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INTUITIONISTIC Q-FUZZY PMS-IDEALS OF A PMS-ALGEBRA

BEzA LAMESGIN DERSEH*, BERHANU ASSAYE ALABA, AND YOHANNES
GEDAMU WONDIFRAW

ABSTRACT. In this paper, we apply the concept of intuitionistic Q-fuzzy set to
PMS-algebras. We study the concept of intuitionistic Q-fuzzy PMS-ideals of PMS-
algebras and investigate some related properties of intuitionistic Q-fuzzy PMS-ideals
of PMS-algebras. We provide the relationship between an intuitionistic Q-fuzzy
PMS-subalgebra and an intuitionistic Q-fuzzy PMS-ideal of a PMS-algebra. We
establish a condition for an intuitionistic Q-fuzzy set in a PMS-algebra to be an in-
tuitionistic Q-fuzzy PMS-ideal of a PMS-algebra. Characterizations of intuitionistic
Q-fuzzy PMS-ideals of PMS-algebras in terms of their level sets are given.

1. Introduction

The concept of fuzzy sets was introduced by L. Zadeh [18] in 1965. After that,
many authors applied this concept to group and ring theory. It is now a rigorous area
of research with applications in various fields. Several researchers explored on the
generalization of the notation of fuzzy sets. The idea of intuitionistic fuzzy set was
first introduced by Atanassov [1,2] as a generalization of the notion of fuzzy set which
is very effective to ideal with vagueness. Since then many researchers applied the
notion of intuitionistic fuzzy sets to various algebraic structures such as groups and
rings, and introduced intuitionistic fuzzy subgroups and intuitionistic fuzzy subrings
etc. In 2007, Yamak and Yilmaz [17] introduced intuitionistic Q-fuzzy R-subgroups
of near-rings. In 2006, Kim [10] studied the intuitionistic Q-fuzzy semiprime ideals
of semigroups. J. D. Yadav, Y. S. Pawar [16] introduced the notion of intuitionistic
Q-fuzzy ideals of near-rings and investigated some related properties. Roh et al in [12]
discussed the intuitionistic Q-fuzzification of the concept of subalgebras in BCK/BCI-
algebra and investigated various properties. In 2005, K. H. Kim [9] established the
intuitionistic Q-fuzzification of the concept of ideals in semigroups. In 2014, S. R.
Barbhuiya [3] introduced the notion of intuitionistic Q-fuzzy ideals of BG-algebra and
investigated some of their basic properties. The notion of BCK-algebras was intro-
duced by Iseki and Tanaka [7] in 1978. In 1980, Iseki [8] introduced the notion of a
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BClI-algebra which is a generalization of a BCK-algebra. In 2016, Sithar and Nagalak-
shmi [13] introduced a new notion called a PMS-algebra, which is a generalization of
BCK/BCI/TM/KUS-algebras and investigated several properties. The fuzzification
of PMS-ideals was also studied by Sithar and Nagalakshmi [14]. In 2021, Derseh et
al. [5] studied the intuitionistic fuzzy PMS-subalgebra of a PMS-algebra. In the same
year they also studied intuitionistic fuzzy PMS-ideal of a PMS-algebra [4].

The rest parts of the paper are organized as follows: Section 2 contains basic defi-
nitions and fundamental concepts that we use for the development of the manuscript.
In Section 3, we define the intuitionistic Q-fuzzy PMS-ideal of a PMS-algebra using
intuitionistic Q-fuzzy sets and establish several basic properties. In section 4, we
study the level subsets of the intuitionistic Q-fuzzy PMS-ideals and characterize in-
tuitionistic Q-fuzzy PMS-ideals in terms of their level sets. The last section of the
manuscript ends with a conclusion and suggestions for future research.

2. Preliminaries

In this section, we present some fundamental definitions and results that are re-
quired in the development of this paper.

DEFINITION 2.1. [13] A PMS-algebra is a nonempty set (X, *,0) with a constant
element 0 and a binary operation * of type (2, 0) satisfying the following axioms
(i). Oxz =z
(ii). (y*z)* (z*xx) =zx*y, for all x,y, 2z € X.

The binary relation < is defined by z < y if and only if z xy =0, for all z,y € X

DEFINITION 2.2. [13] A nonempty subset I of a PMS-algebra X is called a PMS-
ideal of X if it satisfies the following conditions:
(i). 0 el
(ii). z*xy,zxx €l =>yxx el forall z,y,z € X.

PROPOSITION 2.3. [13] In any PMS-algebra (X, x,0) the following properties hold
for all x,y,z € X.

(i). zxx =0

(ii). (yxx)*xx =1y

(iii). xx (y*xx) =y %0

(iv). (y*x)*xz=(2%x)*y

(v). (zxy)*0=y*xx=(0xy)* (0x*x)

DEFINITION 2.4. [3,12,15] Let X and ) be nonempty sets. A Q-fuzzy set A in X
defined as A = {<(x,q), pa(z,q)>|x € X, q € Q}, where the mapping s : X x Q —
[0, 1] defines the degree of membership of the element (z,q) in X x @ to the set A.

DEFINITION 2.5. [3,12] Let X and @) be nonempty sets. An intuitionistic Q-fuzzy
set A in a set X x @ is defined as an object of the form A = {{(x, q), pa(z, q), va(zx,q))|
r € X,q € Q}, where the functions s : X x Q — [0,1] and v4 : X x Q — [0,1]
define the degree of membership and the degree of nonmembership respectively and
satisfying the condition 0 < pa(x,q) +va(z,q) <1, forall z € X and ¢ € Q.

Note: For the sake of simplicity we shall use the symbol A = (u4,v4) for an intu-
itionistic Q'fuzzy set A = {<($7 Q)a ,UA(xa Q)a VA('xa Q)>|$ € Xv qe Q}
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DEFINITION 2.6. [11] Let A = (pa,v4) and B = (up,vp) be two intuitionistic Q-
fuzzy subsets of the set X x @, where A = {{(x,q), pa(z,q),va(z,q))|z € X,q € Q}
and B = {{(x,q), iz, ), vis(1, @)} 2 € X, € Q}. Then

(i). A C Bif and only if pa(x,q) < pp(x,q) and va(z,q) > vp(zx,q)
ii). A= B if and only if pa(x,q) = pp(z,q) and va(z,q) = ve(z,q)
Ve X, qeQ}
))lw e X,q€Q}

)
) ANB= {((x,q),min(,uA(x,q),uB(I,q))max(l/A(x,q),VB(x, )
iV). /_1UB = {<($’Q)amax(MA(x>Q)HuB($aQ))’ miTL(VA(‘TaQ)’VB(‘Taq
). A= {{(z, ), vale, ) jale. @) |z € X,q € Q)

)' UA = {<($aQ);,UA(x>Q)7 1— MA(ZU>Q)> |.QT € X>q € Q}

(vii). OA ={{(x,q),1 —va(z,q),va(z,q) |z € X,q € Q}

DEFINITION 2.7. [6] An intuitionistic Q-fuzzy subset (IQFS) A = (ua,va) in a
PMS-algebra X is called an intuitionistic Q-fuzzy PMS-subalgebra (IQF PMS-SA) of
X if
pa(x *y,q) = min{pa(z, q), pa(y, ¢)} and va(z * y,q) < maz{va(z,q),valy,q)}, for
all z,y € X and ¢q € Q.

