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ON BOUNDS FOR THE DERIVATIVE OF ANALYTIC

FUNCTIONS AT THE BOUNDARY

Bülent Nafi Örnek and Tuğba Akyel

Abstract. In this paper, we obtain a new boundary version of the Schwarz lemma
for analytic function. We give sharp upper bounds for |f ′(0)| and sharp lower bounds
for |f ′(c)| with c ∈ ∂D = {z : |z| = 1}. Thus we present some new inequalities for
analytic functions. Also, we estimate the modulus of the angular derivative of the
function f(z) from below according to the second Taylor coefficients of f about
z = 0 and z = z0 6= 0. Thanks to these inequalities, we see the relation between
|f ′(0)| and <f(0). Similarly, we see the relation between <f(0) and |f ′(c)| for some
c ∈ ∂D. The sharpness of these inequalities is also proved.

1. Introduction

We consider the Schwarz lemma which is an application of the maximum modu-
lus princible playing an important role in problems involving mappings for analytic
functions. It says that if g : D → D is analytic with g(z) = c1z + c2z

2 + ...., then
|g(z)| ≤ |z| , ∀z ∈ D = {z : |z| < 1} and |g′(0)| ≤ 1.

Moreover, if the equality |g(z)| = |z| holds for any z 6= 0, or |g′(0)| = 1, then f is
a rotation; that is, g(z) = zeiθ, θ real ( [5], p.329). The Schwarz lemma has several
applications in the field of electrical and electronics engineering. Use of positive
real function and boundary analysis of these functions for circuit synthesis can be
given as an exemplary application of the Schwarz lemma in electrical engineering.
Furthermore, it is also used for analysis of transfer functions in control engineering
and multi-notch filter design in signal processing [13].

In this study, we give a new boundary version of the Schwarz lemma for analytic
function. We present some inequalities which give a relation between |f ′(0)| and
<f(0) and also a relation between <f(0) and |f ′(c)| for some c ∈ ∂D by obtaining
sharp upper bounds for |f ′(0)| and sharp lower bounds for |f ′(c)| with c ∈ ∂D =
{z : |z| = 1} . The sharpness of these inequalities is also proved.

Let f(z) = f(0)+c1z+c2z
2+ ... be an analytic function in D, <f(z) > 0 for |z| < 1

and

(1.1) ϑ(z) =
f(0)− f(z)

f(0) + f(z)
.
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Here ϑ(z) is an analytic function in D and ϑ(0) = 0. Now, let us show that |ϑ(z)| < 1
for z ∈ D. Since

|f(0)− f(z)|2 = (f(0)− f(z))
(
f(0)− f(z)

)
= |f(0)|2 − f(0)f(z)− f(z)f(0) + |f(z)|2

and ∣∣∣f(0) + f(z)
∣∣∣2 =

(
f(0) + f(z)

)(
f(0) + f(z)

)
= |f(0)|2 + f(0) f(z) + f(z)f(0) + |f(z)|2 ,

we take

|f(0)− f(z)|2 −
∣∣∣f(0) + f(z)

∣∣∣2
= −

(
f(0)f(z) + f(z)f(0) + f(0) f(z) + f(z)f(0)

)
= −4<f(0)<f(z).

So, |ϑ(z)| < 1 for z ∈ D. From the Schwarz lemma, we obtain

ϑ(z) = − c1z + c2z
2 + ...

f(0) + f(0) + c1z + c2z2 + ...
,

ϑ(z)

z
= − c1 + c2z + ...

2<f(0) + c1z + c2z2 + ...
,

ϑ′(0) = − c1
2<f(0)

and
|c1| = |f ′(0)| ≤ 2<f(0).

Now let us show that this inequality is sharp. Let

f(z) =
f(0)− zf(0)

1 + z
.

Then

f ′(z) = −f(0) + f(0)

(1 + z)2

and
|f ′(0)| = 2<f(0).

In addition, we obtain

<

(
f(0)− zf(0)

1 + z

)
=

f(0)−zf(0)
1+z

+ f(0)−zf(0)
1+z

2

=
(1 + z)

(
f(0)− zf(0)

)
+ (1 + z)

(
f(0)− zf(0)

)
2 (1 + z) (1 + z)

= <f(0)
1− |z|2

|1 + z|2
> 0.

We thus get the following lemma expressing the relation between <f(0) and |f ′(0)|.
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Lemma 1.1. Let f(z) = f(0) + c1z + c2z
2 + ... be an analytic function in D and

<f(z) > 0 for |z| < 1. Then we have

|f ′(0)| ≤ 2<f(0).

