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SOME REMARKS ON THE GROWTH OF COMPOSITE P-ADIC
ENTIRE FUNCTION

TANMAY BISWAS* AND CHINMAY BISWAS

ABSTRACT. In this paper we wish to introduce the concept of generalized relative
index-pair («, 8) of a p-adic entire function with respect to another p-adic entire
function and then prove some results relating to the growth rates of composition of
two p-adic entire functions with their corresponding left and right factors.

1. Introduction and preliminaries

Let us consider an algebraically closed field K of characteristic zero complete with
respect to a p-adic absolute value |-| (example C,). For any A € K and R €]0, +o0[,
the closed disk {z € K : |z — A| < R} and the open disk {z € K : |x — A| < R}
are denoted by d (A, R) and d (A, R™) respectively. Also C(A,r) denotes the circle
{r € K: |z — Al = r}. Moreover A (K) represent the K-algebra of analytic functions
in K i.e., the set of power series with an infinite radius of convergence. For the most
comprehensive study of analytic functions inside a disk or in the whole field K, we
refer the reader to the books [17-19,22]. During the last several years the ideas of
p-adic analysis have been studied from different aspects and many important results
were gained (see [3] to [16]).

Let f € A(K) and r > 0, then we denote by | f| (r) the number sup {|f (z) | : |z| = r}
where || () is a multiplicative norm on A (K). Moreover, if f is not a constant, the
|f] (r) is strictly increasing function of r and tends to +oco with r, therefore there

exists its inverse function |/f\| :(]f(0)],00) = (0, 00) with lim |/f\| (s) = oc.
§—00
For z € [0,00) and k € N, we define log" z = log <10g[k71] x) and explt 2 =

exp (exp[k_l] a:) where N is the set of all positive integers. We also denote log[o] r=ux
and expl! = z. Throughout the paper, log denotes the Neperian logarithm. Taking
this into account the (p,q)-th order and (p,q)-th lower order of an entire function

f € A(K) are defined as follows:

DEFINITION 1.1. [7] Let f € A(K) and p, ¢ be two positive integers. Then the
(p, q)-th order o9 (f) and (p, q)-th lower order A®»@ (f) of f are respectively defined
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as:

log!?! log?!
o9 (f) =lim .'sup—og A1) and \(#9) (f) =1lim inf—og /] (T>
r—-+o00 log[q] r r—-+00 log[q] r

Definition 1.1 avoids the restriction p > ¢ of the original definition of (p, ¢)-th order
(respectively (p, ¢)-th lower order) of entire functions introduced by Juneja et al. [21]
in complex context.

When ¢ = 1, we get the definitions of generalized order and generalized lower order
of an entire function f € A (K) which symbolize as o® (f) and AP (f) respectively.
If p=2and ¢ = 1 then we write oV (f) = o(f) and AV (f) = A (f) where o (f)
and A (f) are respectively known as order and lower order of f € A(K) introduced
by Boussaf et al. [13].

Now let L be a class of continuous non-negative functions « defined on (—oo, +00)
such that a(z) = a(xg) > 0 for z < xy with a(z) T 400 as  — +oo and a((1 +
o(1))z) = (1 4+ o(1))a(z) as * — +o00. We say that o € L°, if @ € L and a(cz) =
(1+o(1))a(z) as zg < x — 400 for each ¢ € (0,400), i.e., « is slowly increasing
function. Clearly L° C L.

The concept of generalized order («, 3) of entire function in complex context was
introduced by Sheremeta [23] where «, 5 € L. In complex context, several authors
made close investigations on the properties of entire functions related to generalized
order («, 3) in some different direction. For the purpose of further applications of
generalized order (o, ) of entire function in complex context, Biswas et al. [4, 7]
rewrite the definition of generalized order («, ) of an entire function considering
a,B € L°. For details about generalized order (a,3) and generalized lower order
(o, B), one may see [4,7]. Considering the ideas developed by Biswas et al. [4,7], one
can define the generalized order («, 5) and generalized lower order («, 5) of an entire
function f € A (K) respectively in the following way:

DEFINITION 1.2. [2] Let f € A(K) and a, 8 € L°. The generalized order (o, 3)
and generalized lower order («, 3) of f denoted by 0(a,8)[f] and A g)[f] respectively
are defined as:

= lim su M an — limin O./(|f|(7“))
0(a,p)|f] = limsup 50 d Maplf] =1 f—ﬁ(r) _

r—+4o00 r—r+o0

If a(r) = log?” r and B(r) = log!¥ r, then Definition 1.1 is a special case of Definition
1.2.

