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COINCIDENCES OF DIFFERENT TYPES OF FUZZY
IDEALS IN ORDERED I'-SEMIGROUPS

ARUNOTHAI KANLAYA AND AIYARED [AMPAN

ABSTRACT. The notion of I'-semigroups was introduced by Sen in
1981 and that of fuzzy sets by Zadeh in 1965. Any semigroup can
be reduced to a I'-semigroup but a I'-semigroup does not necessarily
reduce to a semigroup. In this paper, we study the coincidences
of fuzzy generalized bi-ideals, fuzzy bi-ideals, fuzzy interior ideals
and fuzzy ideals in regular, left regular, right regular, intra-regular,
semisimple ordered I'-semigroups.

1. Introduction and Preliminaries

A fuzzy subset of a set S is a function from S to a closed interval [0, 1].
The concept of a fuzzy subset of a set was first considered by Zadeh [32]
in 1965. The fuzzy set theories developed by Zadeh and others have
found many applications in the domain of mathematics and elsewhere.

After the introduction of the concept of fuzzy sets by Zadeh [32], sev-
eral researches were conducted on the generalizations of the notion of
fuzzy set and application to many algebraic structures such as: In 1971,
Rosenfeld [20] was the first who studied fuzzy sets in the structure of
groups. Fuzzy semigroups have been first considered by Kuroki [13-16],
and fuzzy ordered groupoids and ordered semigroups, by Kehayopulu
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and Tsingelis [8,9]. In 2007, Kehayopulu and Tsingelis [10] character-
ized the Green’s relations R, £, 7 of ordered groupoids in terms of fuzzy
subsets. Dheena and Manivasan [6] gave some characterizations of reg-
ular I'-semigroups through fuzzy ideals. In 2008, Shabir and Khan [29]
defined fuzzy bi-ideal subsets and fuzzy bi-filters in ordered semigroups
and characterized ordered semigroups in terms of fuzzy bi-ideal subsets
and fuzzy bi-filters. Zhan and Ma [33] studied fuzzy interior ideals in
semigroups. In 2009, Majumder and Sardar [19] studied fuzzy ideals
and fuzzy ideal extensions in ordered semigroups. Prince Williams,
Latha and Chandrasekeran [31] studied fuzzy bi-ideals in I'-semigroups.
Kim [12] studied the intuitionistic fuzzification of the concept of several
ideals in an ordered semigroup, and investigated some properties of such
ideals. In 2010, Chinram and Malee [3] investigated some properties
of L-fuzzy ternary subsemiring and L-fuzzy ideals in ternary semirings.
Chinram and Saelee [4] studied fuzzy ternary subsemigroups (left ideals,
right ideals, lateral ideals, ideals) and fuzzy left filters (right filters, lat-
eral filters, filters) of ordered ternary semigroups. Shah and Rehman [30)]
introduced I'-ideals and I'-bi-ideals of I'-AG-groupoids which are in fact
a generalization of ideals and bi-ideals of AG-groupoids and studied some
characteristics of I'-ideals and I'-bi-ideals of I'-AG-groupoids. Tampan [7]
characterized the relationship between the fuzzy ordered ideals (fuzzy
ordered filters) and the characteristic mappings of fuzzy ordered ideals
(fuzzy ordered filters) in ordered I'-semigroups. Majumder [17] stud-
ied the fuzzy weakly completely prime ideals in ['-semigroups. In 2011,
Saelee and Chinram [21] studied rough, fuzzy and rough fuzzy bi-ideals of
ternary semigroups. Chon [5] characterized the fuzzy bi-ideals generated
by a fuzzy subset in semigroups. In 2012, Sardar, Davvaz, Majumder and
Kayal [24] studied the generalized fuzzy interior ideals in I'-semigroups.
Sardar, Davvaz, Majumder and Mandal [25] studied the characteristic
ideals and fuzzy characteristic Ideals of I'-semigroups. Majumder and
Mandal [18] introduced the concept of fuzzy generalized bi-ideal of a
I'-semigroup, which is an extension of the concept of a fuzzy bi-ideal
of a I'-semigroup and characterized regular I'-semigroups in terms of
fuzzy generalized bi-ideals. In 2013, Khan, Sarmin and Khan [11] intro-
duced (A, 6)-fuzzy bi I'-ideal of ordered I'-semigroups. Bashir, Amin and
Shabir [2] defined prime, strongly prime and semiprime fuzzy bi-ideals
of I'-semigroups. Abdullah, Aslam, Davvaz and Naeem [1] characterized
the (€, € Vq)-fuzzy bi-ideals in ordered semigroups.
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The concept of I'-semigroups, a generalization of both the concepts of
semigroups and ternary semigroups, was introduced by Sen [26] and the
concept of ordered I'-semigroups was introduced by Sen and Seth [28].
For examples of I'-semigroups and ordered I'-semigroups, see [11,22,23,
25,27,31]. The fuzzy generalized bi-ideals, fuzzy bi-ideals, fuzzy interior
ideals and fuzzy ideals play an important role in studying the structure
of ordered I'-semigroups. Therefore, we will study the coincidences of
fuzzy generalized bi-ideals, fuzzy bi-ideals, fuzzy interior ideals and fuzzy
ideals in ordered I'-semigroups.