This result is sharp with the function

f(z) =
f(0)− zf(0)

1 + z
.

Now, consider the product

B(z) =
n∏
k=1

z − ak
1− akz

.

The function B(z) is called a finite Blaschke product, where a1, a2, ..., an ∈ D. Con-
sider the function

t(z) =
ϑ(z)

n∏
k=1

z−ak
1−akz

.

Here a1, a2, ..., an are zeros of f(z). Also, t(z) is an analytic function in D, t(0) = 0
and |t(z)| < 1 for z ∈ D. So, t(z) satisfies the conditions of the Schwarz lemma.
Thus, from the Schwarz lemma, we obtain

t(z) =
ϑ(z)

n∏
k=1

z−ak
1−akz

=
f(0)− f(z)

f(0) + f(z)

1
n∏
k=1

z−ak
1−akz

= − c1z + c2z
2 + ...

f(0) + f(0) + c1z + c2z2 + ...

1
n∏
k=1

z−ak
1−akz

.

t(z)

z
= − c1 + c2z + ...

2<f(0) + c1z + c2z2 + ...

1
n∏
k=1

z−ak
1−akz

and

|c1| ≤ 2<f(0)
n∏
k=1

|ak| .

This result is sharp with equality for the function

f(z) =

f(0)− zf(0)
n∏
k=1

z−ak
1−akz

1 + z
n∏
k=1

z−ak
1−akz

= f(0)−

(
f(0) + f(0)

)
z

n∏
k=1

z−ak
1−akz

1 + z
n∏
k=1

z−ak
1−akz

.

Then

f(z)− f(0)

z
= −

(
f(0) + f(0)

) n∏
k=1

z−ak
1−akz

1 + z
n∏
k=1

z−ak
1−akz
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and

|c1| = 2<f(0)
n∏
k=1

|ak| .

Also, we take

<

f(0)− zf(0)
n∏
k=1

z−ak
1−akz

1 + z
n∏
k=1

z−ak
1−akz

 =

f(0)−zf(0)
n∏

k=1

z−ak
1−akz

1+z
n∏

k=1

z−ak
1−akz

+
f(0)−zf(0)

n∏
k=1

z−ak
1−akz

1+z
n∏

k=1

z−ak
1−akz

2

=

(
1 + z

n∏
k=1

z−ak
1−akz

)(
f(0)− zf(0)

n∏
k=1

z−ak
1−akz

)
2

(
1 + z

n∏
k=1

z−ak
1−akz

)(
1 + z

n∏
k=1

z−ak
1−akz

)

+

(
1 + z

n∏
k=1

z−ak
1−akz

)(
f(0)− zf(0)

n∏
k=1

z−ak
1−akz

)
2

(
1 + z

n∏
k=1

z−ak
1−akz

)(
1 + z

n∏
k=1

z−ak
1−akz

)

= <f(0)

1− |z|2
(

n∏
k=1

∣∣∣ z−ak1−akz

∣∣∣)2

∣∣∣∣1 + z
n∏
k=1

z−ak
1−akz

∣∣∣∣2 > 0.

So, we get the following lemma expressing the relation among Rf(0), |f ′(0)|, and
the zeros of the function f which are different from zero.

Lemma 1.2. Let f(z) = f(0) + c1z + c2z
2 + ... be an analytic function in D and

<f(z) > 0 for |z| < 1 and a1, a2, ..., an be the zeros of the function f(z) − f(0) in D
that are different from zero. Then we have

|f ′(0)| ≤ 2<f(0)
n∏
k=1

|ak| .

This result is sharp with the function

f(z) =

f(0)− zf(0)
n∏
k=1

z−ak
1−akz

1 + z
n∏
k=1

z−ak
1−akz

.

Since the area of applicability of the Schwarz lemma is quite wide, there exist
many studies about it. Some of these studies are called the boundary version of
Schwarz lemma. The important results of the Schwarz lemma have been given by
Osserman [11,15]. It is still a hot topic in the mathematics literature [1–4,6–10,12,13].

It is a consequence of Schwarz lemma that if f extends continuously to some bound-
ary point b with |c| = 1, and if |g(c)| = 1 and g′(c) exists, then |g′(c)| ≥ 1, which is
known as the Schwarz lemma on the boundary. In [11], R. Osserman has proposed
the boundary refinement of the classical Schwarz lemma as follows:
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Let g : D → D be an analytic function with g(z) = c1z + c2z
2 + .... Assume that

there is a c ∈ ∂D so that f extends continuously to c, |g(c)| = 1 and g′(c) exists.
Then

(1.2) |g′(c)| ≥ 2

1 + |g′(0)|
.