In this connection one may give the following definition:

DEFINITION 1.3. An entire function f € A(K) is said to have generalized index-
pair (o, ) if b < 0(a,p)[f] < 00 and Q(expa,expp) [f] i nOt a non-zero finite number,
where b =1 if o =  and b = 0 for otherwise. Moreover if 0 < g(q,5)[f] < 400, then

r)

Oatyity, pplf] =00 when a(y7') € L and lim O‘(%(T)( = 00,

'r—>+oo

0w, iy lf] =0 when 8 (77') € L% and rginoo 5(T§T” _ +OO’
Oatn), serplf] =1 when lim 2200 — 0 and lim 2260 — o,

r—+oo AT r—+00 B(r)
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Similarly for 0 < A(a,g)[f] < +00, one can easily verify that
7))

oy

)\(a('yl_l), B) [f] = o0 when « (’y ) € LY and TEIJPOO ( § = +00,
J— . ﬁ

Mo, proplfl =0 when B (") € L and Jim (Wﬁl(r)( D) — 4o,

Aa(n), Beanlf] =1 when ngloo% — 0 and TEIEOO%T —0

Definition 1.3 extends the definition of index-pair (p, ¢) of p-adic entire function f
introduced by Biswas [7] which is analogous to a definition of Juneja et al. [20,21] in
complex context. For details about index-pair (p, q) of p-adic entire function f, one
may see [7].

The notion of relative order was first introduced by Bernal [1]. In order to make
some progress in the study of p-adic analysis, Biswas [6] has introduced the definitions
of relative order g, (f) and relative lower order A, (f) of entire function f € A(K)
with respect to another entire function g € A (K) in the following way:

g (f) = lim SUPM and A, (f) = lim jnfw'

00 logr r—+00 log r

In the case of relative order, it therefore seems reasonable to define suitably the
generalized relative order («, ) of entire function belonging to A (K). With this
in view one may introduce the definitions of generalized relative order («, /) and
generalized relative lower order («, 8) of an entire function f € A (K) with respect to
another entire function g € A (K) denoted by g(a,)[f]y and A p) | f]y respectively, in
the follows way:

DEFINITION 1.4. Let f, g € A(K) and «, 8 € LY. The generalized relative order
(o, B) and generalized relative lower order («, 3) of f with respect to g denoted by
O(a,p) [ f]g and Ao ) [ f]4 respectively are defined as:

(LG o algl(f10))
oamlfly = limsup =27 A N f]y = lim inf =2

Now we introduce the following definition which will be needed in the sequel:

DEFINITION 1.5. Let f, g € A(K). f is said to have generalized relative index-
pair (o, #) with respect to g, if b < ow@p)[fly < 00 and O(expa,exp ) [f]g is not a
non-zero finite number, where b = 1 if @« = § and b = 0 for otherwise. Moreover if
0 < 0(a,p)[f]g < 400, then

1
Ota(y1), pylflg =00 when a (') € L and TETOOQ(%M(T)) +00,
O(a, B(Vfl))[f] =0 when j (71_1) € L and T‘EIEOO ﬂ( ;r)) = +00,
a(r) _ . Bn(r) _
Q). s flg =1 when lim Sk =0 and lim “350 = 0.
Similarly for 0 < A\a.g)[fly < +00, one can easily verify that
— -1 0 . a(yyHr)
)‘(0‘(71_1)7 3) [flg =00 when « (fyl ) € L° and TEI—EIOOW = +00,

— . ﬁ —1 r
Mo, priplfly =0 when 8 (v7') € L and Jim (’g(r)( D) — 4o,

Aat), sennlflg =1 when TEIEOO—Q(SET(;)) =0 and TETOO_(B( 7 =0
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In this paper we wish to prove some results relating to the growth rates of compo-
sition of two p-adic entire functions with their corresponding left and right factors on
the basis of their generalized relative order («a, ) and generalized relative lower order
(o, B) where a, 8 € L°. Further we assume that throughout the present paper a;, as,
B1, and By always denote the functions belonging to L.