DEFINITION 2.8. [6] Let A = (4, v4) be an intuitionistic Q-fuzzy PMS-subalgebra
(IQF PMS-SA) of a PMS-algebra X. Then the level subsets
Ulpa,t) = {z € Xl|pa(z,q) > t and ¢ € Q} and L(va,s) = {va(x,q) < s and
q € Q}, for t,s € [0, 1] are called upper level and lower level PMS-subalgebras of X
respectively.

3. Intuitionistic Q-fuzzy PMS-ideals.

In this section, we attempt to study the intuitionistic Q-fuzzy PMS-ideal in a PMS-
algebra and investigate some important results. Throughout this section, X denotes
a PMS-algebra and (Q denotes any nonempty set unless otherwise specified.

DEFINITION 3.1. Let X be a PMS-algebra and Q be any nonempty set. An in-
tuitionistic Q-fuzzy set A = (ua,v4) in X is said to be an intuitionistic Q-fuzzy
PMS-ideal of X if it satisfies the following conditions.

(1). 11a(0, q) > pa(z, q) and va (0, q) < va(z, q),
(”) A (y*% Q) Z mzn{uA (Z* Y, Q)a na (Z*IE, Q)}7
(4i). va(y*x, )< max{va(z*xy, q), va(lzxz, )}V, yz €X, ¢€Q.

ExXAMPLE 3.2. Consider X = {a,b,c} such that (X, *,0) is a PMS-algebra with
the following table and Q = {q}.

x* |0 Ja |b
0 [0 |a |b
a (b |0 |a
b |a |b |0
Define an intuitionistic Q-fuzzy set A = (ua,v4) in X defined by

09 ifx=0 0 ifx=0
Ha(@,q) = { 0.3 iJ;x:a p andvalz.q) = { 0.4 ij}x:a p forallzeX
and ¢ €Q. By routine calculation we can show that A = (u,,v4) is an intuitionistic
Q-fuzzy PMS-ideal of X.
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THEOREM 3.3. If A = (pa,va) is an intuitionistic Q-fuzzy PMS-ideal of X with
v < yforanyx, y € Xandq €Q, then pa(x, q) > paly, q) and va(z, q) <
va(y, q) i.e. pa is order reversing and v, is order preserving.

Proof. Le A = (ua,va) be an intuitionistic Q-fuzzy PMS-ideal of a PMS-algebra
X such that x <y, Then we have x x y = 0. Now, for all z, y € X and ¢ €Q.
pwa(x,q) = pa((z*xy) *y,q) (By Proposition 2.3 (ii))
=pa(0xy,q) (e <y=zxy=0.)
> min{pa(0x0,q), ua(0*y,q)} (By Definition 3.1 (7))
= min{1a(0,q), pa(y, a)}
= pa(y, q) (since pa(0,q) < paly,q), Vy € X.q € Q)
and
va(z,q) =va((zxy) *xy,q) (By Proposition 2.3 (ii))
=va(0xy,q)(rz<y=axy=0)
< max{va(0%0,q),v4(0xy,q)} (By Definition 3.1 (ii7))
= max{va(0,q),va(y,q)}
=va(y,q) (since v4 (0, ¢) < val(y, q), Vye X, g€ Q)
Hence 14 (z,q) = pa (y,q) and va(z, ¢ < va(y, q) O
THEOREM 3.4. Every intuitionistic Q-fuzzy PMS-ideal A = (pa,v4) of X is an
intuitionistic Q-fuzzy PMS-sub algebra of X.

Proof. Let A = (14,v4) be an intuitionistic Q-fuzzy PMS-ideal of X and z,y € X
and ¢ €Q. Then by definition 3.1, we have
MA('I *Y, Q) > mzn{:uA(O * T, q)v MA(O *Y, q)}

= min{pa(z, q), pa(y, q) tand
VA(x * Y, Q) S m&x{yA(O *T, Q)a VA<O *Y, Q)}

=maz {v, (z,9), va(y,q)}
Thus A = (pa,v4) is an intuitionistic Q-fuzzy PMS-subalgebra of X.

U

THEOREM 3.5. If A is an intuitionistic Q-fuzzy PMS-ideal of X with x xy < z
for all x, y, z € X, then pa(z,q) > min{pa(y,q), pa(z,q)} and va(x,q) <
m&x{yA(y7Q)7l/A(27Q)} :

Proof. Let x,y,z € X such that x xy < z. Then by the binary relation < defined
in X, we have (z *y) * z = 0. Then using Definition 2.1(¢), Proposition 2.3 (iv) and
Theorem 3.4, we have
pa(@,q) = pa(0* z,q) = pal(z xy) * 2) * ,q)
—MA((Z*?J) *T) % T, q)
= pa((z xx) * (2% y), q)
- :LLA( ( *y)a )
= pa(z*y,q)
> min{pa(z,q), paly, a)}

= pa(z,q) > min{pa(y, q), pa(z,q)},
Similarly, va(z,q) < max{va(y,q),va(z,q).
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Hence pa(,q) > min{pa(y,q), na (2,9)} and va(z,q) < maz{va(y,q),va(z,q)}, for
all x,y,z € X and q € Q. n

THEOREM 3.6. Let A be an intuitionistic Q-fuzzy PMS-ideal of X such that (...((xx*
x1) * Ta) *..) % x, = 0 for any x, x1, x9, 3,...,x, € X. Then pus(z, q) >
min{pa(z1, q), pa(r2, @); s pa(Tn, @)} andva(z, q) < maz{va(ri, q), va(zs, q),
v va(xn, @)}

Proof. Using induction on n, and Theorem 3.3 and Theorem 3.5, we have that

pa(z, q) = min{pa(zi, q), pa(re, q), —pralzn, q)} and
VA(% Q) Smm{VA(l‘h Q)a VA($27 Q)7 -‘-VA(%, Q)} L

THEOREM 3.7. Let A = (pua,v4) be an intuitionistic Q-fuzzy PMS-ideal of X such

that pa(z xy,q) > pa(0,q) and va(r xy,q) < va(0,q). Then pa(x,q) = paly,q) and
va(z,q) = va(y,q) for all x,y € X and q €Q.