Inequality (1.2) is sharp. That is, for c = 1 in the inequality (1.2), equality occurs for
the function g (z) = z z+a

1+az
, a ∈ [0, 1].

Mercer [8] has proved a version of the Schwarz Lemma where the images of two
points are known. Also, he has considered some Schwarz and Caratheodory inequali-
ties at the boundary, as consequences of a lemma due to Rogosinski [9]. In addition,
he has obtained a new boundary Schwarz Lemma for analytic functions mapping the
unit disk to itself [10].

For our main results, we shall need the following lemma due to Julia-Wolff [14].

Lemma 1.3 (Julia-Wolff lemma). Let g be an analytic function in D, g(0) = 0
and g(D) ⊂ D. If, in addition, the function g has an angular limit g(c) at c ∈ ∂D,
|g(c)| = 1, then the angular derivative g′(c) exists and 1 ≤ |g′(c)| ≤ ∞.

2. Main results

In this section, boundary analysis results for the derivative of analytic functions
are presented.

Theorem 2.1. Let f(z) = f(0) + c1z+ c2z
2 + ... be an analytic function in D and

<f(z) > 0 for |z| < 1. Assume that, for some c ∈ ∂D, f has an angular limit f(c) at
c, f(c) = i=f(0). Then we have the inequality

(2.1) |f ′(c)|≥ <f(0)

2
.

The equality in (2.1) occurs for the function

f(z) =
f(0)− zf(0)

1 + z
.

Proof. Let ϑ(z) be the same function as in (1.1). So, from the derivative of ϑ(z),
we have

ϑ′(z) = − 2<f(0)f ′(z)(
f(0) + f(z)

)2 .
Also, we have

|ϑ(c)| =

∣∣∣∣∣f(0)− f(c)

f(0) + f(c)

∣∣∣∣∣ =

∣∣∣∣∣f(0)− i=f(0)

f(0) + i=f(0)

∣∣∣∣∣ = 1.

Here the function ϑ(z) satisfies the assumptions of the Schwarz lemma on the bound-
ary. Therefore, we obtain

1 ≤ |ϑ′(c)| = 2<f(0) |f ′(c)|∣∣∣f(0) + f(c)
∣∣∣2 =

2<f(0) |f ′(c)|∣∣∣f(0) + i=f(0)
∣∣∣2 =

2 |f ′(c)|
<f(0)
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and

|f ′(c)|≥ <f(0)

2
.

Now, we shall show that the inequality (2.1) is sharp. Let

f(z) =
f(0)− zf(0)

1 + z
.

Then

f ′(z)= −f(0) + f(0)

(1 + z)2

and

|f ′ (1)| = <f(0)

2
.

The inequality (2.1) can be strengthened as below by taking into account c1 = f ′(0)
which is first coefficient in the expansion of the function f(z).

Theorem 2.2. Under the same assumptions as in Theorem 2.1, we have

(2.2) |f ′(c)| ≥ 2 (<f(0))2

2<f(0) + |f ′(0)|
.

The inequality (2.2) is sharp with extremal function

f(z) =
f(0)− zf(0)

1 + z
.

Proof. Let ϑ(z) be the same function as (1.1). So, from (1.2), we obtain

2

1 + |ϑ′(0)|
≤ |ϑ′(c)| = 2 |f ′(c)|

<f(0)
.

Since |ϑ′(0)| = |c1|
2<f(0) = |f ′(0)|

2<f(0) , we have

2

1 + |f ′(0)|
2<f(0)

≤ 2 |f ′(c)|
<f(0)

and

|f ′(c)| ≥ 2 (<f(0))2

2<f(0) + |f ′(0)|
.

Now, we shall show that the inequality (2.2) is sharp. Let

f(z) =
f(0)− zf(0)

1 + z
.

Then

|f ′(1)| = <f(0)

2
.

On the other hand, we take

f(0) + c1z + c2z
2 + ... =

f(0)− zf(0)

1 + z
,

c1z + c2z
2 + ... =

f(0)− zf(0)

1 + z
− f(0) = −

(
f(0) + f(0)

) z

1 + z
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and

c1 + c2z + ... = −
(
f(0) + f(0)

) 1

1 + z
.