2. Results

First of all, we recall one related known property which can be found in [12] or [13]
and will be needed in order to prove our results, as we see in the following lemma:

LEMMA 2.1. Let f, g € A(K). Then for all sufficiently large positive numbers of
r the following equality holds

[F(9)l (r) = 1£1 (gl () -

We now prove

THEOREM 2.2. Let f, g, h € A(K). Also let the generalized relative index-pair of
f with respect to h be (aq,51) and the generalized index-pair of g be (as,082). Then
(i) the generalized relative index-pair of f(g) is (aq,82) when B (r) = as(r) and
either Ao, ) [f]n > 0 or Ao, 8.,)lg] > 0. Also

(@) Nansn) [f1n0as)9] < 0(01,82) [f (91 < 0(0n.50) [f]00(a2,) 9]
if Moy poylf] > 0 and

(b) )‘(al B1) [ ] O(az, 52)[9] < Q(a1752)[f(g)]h < Q(ahﬁl)[f]hg(amﬁb)[g]
if Nas,g)lg] > 0;

(ii) the generalized relative index-pair of f(g) is (a,51 (a5 (B2))) when By (s ' (r)) €
LY and either A, p)[f]n > 0 or Aay,8)]g] > 0. Also

(a) >‘(a1,51)[.ﬂh < O(ay, 61(042_1(62)))[f<g)]h < Q(al,ﬂl)[f]h if >‘(a1,51)[ﬂh >0 and

(0) O, 51(a;1(52)))[f(9)]h = 0(an,p0)Lf1n I Nan,ga) 9] > 0;

(iii) the generalized relative index-pair of f(g) is (ca(B; " (a1)),B2) when as (B (r)) €
LY and either A, p)[f]n > 0 or Aay,8)0g] > 0. Also

(@) O(ay(5- (en)), ) L (DIn = O(az,82)9] I Ao, [f]n > 0 and
(b) )‘(012”32)[9] < Q(az(B7 (1)), ﬁg)[f(g”h < Q(az,ﬁz)[g] jf/\(amﬁQ)[g] > 0.

Proof. Since |/h\|(7‘) is an increasing function of r, it follows from Lemma 2.1 and
for all sufficiently large values r that

(1) a1 (A1) = Aasn s =€) Bullg](r))
and also for a sequence of values of r tending to infinity that
(2) an (A1 (9)1(1))) = (010 FIn — €))Brlgl(r).

Similarly, in view of Lemma 2.1, we have for all sufficiently large values of r that

(3) a1 ([ @N))) < (o0 [+ €) B (1] ().
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Now the following two cases may arise:
Case I. Let 5 (1) = aq (r).
Now we have from (3) for all sufficiently large values of r that

a1 ([BIF @) < (eton,o [T+ 2) (0(@s (9] +€) B (7)

(4) ie., limsupal(|h|g2f (%)W))) < Qo 80 [f110(02,82) 9]

r—-+00

Also from (1), we obtain for a sequence of values of r tending to infinity that

a(R(F(@) ) = NawsnFh =€) (0ansmlg] — €) Ba ()
ar(I0](1£(9)|(r)))

(5) 1.e., limsup 5y (r) > A(al,ﬁl)[f]hQ(az,ﬁz)[g]'

r—+o00

Moreover, we have from (2) for a sequence of values of r tending to infinity that

(B @) = (0@ [l = &) Aassnle] —2) B> (1)