Proof. Suppose A = (pa,v4) is an intuitionistic Q-fuzzy PMS-ideal of X such that
pa(zxy,q) > pa(0, q) and va (x xy,q) < va (0, q) for all z,y € X and ¢ €Q. Now
we need to show that pua (z, ¢) = pa(y,q) and va (z, ¢) = va (y,q). By definition
3.1 (i), we know that 14(0,q) > pa(x*y,q) and v (0,q) < va(z*y, ¢). Thus it
gives that pa (0, q) = pa(zxy, q) and v4 (0, q) = va(x*y, q). Now consider

pa(r, q) = pa(z*xy)*y, q)
> min{pa(z *y,q), 1a(y,q)} (By Theorem 3.4)

= min{pa(0,q), pa(y, q)}
= ua(y, q) (By Definition 3.1 (7))

= pa(z,q) > paly, 9)-
Conversely,

paly,q) = pal(y )« x,q) = {minpa(y * x,q), pa(z, q)} (By Theorem 3.4)
=min{pa ((x xy)*0,q),na(z, q¢)} (By proposition 2.3 (v))
> min {min{ua (x *y,q), 1a(0,9)}, palz, q)} (By Theorem 3.4)
= min{pa(0,9), pa(z, q)}
= pa(z,q), (By Definition 3.1 (1))

= pa(y, @) = palz, q).
Therefore p, (z, q¢) = pa(y, q), forall z,y € X and ¢ € Q.
Similarly, va(z,q) = va(y,q), for all z,y € X and ¢ € Q. O

THEOREM 3.8. Let A = (w4, va) be an intuitionistic Q-fuzzy PMS-ideal of a PMS-
algebra X. If pa(r *y,q) = 1 and va(z xy,q) = 0 for all x, y € X and ¢ €Q, then

pa(x, q) = paly, q) and va(z, q) = va(y, q).

Proof. Let A = (ua,v4) be an intuitionistic Q-fuzzy PMS-ideal of a PMS-algebra
X such that pa(x*y,q) =1 and va(x *xy,q) =0, for all z, y € X and ¢ €Q. Then
pea(z, q) = pa((@ *y) *y,q) > min{pa(z *y,q), pay,q)} (By Theorem 3.4)

= min{l, pa(y, @)} = paly, q)

= pa(z, q) 2 pay, 9.
Conversely,



448 B. L. Derseh, B. A. Alaba, and Y. G. Wondifraw

pa(y,q) = pa((y * ) x z, q)
> min{pa(y *z,q), pa(x,q)}} (By Theorem 3.4)
=min{ps((z*y)*0,q), ua(x,q)} (By proposition 2.3 (v))
> min {min{pa (z * y,q), 1a(0,q)}, pa(x,q)} (By Theorem 3.4)
= min{min{1, p,(0,¢)}, pa(z, q)}}
=min{ 114 (0,9), pa(z, @)} = palz, q)

= g (Y, @) = palz, ).
Therefore pa(y, q) = pa(z, q), for all x;y € X and ¢ € Q.
Similarly, va(z,q) = va(y, q), for all z,y € X and g € Q. ]

THEOREM 3.9. Let A be an intuitionistic Q-fuzzy PMS-ideal of a PMS-algebra
X and At=(ua+,va+) be an intuitionistic Q-fuzzy set in X defined by pa+(z,q) =
pa(x,q)+71,4(0,q) and v+ (x,q) =va(x,q) —v4(0,q), for all x € X and q €Q. Then
A" is an intuitionistic Q-fuzzy PMS-ideal of X that contains A.

Proof. Let A = (4, v4) be an intuitionistic Q-fuzzy PMS-ideal of a PMS-algebra X
and AT = (pa+,va+) be an intuitionistic Q-fuzzy set in X as defined in the theorem.
We need to prove that AT = (ua+,v4+) is an intuitionistic Q-fuzzy PMS-ideal of X.

(7). Let z € X and ¢ € Q. Then,
pra+ (0,q) = pa(0,) + 74 (0,q9) = pa (0,¢) + 1 — pa(0,¢) =1 > pa+ (v,q) and

Va+ (an) =VA (07Q) — VA (07Q) =0< Va+ (.T,C])
Hence pa+ (0,q) > pa+ (x,q) and va+ (0,q) < va+ (x,q), for all x € X and ¢q €

Q.
(17). Let x,y,z € X and ¢ € Q Then,
pra+ (Y * 2, q) = pa(y = x,q) + 140, q)

> min{pa(z *y,q), pa(z *2,q)} + 140, q)
= minmua(z xy,q) +14(0,9), palz x x,q) + 114(0,)}
=min{piar (2 %Y, q), pa+ (2% 2,q)}

= pa+ (Y *7,q) > min{pa+ (2% y,q) , par (2 % 2,q)}
and

var(y x 2, q) = va(y *x,q) — va(0,q)

<max{va(z *y,q),va(z *2,q)} —va(0,q)
= mar{va(z *y,q) — va(0,q),va(z ¥ 7,q) — va(0,q)}
=maz{va+ (2 %y, q),va+ (2 xx,q)}

= va+r(y*xx,q) <max{va+(zxy,q),va+(z x2,q)}
Therefore AT= (p14+,v4+) is an intuitionistic Q-fuzzy PMS-ideal of X.
Also, since 4 (z,9) < pa(z,q) + 14 (0,9) = pa+(z,q) and va(z,q) > va(z) -
v4(0,q) = va+ (z,q) it follows that AC A*. Thus A*=(ja+,v4+) is an intuitionistic
Q-fuzzy PMS-ideal of X which contains A. m

COROLLARY 3.10. Let A = (pua,v4) and AT = (pua+,va+) be defined as in Theorem
3.9. If there exists © € X such that pa+ (x,q) =0 and va+(x,q) = 1, then ps(z,q) =
0 and va(x,q) = 1.

Proof. straight forward since A C A™. O
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THEOREM 3.11. If the intuitionistic Q-fuzzy set A = (ua,v4) is an intuitionistic
Q-fuzzy PMS-ideal of X, then the intuitionistic Q-fuzzy subset A = (ua,fi,) is an
intuitionistic Q-fuzzy PMS-ideal of X, where i(x,q) = 1 — pa(x,q), for all x € X and

g€ Q.