Passing to limit as z tends to 0 in the last equality, we get |c1| = |f ′(0)| = 2<f(0).
Therefore, we obtain

2 (<f(0))2

2<f(0) + |f ′(0)|
=

2 (<f(0))2

2<f(0) + 2<f(0)
=
<f(0)

2
.

In the following theorem, inequality (2.2) is strengthened by adding the consecutive
terms c1 and c2 of the function f(z).

Theorem 2.3. Let f(z) = f(0) + c1z+ c2z
2 + ... be an analytic function in D and

<f(z) > 0 for |z| < 1. Assume that, for some c ∈ ∂D, f has an angular limit f(c) at
c, f(c) = i=f(0). Then we have the inequality

(2.3) |f ′(c)| ≥ <f(0)

2

(
1 +

2 (2<f(0)− |c1|)2

4 (<f(0))2 − |c1|2 + |2<f(0)c2 − c21|

)
.

The inequality (2.3) is sharp with equality for the function

f(z) =
f(0)− z2f(0)

1 + z2
.

Proof. Let ϑ(z) be the same function as (1.1) and k(z) = z. The maximum principle

implies that for each z ∈ D, we have |ϑ(z)| ≤ |k(z)|. So, ϕ(z) = ϑ(z)
k(z)

is analytic

function in D and |ϕ(z)| < 1 for z ∈ D. In particular, we obtain

|ϕ(0)| = |c1|
2<f(0)

and

|ϕ′(0)| = |2<f(0)c2 − c21|
4 (<f(0))2

.

In addition, with the simple calculations, we take

cϑ′(c)

ϑ(c)
= |ϑ′(c)| ≥ |k′(c)| = ck′(c)

k(c)
.

The composite function

d(z) =
ϕ(z)− ϕ(0)

1− ϕ(0)ϕ(z)

is analytic in the unit disc D, d(0) = 0, |d(z)| < 1 for z ∈ D and |d(c)| = 1. From
(1.2), we obtain

2

1 + |d′(0)|
≤ |d′(c)| = 1− |ϕ(0)|2∣∣∣1− ϕ(0)ϕ(c)

∣∣∣2 |ϕ′(c)|
≤ 1 + |ϕ(0)|

1− |ϕ(0)|
(|ϑ′(c)| − |k′(c)|) .
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Since

|d′(0)| = |ϕ′(0)|
1− |ϕ(0)|2

=

|2<f(0)c2−c21|
4(<f(0))2

1−
(
|c1|

2<f(0)

)2 =
|2<f(0)c2 − c21|

4 (<f(0))2 − |c1|2
,

we take
2

1 +
|2<f(0)c2−c21|
4(<f(0))2−|c1|2

≤ 2<f(0) + |c1|
2<f(0)− |c1|

(
2 |f ′(c)|
<f(0)

− 1

)
and

|f ′(c)| ≥ <f(0)

2

(
1 +

2 (2<f(0)− |c1|)2

4 (<f(0))2 − |c1|2 + |2<f(0)c2 − c21|

)
.

Now, let us show that the inequality (2.3) is sharp. Let

f(z) =
f(0)− z2f(0)

1 + z2
.

Then

|f ′(1)| = <f(0).

On the other hand, we obtain

f(0) + c1z + c2z
2 + ... =

f(0)− z2f(0)

1 + z2
,

c1z + c2z
2 + ... =

f(0)− z2f(0)

1 + z2
− f(0) =

f(0)− z2f(0)− f(0)− z2f(0)

1 + z2

and

c1z + c2z
2 + ... = −

z2
(
f(0) + f(0)

)
1 + z2

.

Passing to limit as z tends to 0 in the last equality, we get c1 = 0. Similarly, using
straightforward calculations, we take c2 = −2<f(0). Therefore, we take

<f(0)

2

(
1 +

2 (2<f(0)− |c1|)2

4 (<f(0))2 − |c1|2 + |2<f(0)c2 − c21|

)

=
<f(0)

2

(
1 +

8 (<f(0))2

4 (<f(0))2 + 4 (<f(0))2

)
= <f(0).

In addition, we obtain

<

(
f(0)− z2f(0)

1 + z2

)
= <f(0)

1− |z|4

|1 + z2|2
> 0.

If f(z) − f(0) has zeros different from z = 0, taking into account these zeros, the
inequality (2.3) can be strengthened in another way. This is given by the following
theorem.