4 , « /h\ r
(6) i, Timsup 1([R[(|f(9)](r))) > ot M s lg]-
r——+oo 52 (r)
Therefore from (4) and (5), we get for A\, g,)[f]n > 0 that
(Bl (9)(r))
)‘(al,ﬁl)[f]hg(azﬂz)[g] < lim sup - < Q(al761)[f]h‘9(a2’52)[g]
r——+oo 52 (T)
(7) i.e., )‘(al,ﬁl)[f]hg(%ﬁﬂ[g] < O(a1,B2) [f(g)]h < Q(al,ﬂ1)[f]hg(a2ﬂ2)[g]'
Likewise, from (4) and (6), we obtain for A(a, g,)[g] > 0 that
(Bl (9)](r))
Q(al,ﬁl)[f]h)‘(azﬁﬂ[g] < lim sup - < Q(al,ﬁl)[ﬂhQ(QQﬁQ)[g]
r——+oo 62 (7’)
(8) i.€., Q(Ollngl)[f]h)\(QQ,BQ)[g] < O(an,82) [f(g)]h < Q(al,ﬂl)[f]hg(a2ﬂ2)[g]‘

Also from (7) and (8) one can easily verify that

(4) Qa1 (v h, 52)[f(9)]h =00

-1 0 iy b))
when ai(v; ) € L° and TEI-POO i = +oo,

(Z’L) O(an, ﬁz(’Yfl))[f<g)]h =0

-1 0 . B t(r)
when [y (71 ) € L” and Tll)grnoo B = T and
(Z”) O(a1(v1), 52(71))[f(g>]h =1
when lim 200D — g apd lim 22000) — .
r—+4o00 ai1(r) r—+4o00 Ba(r)

Therefore we obtain that the generalized relative index-pair of f(g) is (a1, 52) when
B1 (1) = az (r) and either A, g,)[f]n > 0 or Aa,,8,)[g] > 0 and thus the first part of
the theorem is established.

Case II. Let (a5 (1)) € L.

Now we obtain from (3) for all sufficiently large values of r that

a1 (B @10))) < (oo o0 [l +2) B (a3 (a2 (gl (1))
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—

i.e., an([h[([F(9)I(r)))

—

i.e., ar([h|([f(9)](r)))

(1+0(1)) (0G0l f]n +€) Bi (a3 (B2 (1))
(14 0(1)) (0ar,s) [ f]n +€) B1 (0z " (B2 (1))

ot A(RF(@)]6)
) ST (0" (1)

Also from (1), we have for a sequence of values of r tending to infinity that
ar ([ F(DI())) > Ao [Fn — 2) Br(05 ((0(0n 9] +€) Balr))
e, ar([l(1F(9)1(r) = (1 +0(1)) (May a0 [Fln — ) Br (03 (B2 (1))

(WIS oy

NN

< 0(ar,80) L[

(10) ie lggiip Bi (a3 (B2 (7))

Further, we get from (2) for a sequence of values of r tending to infinity that
an([R1(1£(9)(7) = (2@raIh =€) Brlas (Manamlg] =€) Ba(r)))
i.c. ar([Rl(1F (@) = (1+0(1)) (01 [Fln — €) Br (05 (B2 (1))

. a1(|h|(!f( ),
(11) i.e., lrﬁJsrgop 5, ( )))
Therefore from (9) and (10), we get for )\(al s)fln > 0 that

(Rl (g >\(< )>)>)> < Oterimlf

Moy gl fln < limsup
( 151)[ ]h rotoo 1 (aQ (6

(12) i.e., A(O‘lvﬂl)[vf]h < Q(al,ﬁl(a; (82))) Lf(9)]), < Q(alﬁﬂ[f]h‘
Likewise, from (9) and (11) we get for A, s,)[g] > 0 that

. <|7?!<|f<g>|<r>>>
ol < T sup B (ag ' (B2 (1))

(13) 15 Oy iy (o (8))) LT (DI = tarp0) -

< O(a1,81) [f]h

Further from (12) and (13) one can easily verify that

(@) Qi (27), srtaz @ (9 =
when a1(y;') € L® and lim M — too,

r—too  @1(r)

(i) Q(as, pr(ay* (B ) LS (9)]n = 0

-1 -1 0 Bi(ay! (ﬂ2(’Y1 () _
when £1(ag (B2(y; 7)) € LY and ngrnoo e ey = T and

(#17) Qe (1), Br(az " (Batry [ (9)]n =1

iy () Ba(ag (52(71(7“)))) _
when Tginoo ) 0 and rgl}rloo Bra 1(52)) 0.