Proof. Assume that A = (ua,v4) is an intuitionistic Q-fuzzy PMS-ideal of X.
Then, we have fi4 (0,¢) > pa (7, q) and pa(y*z, ¢) > min{pa(z+ y, q), pa(z*z,q)}, for
allz, y, z € X and ¢ €Q. Next we have to show i, (0, q) < Tis(x,q) and iy (y*z,q) <
max{fi (2 *y,q), Hs(z*xx,q)} for all z, y, z € X and g € Q. Thus,
7a(0,q) =1 —pa(0,q) <1 — pa(r,q) = Tialz, q) and

Pa(yxz,q) =1—pa(y*zq)
< 1—min{pa(z*y,q), pa(z*z,q)}
= max{l — pa(z* y,q), 1 — pa(z*,9)}

= max{fia(z * y,q), Aalz*2,9)}.
Hence [JA is an intuitionistic Q-fuzzy PMS-ideal of X. O

REMARK 3.12. The converse of the above theorem is not necessarily true. This is
shown by the following example

EXAMPLE 3.13. Let X = {0,a,b} be a set such that (X,*,0) is a PMS-algebra
with the table as in example 3.2 and Q={q}. Define an intuitionistic Q-fuzzy set

A= (pa,va) by

05 ifz=0, 04 if z=0,
pa(z,q) =< 03  ifr=a, andva(z,q)=4¢ 03 ifx=a, forallz e X
02 ifx=0. 06 if x=0.

and ¢ €Q. Observe that v4(0,q) = 0.4 > 0.3 = va(a,q). This contradicts Definition
3.1(i). Therefore A = (pa,v4) is not an intuitionistic Q-fuzzy PMS-ideal of X.

0.5 if x =0,
Now iy (z,q) =< 0.7 if r=a, for all x € X and ¢ €Q.
08 ifz=b.

By routine calculation we can show that [JA is an intuitionistic Q-fuzzy PMS-ideal
of X. This verifies that the converse of Theorem 3.11 is not necessarily true.

THEOREM 3.14. If the intuitionistic Q-fuzzy set A = (ua,va) is an intuitionistic
Q-fuzzy PMS-ideal of X, then the intuitionistic Q-fuzzy subset (A = (Ua,va4) is an
intuitionistic Q-fuzzy PMS-ideal of X, where U(z,q) = 1 — va(z, q) for all z € X and
qge Q.

Proof. Assume that A = (pua,v4) is an intuitionistic Q-fuzzy a PMS-ideal of X.
Then, we have v4(0,q) < wva(x,q) and va (y *z,q) < max{va (2 *y,q), va(z*xx,q)}
for any z,y,2z € X and ¢ € Q. Now we have to show that 74 (0,q) > Ta(z,q) and
Ua(y*az,q) >min{va(z%xy,q), va(zxx,q)} forall z,y,z € X and q € Q.

S0, 74(0,9)=1—v4(0,q) > 1—wv4(x,q)=va(x,q) and
Ualy*xx,q) =1 —valy*x,q)

> 1 —max{va(z*xy,q),valz *x,q)}
=min{l —va(z*xy,q),1 —va(zxz,q9)}

= min{Va(z *y,q),Va(z *2,9)}.
Hence {A is an intuitionistic Q-fuzzy PMS-ideal of X. O]
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REMARK 3.15. The converse of Theorem 3.14 is not necessarily true. This is shown
by the following example

EXAMPLE 3.16. Let X = {0,a,b} be a set such that (X,0,x) is a PMS-algebra
with the table as in example 3.2 and Q={¢}. Define an intuitionistic Q-fuzzy set

A = (pa,va) by

0.1 ifz=0, 0.1  ifz=0,
pa(z,q) = < 0.3 if ©=a, and v4 (z,q) = ¢ 0.3 if v =a, for all
0.2 if x =b. 04 if x=0b.

x € X and ¢ €Q. Observe that 14(0,q) = 0.1 < 0.3 = pa(a,q). This contradicts
Definition 3.1 (¢). Therefore A = (ua,v4) is not an intuitionistic Q-fuzzy PMS-ideal
of X. Clearly A is an intuitionistic Q-fuzzy PMS-ideal of X. This verifies that the
converse of Theorem 3.14 is not necessarily true.

By combining Theorem 3.11 and 3.14, we also get the following Theorem which is a
sufficient condition for an intuitiionistic Q-fuzzy set to be an intuitiionistic Q-fuzzy
PMS-ideal of X.

THEOREM 3.17. An intuitionistic Q-fuzzy set A = (ua,v4) in X is an intuition-
istic Q-fuzzy PMS-ideal of X if and only if OA = (pa,fiy) and A = (Ua,va) are
intuitionistic Q-fuzzy PMS-ideal of X.

Proof. Suppose A = (p4,v4) is an intuitionistic Q-fuzzy PMS-ideal of X. By
Theorem 3.11 and 3.14, we conculude that [JA and (A are intuitionistic Q-fuzzy
PMS-ideal of X. The converse is trivial. O

THEOREM 3.18. If the intuitionistic Q-fuzzy set A = (ua,va) is an intuitionistic
Q-fuzzy PMS-ideal of X, then B = (u4,0) and C = (0, fi4) are intuitionistic Q-fuzzy
PMS-ideals of X.

Proof. Let A = (ua,v4) is an intuitionistic Q-fuzzy PMS-ideal of a PMS-algebra
X. Let x,y,z € X and ¢ €Q. Then
(i) Let B = (up,vp),then up = pa and vg = 0. Therefore
15(0,q) = pa(0,q) = pa(w,q) = pp(z,q) and
sy * ,q) = paly * . q)
> min{pa(z *y,q), pa(z * 2,q)}
= min{pp(z *y,q), np(z >z, q)}
Also, v5(0,q) =0 < vg(z,q) and
vp(y * z,q) = 0 < maz{0,0} = max{ve(z *y,q),vp(z *,q)}
Hence B = (p14,0) is an intuitionistic Q-fuzzy PMS-ideal of X.
(i) Let C' = (ue,ve), then pe =0 and ve = iy Therefore

1e(0,q) > min{puc(0, q), po(0, )} = min{uc(z, q), pe(x,q)} = pc(z, ) and
vo(y*x) =Tis(y*x) =1 — pa(y * o)

<1 —min{pa(z*y,q), nalz*x,q)}
=maz{l — pa(z*xy,q), 1 — pa(zxx,q)}

= max{ve(z xy),ve(z xx)}
Hence C' = ( 0,7i4) is an intuitionistic Q-fuzzy PMS-ideal of X. O
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4. Level Subsets of Intuitionistic Q-fuzzy PMS-ideals

In this section, we study the level subsets of intuitionistic Q-fuzzy PMS-ideals of a
PMS-algebra. Characterizations of intuitionistic Q-fuzzy PMS-ideals in terms of their
level subsets are given and several interesting results are investigated.