On Bounds for the Derivative of Analytic Functions at the boundary 793

Theorem 2.4. Let f(z) = f(0) + c1z+ c2z
2 + ... be an analytic function in D and

<f(z) > 0 for |z| < 1. Assume that, for some c ∈ ∂D, f has an angular limit f(c) at
c, f(c) = i=f(0). Let a1, a2, ..., an be zeros of the function f(z)− f(0) in D that are
different from zero. Then we have the inequality

(2.4) |f ′(c)| ≥ <f(0)
2

(
1 +

n∑
k=1

1−|ak|2

|c−ak|2

+
2

(
2<f(0)

n∏
k=1
|ak|−|c1|

)2

(
2<f(0)

n∏
k=1

|ak|
)2

−|c1|2+
n∏

k=1

|ak|
∣∣∣∣2<f(0)c2−c21+2<f(0)c1

n∑
k=1

1−|ak|2
ak

∣∣∣∣

 .

The results (2.4) is sharp for the function given by

f(z) =

f(0)− f(0)z2
n∏
k=1

z−ak
1−akz

1 + z2
n∏
k=1

z−ak
1−akz

,

where a1, a2, ..., an are positive real numbers.

Proof. Let ϑ(z) be the same function as (1.1) and a1, a2, ..., an be the zeros of the
function f(z) in D that are different from zero. The function

B(z) = z
n∏
k=1

z − ak
1− akz

is analytic in D, and |B(z)| < 1 for z ∈ D. By the maximum principle, for each
z ∈ D, we have |ϑ(z)| ≤ |B(z)|. Let

m(z) =
ϑ(z)

B(z)
.

This function is analytic in D and |m(z)| ≤ 1 for z ∈ D. Therefore, we have

m(z) =
ϑ(z)

z
n∏
k=1

z−ak
1−akz

=
f(0)− f(z)

f(0) + f(z)

1

z
n∏
k=1

z−ak
1−akz

= − c1z + c2z
2 + ...

f(0) + f(0) + c1z + c2z2 + ...

1

z
n∏
k=1

z−ak
1−akz

,

= − c1 + c2z + ...

2<f(0) + c1z + c2z2 + ...

1
n∏
k=1

z−ak
1−akz

|m(0)| = |c1|

2<f(0)
n∏
k=1

|ak|

and

|m′(0)| =

∣∣∣∣2<f(0)c2 − c21 + 2<f(0)c1
n∑
k=1

1−|ak|2
ak

∣∣∣∣
4 (<f(0))2

n∏
k=1

|ak|
.
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Moreover, it is obvious that

|B′(c)| = cB′(c)

B(c)
= 1 +

n∑
k=1

1− |ak|2

|c− ak|2

and
cϑ′(c)

ϑ(c)
= |ϑ′(c)| ≥ |B′(c)| = cB′(c)

B(c)
, c ∈ ∂D.

Consider the auxiliary function

Θ(z) =
m(z)−m(0)

1−m(0)m(z)
.

This function is analytic in D, Θ(0) = 0, |Θ(z)| < 1 for |z| < 1 and |Θ(c)| = 1 for
c ∈ ∂D. Therefore, from the Schwarz lemma on the boundary, we obtain

2

1 + |Θ′(0)|
≤ |Θ′(c)| = 1− |m(0)|2∣∣∣1−m(0)m(c)

∣∣∣2 |m′(c)|
≤ 1 + |m(0)|

1− |m(0)|
{|ϑ′(c)| − |B′(c)|} .

Also, it can be seen that

Θ′(z) =
1− |m(0)|2(

1−m(0)m(z)
)2m′(z)

and

|Θ′(0)| =
|m′(0)|

1− |m(0)|2
=

∣∣∣∣2<f(0)c2−c21+2<f(0)c1
n∑

k=1

1−|ak|2
ak

∣∣∣∣
4(<f(0))2

n∏
k=1

|ak|

1−

 |c1|

2<f(0)
n∏

k=1
|ak|

2

=
n∏
k=1

|ak|

∣∣∣∣2<f(0)c2 − c21 + 2<f(0)c1
n∑
k=1

1−|ak|2
ak

∣∣∣∣(
2<f(0)

n∏
k=1

|ak|
)2

− |c1|2
.