Therefore we get that the generalized index-pair of f(g) is (a1, 81 (ag' (82))) when
B (az' (r)) € L and either Aa,5,)[f]n > 0 or A(a,s,)[g] > 0 and thus the second
part of the theorem follows.
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Case III. Let ay (58"

Then we obtain from for all sufficiently large values of r that

(r)) e L°

(3)

aa (87 (oa (RI(F(DI0NN) < a2 (B (0@ o) [y +€) B (19l (1))
(B (ea (R F(@)[))) < (1 +0(1)) a2 (|g] (1))

i, aa(B (on ([ F(9)] (1)) < (1+0(1)) (annlg] +2) B2 (r)

(14) i.€., limsup%(ﬂl1(a1%§|(ﬂ{(g)|<r))))) < O(an,82)[9]-

r—+00

, O

Also from (1) we have for a sequence of values of r tending to infinity that
as(Br (aa (IBI(1F(9)|(r))))) = (1 + 0(1)) aa(|g](r)
ire., as(B7(aa (I F(9)I (1)) = (1 + 0(1)) (00 9] = £))B: (7)

) hmsupwl1<a1%§\(ﬂ{<g>\<r>>>>> > onnslel

r—-+00

Similarly, we get from (2) for a sequence of values of r tending to infinity that

s (B (en (I F () ()))) = (1 + 0(1)) (Aas ) [9] —€))2 (7)

s (BT (al(;?\(ﬂ{(g)\(r))))) > Aan.sn 191

(16) i.e., limsup

r—+00

Therefore from (14) and (15), we obtain for A, s,)[f]n > 0 that

az (87" (o (W04 (9] (1))

N <li < Oa
Oz 19] < i sup D) 0(z.) 9]
(17) 1€ Q(an (57 (on). ) L (9] = Otaz, ) [9] -

Similarly, from (14) and (16) we get for A, s, [g] > 0 that

as (87 (r ([R](£(9)] ()

Aa < li < O(a
(a2,62) 9] < im sup B0 O(az,62) 9]
(18) - Aaz,)9] < 00y (87 (0n)) 82) L (9)]n S Q(as ) [9)-

So from (17) and (18) one can easily verify that

(1) Oan(s: (on (o)), ) L (9]0 = 00

—1 —1 0 (B (M)
when as(8; (1 (71 7)) € L” and TETOO @ @) 1O

(1) Qs @), e @I =0
when (3, (7, ') € L° and  lim %TY)) = +o00 and

r——+00 (

(”Z) Q(az(ﬁl (041(“/1))), 52(‘11))[f(g)]h =1

az (B (041(71( D) _ i B2(n(r)
when lim = oy — Vand lim =5y~ =0.
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So we obtain that the generalized index-pair of f(g) is (a2(8;*(a1)),32) when
az(Br1(r)) € LY and either Ao, 6)[fln > 0 or Aayplg] > 0 and thus the third
part of the theorem is established. O

THEOREM 2.3. Let f, g, h € A(K). Also let the generalized relative index-pair of
f with respect to h be (ay,81) and the generalized index-pair of g be (aw,33). Then

(i) If B1 (1) = o (1), Naw g [f]n > 0 and A, 8,)[g] > 0, then
Ao A @z 9] < Aar s [F(9)n
< min {gay o) [f1h N2 8191 Atar o) [Fln0(az ) [9]} -
(i) If By (a3 ' (1)) € L°, Xarp[f]n > 0 and Ay p,)lg] > 0, then

)‘(al,ﬁl(agl([aQ)))[f(g)]h = Nou,p1) [f]h .
(iii) If as (B7" (r)) € L°, Nay,pylfln > 0 and Ay 5,)lg] > 0, then

Naz(82 1)) L (D] = A 9]-

In the line of Theorem 2.2 one can easily deduce the conclusion of Theorem
2.3 and so its proof is omitted.
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