Before going to prove the main results we need the following defini-
tions that we use later.

DEFINITION 1.1. Let M and I' be any two nonempty sets. Then
(M, T) is called a I'-semigroup if there exists a mapping M xI'x M — M,
written as (a,7,b) — ayb, satisfying the following identity (aab)Bc =
ac(bfc) for all a,b,c € M and o, f € T'. A nonempty subset K of M is
called a I'-subsemigroup of M if ayb € K for all a,b € K and v € T".

DEFINITION 1.2. A partially ordered I'-semigroup (M, I, <) is called
an ordered I'-semigroup if for any a,b,c € M and v € T,

a < b implies ayc < byc and cya < cb.
DEFINITION 1.3. Let (M, T, <) be an ordered I'-semigroup. For A C
M, we define
(Al :=={t e M |t <a for some a € A}.
DEFINITION 1.4. Let (M, T, <) be an ordered I'-semigroup. A nonempty
subset A of M is called a left ideal of M if
(1) MTA C A, and
(2) (4] C A.
A nonempty subset A of M is called a right ideal of M if
(1) ATM C A, and
@) (A C A
A nonempty subset A of M is called an ideal of M if it is both a left
ideal and a right ideal of M. That is,
(1) MTTAC A and ATM C A, and
2) (4] C A

DEFINITION 1.5. Let (M, I, <) be an ordered I'-semigroup. A I'-
subsemigroup A of M is called an interior ideal of M if
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(1) MTATM C A, and
(2) (4] C A.

DEFINITION 1.6. Let (M,I',<) be an ordered I'-semigroup. A I'-
subsemigroup A of M is called a bi-ideal of M if
(1) ATMTA C A, and
(2) (A] € A.
DEFINITION 1.7. Let (M, ', <) be an ordered I'-semigroup. A nonempty
subset A of M is called a generalized bi-ideal of M if
(1) ATMTAC A, and
2) (4] C A,

DEFINITION 1.8. A fuzzy subset of a nonempty set X is an arbitrary
mapping f: X — [0, 1] where [0, 1] is the unit segment of the real line.

DEFINITION 1.9. Let X be a set and A C X. The characteristic
mapping fa: X — [0, 1] defined via
1 ifxe A,
> Jal@) '_{ 0 ifzrg A

By the definition of characteristic mapping, f4 is a mapping of X into
{0,1} C [0,1]. Hence f4 is a fuzzy subset of X.

DEFINITION 1.10. Let (M, T, <) be an ordered I'-semigroup. A nonempty
fuzzy subset f of M is called a fuzzy I'-subsemigroup of M if for any
x,y € M and v €T,

f(@yy) = min{f(x), f(y)}
DEFINITION 1.11. Let (M, T, <) be an ordered I'-semigroup. A nonempty

fuzzy subset f of M is called a fuzzy left ideal of M if

(1) for any z,y € M,z <y implies f(x) > f(y), and

(2) f(zyy) > f(y) for all x;y € M and v € T.
A nonempty fuzzy subset f of M is called a fuzzy right ideal of M if

(1) for any x,y € M,z <y implies f(z) > f(y), and

(2) f(zyy) > f(z) for all z,y € M and v € T.