Thus, we take

2

1 +
n∏
k=1

|ak|

∣∣∣∣2<f(0)c2−c21+2<f(0)c1
n∑

k=1

1−|ak|2
ak

∣∣∣∣(
2<f(0)

n∏
k=1
|ak|

)2

−|c1|2

≤
2<f(0)

n∏
k=1

|ak|+ |c1|

2<f(0)
n∏
k=1

|ak| − |c1|

{
2 |f ′(c)|
<f(0)

− 1−
n∑
k=1

1− |ak|2

|c− ak|2

}
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and

2

(
2<f(0)

n∏
k=1

|ak| − |c1|
)2

(
2<f(0)

n∏
k=1

|ak|
)2

− |c1|2 +
n∏
k=1

|ak|
∣∣∣∣2<f(0)c2 − c21 + 2<f(0)c1

n∑
k=1

1−|ak|2
ak

∣∣∣∣
≤ 2 |f ′(c)|
<f(0)

− 1−
n∑
k=1

1− |ak|2

|c− ak|2
.

Hence, we get inequality (2.4). Now, let us show that inequality (2.4) is sharp. Let

f(z) =

f(0)− f(0)z2
n∏
k=1

z−ak
1−akz

1 + z2
n∏
k=1

z−ak
1−akz

= −f(0) +
2<f(0)

1 + z2
n∏
k=1

z−ak
1−akz

.

Then

f ′(z) = −2<f(0)

2z
n∏
k=1

z−ak
1−akz

+ z2
n∑
k=1

1−|ak|2

(1−akz)2
n∏

m =1
k 6=m

z−am
1−amz


(

1 + z2
n∏
k=1

z−ak
1−akz

)2

= −2<f(0)

z
n∏
k=1

z−ak
1−akz

(
2 + z

n∑
k=1

1−|ak|2
(1−akz)

1
z−ak

)
(

1 + z2
n∏
k=1

z−ak
1−akz

)2

and for z = 1

f ′(1) = −2<f(0)

n∏
k=1

1−ak
1−ak

(
2 +

n∑
k=1

1−|ak|2
(1−ak)

1
1−ak

)
(

1 +
n∏
k=1

1−ak
1−ak

)2 .

So, we have

f ′(1) = −2<f(0)

(
2 +

n∑
k=1

1−a2k
(1−ak)2

)
4

= −<f(0)

2

(
2 +

n∑
k=1

1 + ak
1− ak

)
since a1, a2, ..., an are positive real numbers. On the other hand, we obtain

f(0) + c1z + c2z
2 + ... = f(0)−

2<f(0)z2
n∏
k=1

z−ak
1−akz

1 + z2
n∏
k=1

z−ak
1−akz

,

c1z + c2z
2 + ... = −

2<f(0)z2
n∏
k=1

z−ak
1−akz

1 + z2
n∏
k=1

z−ak
1−akz
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and

c1 + c2z + ... = −
2<f(0)z

n∏
k=1

z−ak
1−akz

1 + z2
n∏
k=1

z−ak
1−akz

.

Passing to limit as z tends to 0 in the last equality, we get |c1| = 0. Similarly, using

straightforward calculations, we get |c2| = 2<f(0)
n∏
k=1

|ak|. Therefore, (2.4) holds.

Also, we obtain

<

f(0)− f(0)z2
n∏
k=1

z−ak
1−akz

1 + z2
n∏
k=1

z−ak
1−akz

 = <f(0)

1− |z|4
(

n∏
k=1

∣∣∣ z−ak1−akz

∣∣∣)2

∣∣∣∣1 + z2
n∏
k=1

z−ak
1−akz

∣∣∣∣2 > 0.

Now we shall estimate the modulus of the angular derivative of the function f(z)
from below according to the second Taylor coefficients of f about z = 0 and z = z0 6= 0.
Motivated by the results of the work presented in [2], the following result is obtained.

Theorem 2.5. Let f(z) = f(0) + c1z + c2z
2 + ... be an analytic function in D,

<f(z) > 0 for |z| < 1, and f(z0) = f(0) for 0 < |z0| < 1. Assume that, for some
c ∈ ∂D, f has an angular limit f(c) at c, f(c) = i=f(0). Then we have the inequality

(2.5) |f ′(c)| ≥ <f(0)
2

(
1 + 1−|z0|2

|c−z0|2
+ 2<f(0)|z0|−|f ′(0)|

2<f(0)|z0|+|f ′(0)|

×
[
1 +

4(<f(0))2|z0|2+|f ′(z0)|(1−|z0|2)|f ′(0)|−2<f(0)|f ′(z0)|(1−|z0|2)−2<f(0)|f ′(0)|
4(<f(0))2|z0|2+|f ′(z0)|(1−|z0|2)|f ′(0)|+2<f(0)|f ′(z0)|(1−|z0|2)+2<f(0)|f ′(0)|

1−|z0|2

|c−z0|2

]
.