THEOREM 4.1. If an intuitionistic Q-fuzzy set A = (ua,va) is an intuitionistic
Q-fuzzy PMS-ideal of X, then the sets X9 = {z € X|pa(z,q) > pa(0,q9)} and
X590 ={x € X|va(x,q) <va(0,q)} are PMS-ideals of X.

Proof. Suppose A = (pa,v4) is an intuitionistic Q-fuzzy PMS-ideal of X. As
114(0,9) > 11a(0,q) and v4(0,q) < v4(0,q), it follows that both X =% and X @ contain
the element 0.

Let z,y,z € X such that z xy,zxz € XEAQ Then pa(z * y,q) > 1a(0,q) and
pa(zxx,q) > ua(0,q). By Definition 3.1(éi) it follows that pa(y*x,q) > min{ua(z *
Y, q), palz x2,q)} > pa(0,q). So that y*z € X79 . Hence X% is a PMS-ideal of
X. Also, let @,y,z € X such that zxy,z%x € X592 Then va(z*y,q) < va(0,q)
and va(z % x,q) < va(0,q). By Definition 3.1(i77) it follows that va(y * x,q) <
maz{va(z * y,q),va(z * x,q)} < va(0,¢). So that y xz € X529 . Hence X9 is a
PMS-ideal of X. O

THEOREM 4.2. Let A and B be intuitionistic Q-fuzzy PMS-ideals of X such that
A C B. If,uA(OucD = MB(O7Q) and VA(O’Q) = VB(()?CI)? then Xﬁ)A - Xﬁ)B and X,g -
X

vB

Proof. Let x € X%,. Then pup(x,q) > pa(z, q) = pa(0,q) = pp(0,q).
So pp(x,q) = ps(0,9).

=zeXP

= X9 C X¢

Similarly, let € X% . Then vg(z,q) < va(x,q) = va(0,q) = vp(0,q).

So VB(flf,Q) = VB(07Q)‘

=reXy

= X9 C X2

vp —

Hence Xﬁ?A - XEB and Xfi C X,%. O

THEOREM 4.3. Let I be a nonempty subset of a PMS-algebra X and A = (j14,v4)
be an intuitionistic Q-fuzzy subset of X defined by
_Jlifzel _JO0ifzel .
pa(z,q) = { Lif ol and vy (x,q) = sifrgl fort,s € [0,1] witht+s < 1.
Then A is an intuitionistic Q-fuzzy PMS-ideal of X if and only if I is a PMS-ideal of
X.

Proof. Suppose A= (pa, v4) be an intuitionistic Q-fuzzy PMS-ideal of X. Let x €
X such that € I, then pa(x,q) = 1 and v4 (z,q) = 0. But by Definition 3.1 (i),
we have g4 (0,q9) > pa(x,q) and v4 (0,q) < va(x,q) for all x € X and ¢ €Q. Then
ta(0,q9) =1 and v4 (0,q) = 0. Hence 0 € L.
Let x,y, z € X such that zxy, zxz € I. Then py (y * x,q)>min {ua (z xy,q), pa (2 xx,q)}
=min{1,1} =1 and v4 (y * z,q)<max {va (2 *y,q) ,va (2 * x,q) }=min {0, 0} =0.
Hence y * x € 1. Therefore I is a PMS-ideal of X.
Conversely, suppose [ is a PMS-ideal of X and z € X. Since 0 €1, 4 (0, q)=1>pa(z, q)
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and v4 (0, ¢)=0 < va(z, q). Hence pa (0, ¢)>pa(z, ¢) and v4 (0, ¢)<va(z, q) for
all x € X and q € Q). Let x,y,2z € X. Now consider the following cases
Case(i). If zxy, zxz € I, then yxx € I. Thus pa (y * z,q)=1>min {pa (z xy,q), pa(zxx,q)}
and va (y * x,q)=0<max{va (z*xy,q),va(z*x,q)}.
Case(il). If zxy ¢ Tor zxx ¢ 1. Thenpa (y*x,q)>t =min{pa (2 *xy,q),pa(z*z,q)}
and va (y*x,q)<s =max{va(z*y,q),va(z*z,q)}.
Hence A = (ua,va4) is an intuitionistic Q-fuzzy PMS-ideal of X. O

DEFINITION 4.4. Let I be any nonempty subset of a PMS-algebra X and @ is
a nonempty set. Then the intuitionistic Q-fuzzy characteristic function of I is the
intuitionistic Q-fuzzy subset in a PMS-algebra X, denoted by x; = {((z, q), 1, (2, @),
vy (z,9)) |z € X, q € Q} where p1,, : X xQ — [0,1] and v, : X x Q — [0, 1] are fuzzy
subsets defined by

(x )_ 1 if zel and v (x )_ 0 if zel
P\ = 30 it wg1 A ER TS

THEOREM 4.5. Let 1 be any nonempty subset of a PMS-algebra X. Then the

intuitionistic Q-fuzzy characteristic function x; = (@t 5,V y,) of 1 is an intuitionistic
Q-fuzzy PMS-ideal of X if and only if 1 is a PMS-ideal of X.

Proof. Let X1 = (i ,,V y,) be an intuitionistic Q-fuzzy PMS-ideal of X. Then
1 (0,0) > 1 a(@,0) and ¥ 33(0,) < vy, (5,0), 130 (9% 2,0) > mindp y, (2% ,q)
P (zxx,q)}and vy (yxx,q) < max{v ,, (2 xy,q), vy, (2*x2,q)}, forallz,y,z € X
and ge@). Now we need to prove that I is a PMS-ideal of X. Let x €X and ¢ €Q such
that o € I. Then p ,(0,9)>pyg (z,¢)=1 and v, (0,¢)<v y, (x,¢)=0. Hence 0 € L.
Let z,y,2 € X such that 2 xy, zx2x € . Then p , (y * x,¢)>min{p , (2 *y,q) ,

