (10) and (11) are true, and (1) is true for d;;.

Proof. (a)From Theorem (4.2), A = (a;;) € (¢ (F),1,) if and only if D®) (dz(])> €
(c,c) for each ¢ € N and D = (d;j) € (¢, l;). It follows from Lemma (3.1) that
DU = (dl(;)) € (¢, ¢) if and only if (9), (10) and (11) hold and D = (d;;) € (¢, ly) if
and only if (4) holds for d;.

(b)From Theorem (4.2), A = (a;;) € (¢(F), ) if and only if D = (dz(;)> € (¢, ¢
for each i € N and D = (d;;) € (c,¢cp). It follows from Lemma (3.1) that D =
(dl(;-)) € (¢, ¢) if and only if (9), (10) and (11) hold and from Lemma (4.1) that
D = (di;) € (¢, ¢) if and only if (1), (5) and (6) hold for d;.

(c)From Theorem (4.2), A = (a;;) € € (¢(F7),¢) if and only if DO = (d l( ) € (c,c)
for each i € Nand D = (d;;) € (c, ¢). It follows from Lemma (3.1) that D) = (dz(; ) €
(¢, c) if and only if (9) and (10) hold and D = (d;;) € (¢, ¢) if and only if (1), (2) and
(3) hold for d;;.

(d)From Theorem (4.2), A = (a;;) € (¢(F9), L) if and only if D@ = (dz(;)) € (¢,¢)
for each i € N and D = (d;;) € (c,ls). It follows from Lemma (3.1) that D@ =
(dl(j ) € (¢, ¢) if and only if (9), (10) and (11) hold and D = (d;;) € (¢, l) if and only
if (1) holds for d;;. O
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As a consequence of these theorems, we have the following results.

COROLLARY 4.5. Let A = (a;j) be an infinite matrix. Then, we have:

(a) A= (a;j) € (co(F9), cs) < (9) and (10) are true, and (1) and (5) are true for
d(i, j)-

(b) A = (a;j) € (co(F9), cs) < (9) and (10) are true, and (1) and (2) are true for
(i, j)-

(c) A= (a;) € (co(F),bs) < (9) and (10) are true, and (1) is true for d(i, j).

COROLLARY 4.6. Let A = (a;;) be an infinite matrix. Then, we have:

(a) A= (a;;) € (c(F7), cso) < (9), (10) and (11) are true, and (1), (5) and (6) are
true for d(i, j).

(b) A = (a;;) € (c(F9),cs) < (9), (10) and (11) are true, and (1), (2) and (3) are
true for d(i, ).

(c) A= (a;j) € (c(F),bs) < (9), (10) and (11) are true, and (1) is true for d(i, j).

Now, we give a lemma which is necessary together with Lemma 3.1 and Lemma
4.1 for characterising the classes (£, A(F'9)).

LEMMA 4.7. [35] Let A = (a;;) be an infinite matrix.
A= (aij) € (61,00) 54 (5) and

(12) sup |a;;| < oo,
1,J
hold.
A = (aij) € (U, c0) & (5) and
(13) Zlggloz |aij| =0
j
hold.

A = (a;;) € (01,¢) < (2) and (12) hold.
A = (ai;) € (les,c) & (2) and

(14) }ggoz lail =)
J

J

llm Q5
i—00

hold.

Before characterizing the matrix classes from classical spaces to co(F9) or ¢(F4), we

prove a theorem. We change the roles of the spaces A(ﬁ 7) and A with € in Theorem
4.2.