A nonempty fuzzy subset f of M is called a fuzzy ideal of M if it is both
a fuzzy left ideal and a fuzzy right ideal of M. That is,

(1) for any z,y € M,z <y implies f(x) > f(y), and
(2) flzvy) > f(y) and f(ayy) > f(x) for all 2,y € M and y € T
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DEFINITION 1.12. Let (M, T, <) be an ordered I'-semigroup. A fuzzy
I-subsemigroup f of M is called a fuzzy interior ideal of M if

(1) for any z,y € M,z <y implies f(x) > f(y), and
(2) f(zaypBz) > f(y) for all x,y,z € M and o, 5 € T.

DEeFINITION 1.13. Let (M, T, <) be an ordered I'-semigroup. A fuzzy
I'-subsemigroup f of M is called a fuzzy bi-ideal of M if
(1) for any =,y € M,z <y implies f(x) > f(y), and
(2) f(rayBz) > min{f(x), f(2)} for all x,y,z € M and o, 5 € T.
DEFINITION 1.14. Let (M, T', <) be an ordered I'-semigroup. A nonempty
fuzzy subset f of M is called a fuzzy generalized bi-ideal of M if
(1) for any z,y € M,z <y implies f(x) > f(y), and
(2) f(rayBz) > min{f(x), f(z)} for all x,y,z € M and o, 5 € T.
REMARK 1.15. Let (M,T', <) be an ordered I'-semigroup. We have
the following statements.
(1) Every fuzzy ideal of M is a fuzzy interior ideal.
(2) Every fuzzy bi-ideal of M is a fuzzy generalized bi-ideal.
DEFINITION 1.16. An ordered I'-semigroup (M, I', <) is called regular
if for each a € M, there exist x € M and «, 8 € I' such that
a < aazxfa.
DEFINITION 1.17. An ordered I'-semigroup (M,T', <) is called left
reqular if for each a € M, there exist x € M and «, 8 € I" such that
a < zaafa.
DEFINITION 1.18. An ordered I'-semigroup (M, T, <) is called right
reqular if for each a € M, there exist x € M and «, 8 € I" such that
a < acafx.
DEFINITION 1.19. An ordered I'-semigroup (M, T, <) is called intra-

reqular if for each a € M, there exist z,y € M and «, 3,7 € I' such
that

a < xaafayy.

DEFINITION 1.20. An ordered I'-semigroup (M, I, <) is called semisim-
ple if for each a € M, there exist x,b,y € M and v, «, 3,6 € " such that

a < zyaabfady.
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2. Propositions of Several Fuzzy Subsets

PROPOSITION 2.1. [7] Let (M,T', <) be an ordered I'-semigroup and
) £ A C M. Then A = (A] if and only if the fuzzy subset fa of M has
the following property:

z,y € M,z <y = fa(z) = faly).

PRrROPOSITION 2.2. [7] Let (M,T', <) be an ordered I'-semigroup and
) # K C M. Then K is a I'-subsemigroup of M if and only if the fuzzy
subset fx is a fuzzy I'-subsemigroup of M.

PRroPOSITION 2.3. [7] Let (M,I', <) be an ordered I'-semigroup and
() # L C M. Then L is a left ideal of M if and only if the fuzzy subset fr,
is a fuzzy left ideal of M.

PROPOSITION 2.4. [7] Let (M,I', <) be an ordered I'-semigroup and
) # R € M. Then R is a right ideal of M if and only if the fuzzy
subset fr is a fuzzy right ideal of M.

COROLLARY 2.5. [7] Let (M,T',<) be an ordered I'-semigroup and
() #1 C M. Then I is an ideal of M if and only if the fuzzy subset f;
is a fuzzy ideal of M.

PROPOSITION 2.6. Let (M, T, <) be an ordered I'-semigroup and () #
A C M. Then A is an interior ideal of M if and only if the fuzzy
subset f4 is a fuzzy interior ideal of M.