1o (zxz,q)}=land v, (y*z,q)<max{v, (z2*y,q),v (zxz,q)} =0,forqgeQ.
=y, (Wxx,q)=1and v, (y*xx,q) =0
=Syxxel
Therefore I is a PMS-ideal of X.
Conversely, assume that I is a PMS-ideal of X. Then 0€l. Thus,
Py (0,0)=1>p, (x,q) and v, (0,q) =0< v, (z,q) for x € X and ¢ € Q.
Let z,y,z € X and ¢ € Q. Now consider the following cases.
Case (7). If zxy,z*xx €1, then yxx €1, since I is a PMS-ideal of a PMS-algebra X
= Hx (Z*yvq) = Hxq (z*x,q) = Hx (y*x,q) =1and
Ui (Z*y’q) = Vx (z*x,q) = Vx (y*x7q) =0
= g (Y *@,q) =1 2 min{py (2xy,q) 1y (2% 2,q)} and
U (y*x,q) =0< maX{VXI (Z*$’Q)7VXI (z *xv(J)}
Hence gy, (y * x,q ) = min{py, (2% y,q) , py (2 2,¢)} and
(3% 2,0) (v (2 % ,0) 13 (4 ,0) .
Case (ii). If zxy ¢ Tor zsx ¢ I, then pu ,, (y* 2,9 ) >0 =min{p,, (2*y,q),py (2 *x,9)}
and vy, (y*x,q) < 1=max{vy (2 *xy,q),vy (2% 2,9)}.
Hence p, (y * x,q ) > min{u,, (2 *y,q), s, (2 *2,q)} and
U (y*xvq) S maI{VXI (z *y’Q)7VXI (Z*l‘,q)}.
Therefore x1 = (fty,, Vy,) is an intuitionistic Q-fuzzy PMS-ideal of X. O

THEOREM 4.6. Let I be any nonempty subset of a PMS-algebra X and xi be the
intuitionistic Q-fuzzy characteristic function of a nonempty subset I of X. Then Uy =
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(#xr> Fy, ) 1s an intuitionistic Q-fuzzy PMS-ideal of X if and only if I is a PMS-ideal of
X.

Proof. Let Ox1 = (fty,, ;) be an intuitionistic Q-fuzzy PMS-ideal of X. Now we
have to prove that I is a PMS-ideal of X.
Let ¥ € X and ¢ € @ such that x € I. Then p,, (v,q) = 1 and 1z,, (z,q) = 0 . But by
Definition 3.3(7), fiy, (0,q) > piy, (2,q) and 7z, (0,q) < i, (v, q) for all z € X and
q € Q. This implies that y,, (0,¢) =1 and 7, (x,q) = 0. Hence 0 € L.
Let z,y,2 € X and ¢ € @ such that z*y,z*2 € I. Then pu,, (2*y,q) =1 =
pog (¥, q) and 71, (2 *y,q) = 0 =11, (2 * 7, q). But by Definition 3.3, j1,,(y*z,q) >

minjiy, (2 %y, q) iy (2 % ,q) and i, (y * 7, 6) < max {7, (2 *y,q) 7oy, (2 % 7,q)}
for all z € X and q € Q.

= oy (Y*2,q) =1and i, (y*z,q) =0.
=yxxel
Therefore I is a PMS-subalgebra of X.
Conversely, assume that I is a PMS-ideal of X. we need to show that Ox1=(py,, f,,)
is an intuitionistic Q-fuzzy PMS-ideal of X. By Definition 2.2 (i) 0 € I. Then
fi: (0,9) = 1 and 7, (0,q) = 0. So, 41, (0,q) =1 > py, (2,q) and 7, (0,q) =
0 <7y, (,q) for all z € X and ¢ € Q. Hence ju, (0,q) > iy, (v,¢) and 71, (0,q) <
iy, (7,q) for all 2 € X and ¢ € Q.
Let z,y,2z € X and ¢ € (). Then we consider the following cases.
Case (7). If zxy,z*x €1, then yxx € 1. Since I is a PMS-ideal of a PMS-algebra X.
= oy (2% Y,q) = pyy (2% 2,9) = 1y, (y % 7,q) = 1 and
By (2%Y,q) = Iy, (2% 2,q) =y, (y*2,9) = 0.
= Hys (Yx2,q ) = min{py, (2% Y, q) , py, (2% 2,q)} and
fy, (Y *2,q) < max{f,, (2 *y,q), 0, (2*7,q)}.
Case (i1). If zxy ¢ Tor zxx ¢ I, then p, (y*x,q) >0 =min{puy (2 *y,q), iy, (2% 7,q)}
and i, (y x w,q) < 1 =maz{f,, (z *y,q) 71y, (z* 2 ,q)}
= oy (Y xx,q) = min{py, (2%y,q), py (2% 2,q)} and
o (y x 2,q) < max{fiy, (2% y,q), Iy, (zx2,9)}.
Therefore Ox1= (41, fI,,) is an intuitionistic Q-fuzzy PMS-ideal of X. O

THEOREM 4.7. Let I be any nonempty subset of a PMS-algebra X and x; =
(Kxs Vy;) be an intuitionistic Q-fuzzy characteristic function of a nonempty subset 1
of X. Then $x1 = (Uy,, vy, ) Is an intuitionistic Q-fuzzy PMS-ideal of X if and only
if I is a PMS-ideal of X.

Proof. Let $x1 = (Uyy, Vy,) be an intuitionistic Q-fuzzy PMS-ideal of X. Now we

need to prove that I is a PMS-ideal of X.
Let z € X and ¢ € @ such that € I. Then 7, (,q) = 1 and v,, (x,¢q) = 0 . But
by Definition 3.1(¢), 7y, (0,q) > 7y, (z,q) and vy, (0,q) < vy, (z,q) for all z € X and
¢ € Q. This implies that 7, (0,¢) =1 and v,, (z,¢q) = 0. Hence 0 € L.
Let z,y,z € X and ¢ € @ such that z*xy,z+xx € I. Then 7,,(2%y,q) =1 =
Uy (z*xx,q) and vy, (2 *y,q) = 0 = vy, (2 *x,q). But by Definition 3.1, 7, (y *x z, q) >
min{Dy, (2 * ,6) P, (= % 2,0)} and vy, (y * ,q) < max {u, (= %9, ) vy (% 2,9)}
for all x € X and q€Q.

= Uy, (y*xx,q) =1and v, (y*z,q) =0.

=cxy €l
Therefore I is a PMS-ideal of X.
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Conversely, assume that I is a PMS-ideal of X. we need to show that

Ox1 = (Vy,,Vy,) s an intuitionistic Q-fuzzy PMS-ideal of X. By Definition 2.2 (i)
0 € I. Then 7,,(0,¢9) =1 and r,,(0,q) = 0. So, 7y, (0,q) =1 > 7,,(z,q) and
vy, (0,9) =0 < vy, (2,q), for all z € X and ¢ € Q. Hence 7,, (0,q) > 7,, (z,q) and
vy, (0,9) < vy, (z,q), for all z € X and ¢ € Q.