The inequality (2.5) is sharp, with equality for each possible value of |f ′(0)| and
|f ′(z0)|.

Proof. Let

ρ(z) =
z − z0
1− z0z

.

Also, let G : D → D be an analytic function and z0 ∈ D such that∣∣∣∣∣ G(z)−G(z0)

1−G(z0)G(z)

∣∣∣∣∣ ≤
∣∣∣∣ z − z01− z0z

∣∣∣∣ = |ρ(z)|

and

(2.6) |G(z)| ≤ |G(z0)|+ |ρ(z)|
1 + |G(z0)| |ρ(z)|

by Schwarz-Pick Lemma [5]. For an analytic function ω : D → D and 0 < |z0| < 1, if
we consider the following function

G(z) =
ω(z)− ω(0)

z
(

1− ω(0)ω(z)
)
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in (2.6), we get ∣∣∣∣∣∣ ω(z)− ω(0)

z
(

1− ω(0)ω(z)
)
∣∣∣∣∣∣ ≤

∣∣∣∣ ω(z0)−ω(0)
z0(1−ω(0)ω(z0))

∣∣∣∣+ |ρ(z)|

1 +

∣∣∣∣ ω(z0)−ω(0)
z0(1−ω(0)ω(z0))

∣∣∣∣ |ρ(z)|

and

(2.7) |ω(z)| ≤
|ω(0)|+ |z| |C|+|ρ(z)|

1+|C||ρ(z)|

1 + |ω(0)| |z| |C|+|ρ(z)|
1+|C||ρ(z)|

,

where

C =
ω(z0)− ω(0)

z0

(
1− ω(0)ω(z0)

) .
Without loss of generality, we can take c = 1. If we take

ω(z) =
ϑ(z)

z
(
z−z0
1−z0z

) ,
then

ω(0) =
ϑ′(0)

−z0
, ω(z0) =

ϑ′(z0)
(
1− |z0|2

)
z0

and

C =

ϑ′(z0)(1−|z0|2)
z0

+ ϑ′(0)
z0

z0

(
1 + ϑ′(0)

z0

ϑ′(z0)(1−|z0|2)
z0

) ,
where |C| ≤ 1. Let |ω(0)| = β and

M =

∣∣∣∣ϑ′(z0)(1−|z0|2)z0

∣∣∣∣+
∣∣∣ϑ′(0)z0

∣∣∣
|z0|
(

1 +

∣∣∣∣ϑ′(z0)(1−|z0|2)z0

∣∣∣∣ ∣∣∣ϑ′(0)z0

∣∣∣) .
By (2.7), we get

|ϑ(z)| ≤ |z| |ρ(z)|
β + |z| M+|ρ(z)|

1+M |ρ(z)|

1 + β |z| M+|ρ(z)|
1+M |ρ(z)|

and

1− |ϑ(z)|
1− |z|

≥
1 + β |z| M+|ρ(z)|

1+M |ρ(z)| − β |z| |ρ(z)| − |ρ(z)| |z|2 M+|ρ(z)|
1+M |ρ(z)|

(1− |z|)
(

1 + β |z| M+|ρ(z)|
1+M |ρ(z)|

) .

Let κ(z) = 1 + β |z| M+|ρ(z)|
1+M |ρ(z)| and τ(z) = 1 + M |ρ(z)|. Considering the functions κ

and τ in the above inequality, we have

(2.8)

1− |ϑ(z)|
1− |z|

≥ 1

κ(z)τ(z)

{
1− |z|2 |ρ(z)|2

1− |z|
+M |ρ(z)| 1− |z|

2

1− |z|
+ β |z|M 1− |ρ(z)|2

1− |z|

}
.
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Since

lim
z→1

κ(z) = lim
z→1

(
1 + β |z| M + |ρ(z)|

1 +M |ρ(z)|

)
= 1 + β,

lim
z→1

τ(z) = lim
z→1

(1 +M |ρ(z)|) = 1 +M,

lim
z→1

1− |z|i
∣∣∣ z−z01−z0z

∣∣∣j
1− |z|

= i+ j
1− |z0|2

|1− z0|2

for non-negative integers i and j and

1− |ρ(z)|2 = 1−
∣∣∣∣ z − z01− z0z

∣∣∣∣2 =

(
1− |z0|2

) (
1− |z|2

)
|1− z0z|2

,

passing to the angular limit in (2.8) gives

|ϑ′(1)| ≥ 1 +
1− |z0|2

|1− z0|2
+

1− β
1 + β

[
1 +

1−M
1 +M

1− |z0|2

|1− z0|2

]
.