Proof. Assume that A is an interior ideal of M. Then A is a I'-
subsemigroup of M and A = (A]. By Proposition 2.1 and 2.2, we have
that x < y implies fa(z) > fa(y) for all z,y € M, and f, is a fuzzy
[-subsemigroup of M. Let z,y,z € M and o, € T'. If y & A, then
fa(y) = 0 and so fa(rayBz) > 0 = fa(y). Let y € A. Then fa(y) =
1. Since zaypz € MIT'ATM C A, we have fa(zayBz) = 1. Thus
fa(rayBz) =1 > 1= fa(y). Hence f4 is a fuzzy interior ideal of M.

Conversely, assume that the fuzzy subset f, is a fuzzy interior ideal of
M. Then x < yimplies fa(x) > fa(y) for all x,y € M, and f, is a fuzzy
[-subsemigroup of M. By Proposition 2.1 and 2.2, we have (4] = A and
A is a I'-subsemigroup of M. Let z,y € M,a € A and «, 3 € I'. Since
fa is a fuzzy interior ideal of M, we have fs(zaafBy) > fa(a). Since
a € A, we have fs(a) = 1. Thus fa(zaafy) = 1 and so zaafy € A.
Hence A is an interior ideal of M. O
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PROPOSITION 2.7. Let (M, T, <) be an ordered I'-semigroup and () #
A C M. Then A is a bi-ideal of M if and only if the fuzzy subset f4 is
a fuzzy bi-ideal of M.

Proof. Assume that A is a bi-ideal of M. Then A is a I'-subsemigroup of
M and A = (A]. By Proposition 2.1 and 2.2, we have that z < y implies
fa(z) > fa(y) for all z,y € M, and f4 is a fuzzy I'-subsemigroup of M.
Let z,y,2 € M and «, § € I. Without loss of generality, we may assume
that min{ fa(x), fa(2)} = fa(x). Then fa(z) > fa(x). If x & A, then
fa(x) =0andso fa(rayfz) > 0= min{fa(z), fa(z)}. Let z € A. Then
fa(x) =1. Thus fa(z) = 1 and so z € A. Since zayfz € ATMT'A C A,
we have fa(xayBz) = 1. Thus fa(zayBz) =1 > 1 =min{fa(x), fa(z)}.
Hence f4 is a fuzzy bi-ideal of M.

Conversely, assume that the fuzzy subset f4 is a fuzzy bi-ideal of M.
Then x < y implies fa(z) > fa(y) for all z,y € M, and f4 is a fuzzy
[-subsemigroup of M. By Proposition 2.1 and 2.2, we have (4] = A and
A is a I'-subsemigroup of M. Let x € M,a,b € Aand o, € I'. Since fa
is a fuzzy bi-ideal of M, we have f4(aaxfb) > min{f4(a), fa(b)}. Since
a,b € A, we have fa(a) = 1 = fa(b) and so min{fa(a), fa(b)} = 1.
Thus fa(acxzfb) = 1 and so acxfb € A. Hence A is a bi-ideal of M. [

PROPOSITION 2.8. Let (M, T, <) be an ordered I'-semigroup and () #
A C M. Then A is a generalized bi-ideal of M if and only if the fuzzy
subset f4 is a fuzzy generalized bi-ideal of M.

Proof. Assume that A is a generalized bi-ideal of M. Then A = (A].
By Proposition 2.1, we have that x < y implies fa(z) > fa(y) for all
x,y € M. Let z,y,2 € M and o, € I'. Without loss of generality,
we may assume that min{fa(z), fa(2)} = fa(z). Then fa(z) > fa(x).
If v ¢ A, then fs(z) = 0 and so fa(zayBz) > 0 = min{fa(x), fa(2)}.
Let x € A. Then fa(z) = 1. Thus fs(z) = 1 and so z € A. Since
zayfBz € ATMTA C A, we have fu(zayBz) = 1. Thus fa(zayBz) =
1 > 1 =min{fa(z), fa(z)}. Hence f4 is a fuzzy generalized bi-ideal of
M.