Let z,y,2z € X and ¢ € (). Then we consider the following cases

Case (7). If zxy,z*x € I then y=*ax €1, since I is a PMS-ideal of a PMS-algebra X.
=0, (2%Yy,q) =0, (2%2,q) =7y, (y*2,q) =1 and
Uy (2%Y,q) = vy (2% x,q) =1y, (y*z,q9) =0.
=7y, (y*xz,q) =1>min{ 7y, (2%y,q),7,, (2 xx,q)} and
L% (y * x7Q) =0< maX{VXI (Z *y7Q)>VX1 (z * x)Q)}'
Hence 7, (y * z,q) > min{ Uy, (2 *y,q) ,Vy, (2 *xx,q)} and
Uy (Y *2,q) <maz{vy, (2%y,q), vy, (2x2,q9)}.
Case (i1). f zxy g Lor zxx ¢ I, then Uy, (y* x,q) > 0 =min{v,, (2 xy,q) , Uy, (2 % 7,q) }
and

Vi (W *2,q) <1 =max{vy (2%y,q), vy (2%7,9)}.
Hence 7,, (y * z,q) > min{7,, (2 *y,q) , 7y, (2 ¥ x,q)} and

"1 (y*x,q) S max{VXI (Z*y7Q)7VX1 (Z*I ,Q)}-
Therefore $x1 = (Ty,, Vy,) is an intuitionistic Q-fuzzy PMS-ideal of X. ]

THEOREM 4.8. If A = (ua,va)is an intuitionistic Q-fuzzy set in X such that the
nonempty level sets U(pa,t) and L(vya,s) are PMS-ideals of X for all t, s €[0,1], then
A = (ua, va) is an intuitionistic Q-fuzzy PMS-ideal of X.

Proof. Assume that the level sets U (p4 ,t) and L (v4, s) are PMS-ideals of X for
all s, t € [0,1]. Let z € X and ¢ € @ such that pua (z,q) =t and v4 (z,q) = s. Since
U( pa,t)and L (v, s) are PMS-ideals of X, we have 0 € U (pua,t) and 0 € L (v4, S).
So, pa(0,q) >t =pa(x) and v4(0,q) < s=wvus(z) forall z € X and q € Q.
Assume that pa(y * x,q) > min{ua (2 *y,q), pa(z*x,q)} is not true. Then there
exist xg, Yo, 20 € X such that pa(yo * zo,q) < min{pa (20 * Yo, q) , ta(z0 * o, q) }.
Take ¢ = 5(pa (yo * o, q) + min{sa (20 % Yo, q) , (20 * 70, )}

Thus ¢t € [0,1] and pa(yo * xo,q) <t < min{pa (20 * Yo, q) , ha(20 * To,q) }

= palyo * 0,q) <t, pa(zo *yo,q) >t and pa(zo * o,q) >t

= 20 *Yo, 20 * To € U(pa, t) but yo* o ¢ U (pa, t).
This is a contradiction since U (u4, t) is a PMS-ideal of X.
Therefore, pa (y *x) > min{p, (2*y,q), pa(z *z,q)}, for any z, y, z € X and
q € Q. Similarly, assume that v, (y*z,q) < max{va(z*y,q),va(z*x,q)} not
true. Then there exist a,b,¢ € X such that v4(b* a,q) > maz{va(c*b,q),va(c*
a,q)}. Then by taking s = 3[v, (b*a,q) + maz{va(c *b,q),va(c*a,q)}], we get,
max{va(c*b,q),va(c*a,q)} < s < va(bx*a,q). Therefore, c xb € L(vs, s) and
cxa € L(va, s) but (bxa) ¢ L(va, s).
This is a contradiction since L(vy, s) is a PMS-ideal of X.
Thus v4(y * x,q) < max{va(z *xy,q),va(z*x,q)}, for all z,y,z € X and q € Q.
Therefore A=(ua,va) is an intuitionistic Q-fuzzy PMS-ideal of X. O

THEOREM 4.9. Let A be an intuitionistic Q-fuzzy PMS-ideal of X such that t €
Im(pa) and s € Im(vy) with t +s < 1. Then the sets U(ua, t) and L(vg, s) are
PMS-ideals of X.
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Proof. Suppose A = (ua,v4) is an intuitionistic Q-fuzzy PMS-ideal of X such that
t € Im(pa) and s € Im(va) with ¢+ s < 1. Then there exist x € X such that
pa(x,q) =t and vy (x,q) = s. By Definition 3.1(¢) p4 (0,q) > p, (x,q) =t and
va(0,q) <va(z,q) = s, forall z € X. So, 0 € U(pa, t) and 0 € L (va, s).
Also, let 7,9,z € X and ¢ € Q such that zxy, zxx € U(pa,t) and z2xy, zxx € L(vy, S).
and va (yxz,q) < max{ua(zxy,q), va(z*xy,q)} =s. Soy*xx € U(ua, t) and
yxx € L(va, s). Therefore U(pa,t) and L(va, s) are PMS-ideals of X. O

THEOREM 4.10. Any PMS-ideal of X can be realized as both an upper level PMS-
ideal and a lower level PMS-ideal for some intuitionistic Q-fuzzy PMS-ideal of X.

Proof. Let I be an ideal of X and A= (4, v4) be an intuitionistic Q-fuzzy set in
X defined by

ot ifxel -
pa(@,q) = { ty otherwise and  va(,q) = {

for all z € X and g € Q, where t,1,,50 € [0,1] such that to < t, s < sg and
t+s <1, to+sy < 1. Clearly U(ua,t) =1 = L(va,t). As 0 € I, we have

1a(0,q) =1t = pa(z,q) and v4 (0,q) = s = va(z,q). Hence pa(0,q) = pa(z,q) and
v4(0,q9) <wva(x,q), forallz € X and q € Q.
Let z,y,2 € X and q € (). Now we consider the following cases

s ifxel
Sy otherwise

Case(i). If zxy,zxx €1, then yxx € I. Thus pa (y*x,q) =t = min{ua (2 *xy,q),
pa(zxz,q)} and va(yxx,q) = s = max{va(z*xy,q),va(zxz,q)} .
Case(it). If zxy ¢ Tor zxx ¢ 1, then ua (y*xx,q) > to = min{ua (zxy,q), pa(z*x2,q9)}
and vy (yxx,q) <ty = max{va(z*xy,q),va(z*xz,q)} .
Hence A = (ua, v4) is an intuitionistic Q-fuzzy PMS-ideal of X. Therefore I is both an
upper level PMS-ideal and a lower level PMS-ideal of intuitionistic Q-fuzzy PMS-ideal
Aof X. ]

THEOREM 4.11. Let A = (pa,va) be an intuitionistic Q-fuzzy PMS-ideal of X
such that t,s € [0,1]. Then
(i) If t = 1, then the upper level set U(ua,t) is either empty or an ideal of X.
(ii) If s = 0, then the lower level set L(va,s) is either empty or an ideal of X.