Moreover, since

1− β
1 + β

=
1− |ω(0)|
1 + |ω(0)|

=
1−

∣∣∣ϑ′(0)z0

∣∣∣
1 +

∣∣∣ϑ′(0)z0

∣∣∣ =
|z0| − |ϑ′(0)|
|z0|+ |ϑ′(0)|

=
2<f(0) |z0| − |f ′(0)|
2<f(0) |z0|+ |f ′(0)|

,

1−M
1 +M

=

1−

∣∣∣∣∣ϑ′(z0)(1−|z0|
2)

z0

∣∣∣∣∣+∣∣∣ϑ′(0)z0

∣∣∣
|z0|
(
1+

∣∣∣∣ϑ′(z0)(1−|z0|2)z0

∣∣∣∣∣∣∣ϑ′(0)z0

∣∣∣)

1 +

∣∣∣∣ϑ′(z0)(1−|z0|2)z0

∣∣∣∣+∣∣∣ϑ′(0)z0

∣∣∣
|z0|
(
1+

∣∣∣∣ϑ′(z0)(1−|z0|2)z0

∣∣∣∣∣∣∣ϑ′(0)z0

∣∣∣)
,

1−M
1 +M

=
|z0|2 + |ϑ′(z0)|

(
1− |z0|2

)
|ϑ′(0)| − |ϑ′(z0)|

(
1− |z0|2

)
− |ϑ′(0)|

|z0|2 + |ϑ′(z0)|
(
1− |z0|2

)
|ϑ′(0)|+ |ϑ′(z0)|

(
1− |z0|2

)
+ |ϑ′(0)|

and,
1−M
1+M

=
4(<f(0))2|z0|2+|f ′(z0)|(1−|z0|2)|f ′(0)|−2<f(0)|f ′(z0)|(1−|z0|2)−2<f(0)|f ′(0)|
4(<f(0))2|z0|2+|f ′(z0)|(1−|z0|2)|f ′(0)|+2<f(0)|f ′(z0)|(1−|z0|2)+2<f(0)|f ′(0)|

,

we obtain

|ϑ′(1)| ≥ 1 + 1−|z0|2

|1−z0|2
+ 2<f(0)|z0|−|f ′(0)|

2<f(0)|z0|+|f ′(0)|

×
[
1 +

4(<f(0))2|z0|2+|f ′(z0)|(1−|z0|2)|f ′(0)|−2<f(0)|f ′(z0)|(1−|z0|2)−2<f(0)|f ′(0)|
4(<f(0))2|z0|2+|f ′(z0)|(1−|z0|2)|f ′(0)|+2<f(0)|f ′(z0)|(1−|z0|2)+2<f(0)|f ′(0)|

1−|z0|2

|1−z0|2

]
.

From definition of ϑ(z), we have

|ϑ′(1)| = 2 |f ′(1)|
<f(0)

.
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We thus take the inequality (2.5). Let us choose arbitrary real numbers z0, x and

y such that 0 < x = |ϑ′(0)| < |z0|2, 0 < y = |ϑ′(z0)| < |z0|2

(1−|z0|2)
2 to show that the

inequality (2.5) is sharp. Let

(2.9) ϑ(z) = z

(
z − z0
1− z0z

) − x
z0

+ z
N+

z−z0
1−z0z

1+N
z−z0
1−z0z

1− x
z0
z

N+
z−z0
1−z0z

1+N
z−z0
1−z0z

,

where

N =
1

z20

y
(
1− |z0|2

)
+ x

1 + xy 1−|z0|2
z20

.

From (2.9), with the simple calculations, we obtain

ϑ′(0) = x, ϑ′(z0) = y

and

ϑ′(1) = 1 +
1−z20

(1−z0)2
+ z0+x

z0−x

(
1 +

1−z20
(1−z0)2

z20+xy(1−|z0|
2)−y(1−|z0|2)−x

z20+xy(1−|z0|
2)+y(1−|z0|2)+x

)
.

Choosing suitable signs of the numbers z0, x and y, we conclude from the last
equality that the inequality (2.5) is sharp. Also, we take

< (f(z)) = <

(
f(0)− f(0)ϑ(z)

1 + ϑ(z)

)
= <f(0)

1− |ϑ(z)|2

|1 + ϑ(z)|2
> 0.
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