Conversely, assume that the fuzzy subset fa is a fuzzy generalized
bi-ideal of M. Then = < y implies fa(x) > fa(y) for all z,y € M.
By Proposition 2.1, we have (4] = A. Let x € M,a,b € A and
a,f € T'. Since f4 is a fuzzy bi-ideal of M, we have f4(acz(b) >
min{ fa(a), fa(b)}. Since a,b € A, we have fa(a) = 1 = fa(b) and so
min{ fa(a), fa(b)} = 1. Thus fa(acxzfb) =1 and so aaxb € A. Hence
A is a generalized bi-ideal of M. m
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Let (M,I',<) be an ordered I'-semigroup and {f;};c; a nonempty
family of fuzzy subsets of M. We define
Nfii M= (0,1] |z (N fi)(@) = inf{fi(2) }ies.
iel iel
PropoSITION 2.9. Let (M,I',<) be an ordered I'-semigroup and

{fitier a nonempty family of fuzzy subsets of M. Then A, , fi is a
fuzzy subset of M.

Proof. Let x € M. Then the set { f;(x)};er is a nonempty bounded be-
low subset of R. By the Infimum Property, there exists the inf{ f;(x) }ies
in R. Since 0 < fi(z) <1 for each i € I, we have 0 < inf{f;(z)}ier <
L. Thus 0 < (Ao, fi)(x) < 1. If 2,y € M is such that z = y,
then {fi(z)}tier = {fi(y)}icr- Thus inf{fi(z)}ic; = nf{fi(y)}ier, so
(Nier fi)(@) = (Njes fi)(y). Hence A,, f; is a fuzzy subset of M. O

PrOPOSITION 2.10. Let (M,T',<) be an ordered T'-semigroup and
{fi}Yier a family of fuzzy I'-subsemigroups of M. Then \,., f; is a fuzzy
I'-subsemigroup of M.

Proof. By Proposition 2.9, we have \,_, f; is a fuzzy subset of M.
Let x,y € M be such that x < y. Since f; is a fuzzy I'-subsemigroup,

filz) = fi(y) for all i € I. Thus fi(z) > fi(y) = inf{f;(y)}ies for all i €
I, so inf{ fi(y) }ier is a lower bound of { fi(x)};cr. Hence inf{f;(z)}ics >

inf{ fi(y)yier, 50 (Nies fi) (@) = (Nics fi) ().
Let x,y € M and v € I'. Then

(/\fz)(l"Yy) = inf{fi(zyy) bier

iel
> inf{min{fi(z), fi(y)} }ic1
= min{inf{f;(2) }icr, Inf{ fi(y) }icr}
= min{(/\ fi)(=), (/\ f)®)}.
icl el
Hence A, fi is a fuzzy I'-subsemigroup of M. m
ProposITION 2.11. Let (M,T',<) be an ordered T'-semigroup and

{fi}tier a family of fuzzy left ideals of M. Then \,., f; is a fuzzy left
ideal of M.

Proof. By Proposition 2.9, we have \,., f; is a fuzzy subset of M.
Let z,y € M be such that x < y. Since f; is a fuzzy left ideal of
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M, fi(x) > fi(y) for all ¢ € I. Thus fi(x) > fi(y) > inf{fi(v)}ics
for all ¢ € I, so inf{f;(y)}icr is a lower bound of {f;(z)}ic;. Hence

inf{ fi(x) }ier = nf{fi(y) }icr, 50 (Nie; fi)(2) = (Nies i) (W)-
Let x,y € M and v € I'. Then

(/\fz-)(my) = inf{fi(zvy) bier

iel
> inf{fi(y) }ier
= (A ).
il
Hence A, fi is a fuzzy left ideal of M. O

PROPOSITION 2.12. Let (M,T',<) be an ordered T'-semigroup and
{fi}ier a family of fuzzy right ideals of M. Then \,.; fi is a fuzzy right
ideal of M.

Proof. The proof is similar to the proof of Proposition 2.11. m

PROPOSITION 2.13. Let (M,T',<) be an ordered T'-semigroup and
{fi}Yier a family of fuzzy bi-ideals of M. Then \,_, f; is a fuzzy bi-ideal
of M.