Proof. Suppose A = (14, v4) is an intuitionistic Q-fuzzy PMS-ideal of X and ¢, s €
[0,1]. Then
(i). If there is no an element x in X such that p (x,q) = 1,then U (ua, t) = 0.
Suppose that t = 1. Assume that U (ua,t) # 0. Then there exists x in X such
that @ € U(ua,t). This implies that pua (z,q) > t = 1. But by Definition 3.1
(1) we have pua(0,q) > pa(z,q), for all z € X and ¢ € Q. So, pa(0,q) >
pa(z,q) >t=1. Hence 0 € U (ua, t).
Also, let x,y, 2 € X and ¢ € Q such that zxy, zxx € U(ua,t). Then pa (z % y,q) >
t = 1 and pa(z*z,q) > t = 1. Tt follows thatus (z xy,q) = 1= pa(z *
x,q). By Definition 3.1 (ii) pa(y*xx,q) > min{ua (z*vy,q), pa(zxz,q)} =
min{1,1} =1. Sothat yxz € U (ua, t).
Therefore upper level set U(ua, t) is either empty or an ideal of X.
(ii). If there is no an element x in X such that v4 (x,q) = 1,then L (va, t) = 0.
Suppose that s = 0. Assume that L (v4, s) # (. Then there exists z in X
such that x € L(va, t). This implies that v4 (x,q) < s = 0. But by Definition
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3.1 (i) we have v4(0,q) < va(z,q), for all z € X and ¢ € Q. So, v4(0,q) <
va(x,q) <s=0.Hence 0 € L(va, s).

Also, let z,y,z € X and ¢ € @ suchthat z xy,z*xx € L(va, s). Then
va(zxy,q) >s=0and va(z*z,q) < s=0. It follows that v4 (z xy,q) =0 =
va(z*z,q). By Definition 3.1 (i4i) va (y * z,q) < max{va(z*vy,q), va(z*y,q)}
=max{0,0} =0. Sothat y*xxz € L(va, s).

Therefore lower level set L (v4, s) is either empty or an ideal of X. ]

THEOREM 4.12. Let QQ be a nonempty set and let {I;| i € A} be a collection of
PMS-ideals of a PMS-algebra X such that

(1> X = UieA L,

().

j>i<el;Clforalli,je A, where A is a nonempty subset of [0,1]. Then an

intuitionistic Q-fuzzy set A = (ua,va) in X defined by pa (x,q) = sup{i € Al x € |;
and ¢ € Q} and vy (x,q) =inf{j € Al x € 1; and ¢ € Q} is an intuitionistic fuzzy
PMS-ideal of X.

Proof. By Theorem 4.8 it is sufficient to show that U(ua,?) and L(va, j) are PMS-
ideals of X for every i € [0, pa(0) | and j € [va(0), 1]. So, to prove that U(ua,1)
is a PMS-ideal of X, we consider the following two cases.

Case(1).

Case (i1).

Let i = sup{r € A| r <i}. Then we have
x €U(pa,i) & x€l, forallr <i

sre ()L

So that U (pa, i) =), - ;Ir, which is a PMS-ideal of X.
Let i # sup{r € A|lr < i}. That is, i = sup{r € Alr > i}.

we claim that U (pa, i)=U, - ;L.

Ifzel, ;L thenz el for some r > 4. It follows that pu(z,q) > >i. So
that © € U (pa, 7). Hence |J, - ;1. C U (pa, 7).

Now assume that ¢ J, - ;L. Then z ¢ I, for all 7 > i. Since i # sup{r €
I|r < i}, there exists ¢ > 0 such that (i — ¢, i) N A = (. Hence x ¢ I, for all
r > i — ¢, which means that if € 1., then r < i —e. Thus, pa(z,q) <i—€e<i
and so x ¢ U (pa, ). Therefore by contrapositive U (4, i) € |, - ;I and

thus U (pa, i) =, 5 ; I, which is a PMS-ideal of X.

To prove that L(vg,j) is a PMS-ideal of X for all s € [r4(0),1], we again consider
the following two cases:

Case (1i1).

Case (iv).

Let j = inf{r € A| j <r}, then we have
x € L(va,j) e xel. forall j<r

ere(L

Hence L (v4,j) = (;., L. Therefore L (va,j) is a PMS-ideal of X.
Let j # inf{r € I|j < r}, That is, j = inf{r € I|r < j}.

We will show that L (v4, ) = Urgj I.Ifz € Urgj I, then z € I, for some r < j.
It follows that v4(z,q) <r <j . Sothat x € L (v4,J).

Hence Urgj I, C L(va,j).

Conversely if x ¢ J,; I, thenz ¢ I, forallr < j. Since j # inf{r € Alj <r},

there exists € > 0 such that (j, j+€)NA= (). Hence x ¢ I, for all r < s+¢, that
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is, if x € I, then r > j + €. Thus va(x,q) > j+ ¢ > j. That is @ ¢ L (va,7).
Therefore by contrapositive, we have L (va,j) € |U,< i L

Consequently, L (v4,j) = U,<; I..Therefore L (vy, j) is a PMS-ideal of X. [

r<j

5. Conclusion

In this paper, we applied the idea of an intuitionistic Q-fuzzy set to PMS-ideals in
PMS-algebra. We introduced the notion of an intuitionistic Q-fuzzy PMS-ideal of a
PMS-algebra and investigated some associated properties. We provided the relation-
ship between an intuitionistic Q-fuzzy PMS-subalgebra and an intuitionistic Q-fuzzy
PMS-ideal of a PMS-algebra. We established a condition for an intuitionistic Q-fuzzy
set in a PMS-algebra to be an intuitionistic Q-fuzzy PMS-ideal of a PMS-algebra. We
characterized the intuitionistic Q-fuzzy PMS-ideals of PMS-algebra by their level sets.
We hope that the findings of this work will add other dimensions to the structures
of intuitionistic Q-fuzzy PMS-ideals based on intuitionistic Q-fuzzy sets and serve as
the foundation for further studies. In our future works, we will extend the concept of
intuitionistic fuzzy PMS-algebra to the structure of ¢-intuitionistic fuzzy PMS-algebra
and t-Q) intuitionistic fuzzy PMS-algebra to obtain other novel results. Moreover, we
will develop the neutro-algebraic structures with respect to the PMS-ideals of PMS-
algebra.
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