THEOREM 4.8. Let A = (a;;) and B = (b;;) be two infinite matrices and

(& fr G f g f
15 bij = 00 T+2)ar'+—i "y
(5) ! ; (Qz‘ fre1 Qi fra1 ! i firn

holds for alli, j € N. Then, A € (Q, A(F?)) if and only if B € (Q, A), where A € {co, ¢}
and Q € {l,co, ¢, 0}
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Proof. Let u = (u;) € Q. By the aid of (15), we have

! l i—1
Y - qr fr q7~+1 fr+2 ' &i ) |
jz_;dbwu] 32—: <rz: <Qz fr-‘rl Qz fr+1> rj * Qz fi—i—l a’]) Uj
qu ( fj_l Zamu] frf—’—l ZGT—LJ“J)
z —0 r

r =0

for all 7,1 € N which yields as | — oo that (B;(u)) = (Ff(Au)). Therefore, we
conclude that Au € A(F?) for u € Q if and only if Bu € A for u € 2, where
A € {co,c} and Q € {{1,¢o, ¢, s }. Hence the proof is completed. ]

THEOREM 4.9. Let A = (a;;) and B = (b;;) satisfy the relation in (15). Then, we

(a) A= (a;;) € (1, co(F9)) < (5) and (12) are true for b;;.

(b) A = (aij) € (co,c (ﬁ )) < (1) and (5) are true for b;;.

(c) A= (a;j) € (c,co(F )) (1), (5) and (6) are true for b;;.

(d) A= (a;j) € (loo, co(F F1)) < (5) and (13) are true for bij.

Proof. (a) From Theorem (4.8), A = (a;;) € (Iy, co(F?)) if and only if B = (bij) €
(l1,¢co). It follows from Lemma (4.7) that B = (b;;) € (I1,¢co) if and only if (5) and

(12) hold for b;;.

(b)From Theorem (4.8), A = (a;;) €
It follows from Lemma (4.1) =
for bl]

(¢)From Theorem (4.8), A = (a;;) € (¢, co(F?)) if and only if B = (bij) € (¢, cp). It
follows from Lemma (4.1) that B = (b;;) € (¢, co) if and only if (1), (5 ) and (6) hold
for bl]

(d)From Theorem (4.8), A = (a;j) € (o, co(F)) if and only if B = (bij) € (s, co)-
It follows from Lemma (4.7) that B = (b;j) € (I, ¢o) if and only if (5) and (13) hold
for b”

(co, co(F)) if and only if B = (b;;) € (co, co).
(bij) € (co,co) if and only if (1) and (5) hold

]

THEOREM 4.10. Let A = (a;;) and B = (b;;) satisfy the relation in (15). Then, we

)€ (ﬁl,c(ﬁi‘])) < (2) and (12) are true for b;;
(b) A = (a;j) € (co,c(AFq)) < (1) and (2) are true for b;;
(c) A = (aij) € (c, c(Fql) < (1), (2) and (3) are true for b
(d) A= (a;j) € (leo,c(F9)) < (2) and (14) are true for b
Proof. (a) From Theorem (4.8)

, A = (a;;) € (I, c(F?)) if and only if B = (b, ;) €
(11, c). It follows from Lemma (4.7) that B = (b;;) € (I3, ¢) if and only if (2) and (12)
hold for b;;.

(b)From Theorem (4.8), A = (a;;) € (co, c(F7)) if and only if B = (bij) € (co,c). It
follows from Lemma (3.1) that B = (b;;) € (co, ¢) if and only if (1) and (2) hold for



676 Pinar Zengin Alp and Emrah Evren KARA

(c)From Theorem (4.8), A = (a;;) € (c, ¢(F9)) if and only if B = (
follows from Lemma (3.1) that B = (b;;) € (c,¢) if and only if (1), (2
for bZJ

(d)From Theorem (4.8), A = (a;;) € (Iss, c(F)) if and only if B = (bij) € (lso, ).
It follows from Lemma (4.7) that B = (b;;) € (I, ¢) if and only if (2) and (14) hold
for bl] O

bij) € (¢, ). It
) and (3 ) hold

5. Conclusions

We have established new Banach spaces by the aid of a matrix which is the multi-
plication of Riesz and Fibonacci matrices. These spaces are more general than some
other spaces and not a special case of the ones defined earlier. By using similar
techniques in this paper, more comprehensive and general spaces can be constructed.
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