Proof. By Proposition 2.10, we have A\,_; f; is a fuzzy I'-subsemigroup
of M.
Let z,y,z € M and «, 8 € I'. Then

(N fi)(@ayBz) = inf{fi(zayBz)}ics

> inf{min{ f;(x), fi(2)} }ier
= min{inf{fi(x) }icr, Inf{ fi(2) }ics}
= min{(/\ £)(=), (A £)(2)}
Hence A,.; fi is a fuzzy bi-ideal of M. u

PROPOSITION 2.14. Let (M,T',<) be an ordered T'-semigroup and
{fi}tier a family of fuzzy generalized bi-ideals of M. Then \,., f; is a
fuzzy generalized bi-ideal of M.

Proof. By Proposition 2.9, we have A\, f; is a fuzzy subset of M.
Let z,y € M be such that x < y. Since f; is a fuzzy generalized bi-
ideal of M, f;(x) > fi(y) for alli € I. Thus fi(z) > fi(y) > inf{fi(y) }icr
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for all ¢ € I, so inf{f;(y)}icr is a lower bound of {f;(z)}ic;. Hence

inf{fi(z)}ier > inf{ fi(y) }ier, so (Nier fi) (@) = (Nier £)(v)-
Let z,y,z € M and «, 8 € I'. Then

(N\ fi)(waysz) = mt{fi(zays2)}ier

iel
> inf{min{f;(x), fi(2)} }ies
= min{inf{ f;() }icr, inf{ fi(2) }ics}
= min{(/\ £;)(2), (\ f)()}.
iel iel
Hence A, fi is a fuzzy generalized bi-ideal of M. [

PropoOSITION 2.15. Let (M,I',<) be an ordered T'-semigroup and
{fi}tier a family of fuzzy interior ideals of M. Then A\, f; is a fuzzy
interior ideal of M.

Proof. By Proposition 2.10, we have A\,_; f; is a fuzzy I'-subsemigroup
of M.

Let z,y,2 € M and o, 8 € I'. Then
(/\ fi)(zayBz) = inf{fi(rayBz)tier

iel
> inf{fi(y)}bier
= (N )W)
iel
Hence A, fi is a fuzzy interior ideal of M. O]

3. Main Results

In this section, we study the coincidences of fuzzy generalized bi-
ideals, fuzzy bi-ideals, fuzzy interior ideals and fuzzy ideals in regular,
left regular, right regular, intra-regular, semisimple ordered I'-semigroups.

THEOREM 3.1. Let (M, T, <) be a regular ordered I'-semigroup. Then
every fuzzy generalized bi-ideal of M is a fuzzy bi-ideal.

Proof. Let f be a fuzzy generalized bi-ideal of M and let x,y € M
and v € I'. Since M is a regular, there exist a € M and «o,8 € T’
such that y < yaaBy. Thus zvy < zy(yaafy) = zy(yaa)By. Hence
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flxyy) = flzy(yaa)By) > min{f(z), f(y)}. Therefore f is a fuzzy
bi-ideal of M. O

THEOREM 3.2. Let (M,T', <) be a left regular ordered I'-semigroup.
Then every fuzzy generalized bi-ideal of M is a fuzzy bi-ideal.

Proof. Let f be a fuzzy generalized bi-ideal of M and let x,y € M
and v € I'. Since M is left regular, there exist « € M and o, € T
such that y < aaypfy. Thus zvy < zvy(aayBy) = xy(aay)Py. Hence

fleyy) > f(oy(aay)By) > min{f(x), f(y)}. Therefore f is a fuzzy
bi-ideal of M. O

THEOREM 3.3. Let (M, T', <) be a right regular ordered I'-semigroup.
Then every fuzzy generalized bi-ideal of M is a fuzzy bi-ideal.

Proof. The proof is similar to the proof of Theorem 3.2. O

THEOREM 3.4. Let (M, T, <) be a regular ordered I'-semigroup. Then
every fuzzy interior ideal of M is a fuzzy ideal.

Proof. Let f be a fuzzy interior ideal of M and let z,y € M and
v € I'. Since M is a regular, there exist a; € M and 4,5, € T such
that © < zayai 61z, Thus zyy < (zaya12)vy = (zagay)Brzyy, so

flavy) = f((zanar) Brayy) = f(x).
Hence f is a fuzzy right ideal of M. Similarly, there exist as € M
and g, By € T' such that y < yasasfBey. Thus xyy < xy(yasasfay) =
ryyas(azBay), so

f(@vy) = flayyas(azfey)) = f(y).
Hence f is a fuzzy left ideal of M. Therefore f is a fuzzy ideal of M. [

THEOREM 3.5. Let (M, T', <) be an intra-regular ordered I'-semigroup.
Then every fuzzy interior ideal of M is a fuzzy ideal.

Proof. Let f be a fuzzy interior ideal of M and let z,y € M and
~v € I'. Since M is intra-regular, there exist ay,b; € M and a4, 51,0, €
[’ such that © < aydzaixfiby. Then zvy < (a161x0q26101)yy =
(a1612)crzB1(b1vy), so

f(xyy) = f((adiz)aazBi(bivy)) > f(x).

Hence f is a fuzzy right ideal of M. Similarly, there exist as, by € M and
g, B2, 02 € I such that y < agdoyasyBebs. Then vy < x7y(a202ycoyfabs) =
(zyaz)02yas(yBaba), so
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f(xvy) = f((zyaz)dayaa(yBaba)) > f(y).
Hence f is a fuzzy left ideal of M. Therefore f is a fuzzy ideal of M. [

THEOREM 3.6. Let (M, T", <) be a left regular ordered I'-semigroup.
Then every fuzzy interior ideal of M is a fuzzy ideal.

Proof. Let f be a fuzzy interior ideal of M and let z,y € M and
~v € I'. Since M is left regular, there exist a; € M and «q, 5, € I" such
that * < ajaqzfiz. Then xyy < (a1oqzf12)yvy = (a1012) frzyy, SO

f@yy) > f(araaz)Brzyy) > f(z).

Hence f is a fuzzy right ideal of M. Similarly, there exist ap, € M
and ag, B2 € ' such that y < asanyfey. Then zvy < xy(asasyfay) =
(vaaz)agyﬁgy, S0

flayy) = f((zyaz)aaybay) = f(y).
Hence f is a fuzzy left ideal of M. Therefore f is a fuzzy ideal of M. [

THEOREM 3.7. Let (M, T', <) be a right regular ordered I'-semigroup.
Then every fuzzy interior ideal of M is a fuzzy ideal.

Proof. The proof is similar to the proof of Theorem 3.6. O

THEOREM 3.8. Let (M,I', <) be a semisimple ordered T'-semigroup.
Then every fuzzy interior ideal of M is a fuzzy ideal.

Proof. Let f be a fuzzy interior ideal of M and let z,y € M and vy € T.
Since M is semisimple, there exist aq,b1,¢4 € M and aq, (1,01,& € T
such that © < ayaixf1b1612&1¢1. Then zyy < (a1aqz6101012€1¢1)vy =
(a1a1375151)51$51(017y)7 S0

f(zyy) = f((aarzBibr)01261(e1vy)) > f(z).

Hence f is a fuzzy right ideal of M. Similarly, there exist as, by, co € M
and am, fP2,09,& € I such that ¥y < asanyBabsdayésce. Then zyy <
1y (a2002y Babadayéacs) = (Tya2)ayBa(badayéacs), so

f(@yy) = f((@yaz)azyBa(badayéacs)) = f(y)-
Hence f is a fuzzy left ideal of M. Therefore f is a fuzzy ideal of M. [
By Theorem 3.1, 3.2 and 3.3, we have Corollary 3.9.
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COROLLARY 3.9. Let (M,I',<) be an ordered I'-semigroup. If M
is regular, left regular, or right regular, then fuzzy generalized bi-ideals
and fuzzy bi-ideals coincide.

By Theorem 3.4, 3.5, 3.6, 3.7 and 3.8, we have Corollary 3.10.

COROLLARY 3.10. Let (M,T',<) be an ordered TI'-semigroup. If M
is regular, intra-regular, left regular, right regular, or semisimple, then
fuzzy interior ideals and fuzzy ideals coincide.
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