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STABILITY OF HOMOMORPHISMS IN BANACH
MODULES OVER A C*-ALGEBRA ASSOCIATED WITH
A GENERALIZED JENSEN TYPE MAPPING AND
APPLICATIONS

JUNG RYE LEE

ABSTRACT. Let X and Y be vector spaces. It is shown that a
mapping f : X — Y satisfies the functional equation
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if and only if the mapping f : X — Y is additive, and prove the
Cauchy-Rassias stability of the functional equation () in Banach
modules over a unital C'*-algebra, and in Poisson Banach modules
over a unital Poisson C*-algebra. Let 4 and B be unital C*-algebras,
Poisson C*-algebras, Poisson JC*-algebras or Lie JC*-algebras. As
an application, we show that every almost homomorphism h : A — B
of A into B is a homomorphism when h(d"uy) = h(d"u)h(y) or
h(d"u o y) = h(d™u) o h(y) for all unitaries u € A, all y € A, and
n=20,1,2,---.

Moreover, we prove the Cauchy-Rassias stability of homomor-
phisms in C*-algebras, Poisson C*-algebras, Poisson JC*-algebras
or Lie JC*-algebras, and of Lie JC*-algebra derivations in Lie JC*-
algebras.
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1. Introduction

In 1940, Ulam [23] raised the following question: Under what condi-
tions does there exist an additive mapping near an approximately addi-
tive mapping?

Let X and Y be Banach spaces with norms ||-|| and || ||, respectively.
Hyers [4] showed that if € > 0 and f : X — Y such that

1f(z+y) = fl2) = fFy)ll < e

for all z,y € X, then there exists a unique additive mapping T : X — Y
such that

If(2) = T(z)] <€

for all z € X.

Consider f : X — Y to be a mapping such that f(tx) is continuous
in t € R for each fixed x € X. Assume that there exist constants ¢ > 0
and p € [0, 1) such that

(*) 1z +y) = f@) = W) < ell]]” +[lyl[")

for all z,y € X. Th.M. Rassias [15] showed that there exists a unique
R-linear mapping 7" : X — Y such that

2e
2—-2r

[f(z) = T(x)]| < 1l
for all x € X. The inequality (*) that was introduced for the first
time by Th.M. Rassias [15] we call Cauchy-Rassias inequality and the
stability of the functional equation Cauchy-Rassias stability. This in-
equality has provided a lot of influence in the development of what we
now call Hyers-Ulam-Rassias stability of functional equations. Begin-
ning around the year 1980 the topic of approximate homomorphisms, or
the stability of the equation of homomorphism, was taken up by a num-
ber of mathematicians (cf. [5], [12], [14], [17], [18], [19], [20], [21], [22]).
Th.M. Rassias [16] during the 27" International Symposium on Func-
tional Equations asked the question whether such a theorem can also be
proved for p > 1. Z. Gajda [1] following the same approach as in Th.M.
Rassias [15], gave an affirmative solution to this question for p > 1.
Gavruta [2] generalized the Rassias’ result: Let G be an abelian group
and Y a Banach space. Denote by ¢ : G x G — [0, 00) a function such
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that
Px,y) = 27p(Px, Vy) < o0
=0
for all z,y € G. Suppose that f: G — Y is a mapping satisfying

1z +y) = fl2) = fFW)ll < (e, y)

for all z,y € G. Then there exists a unique additive mapping 7" : G — Y
such that

I7@) ~ T@)] < 33z, 2)

for all x € G. C. Park [11] applied the Gavruta’s result to linear func-
tional equations in Banach modules over a C*-algebra.

Jun and Lee [6] proved the following: Denote by ¢ : X \ {0} x X \
{0} — [0, 00) a function such that

Px,y) =D 37p(3¥x,3y) < o0
=0

for all z,y € X \ {0}. Suppose that f: X — Y is a mapping satisfying

I12/(2) = £(@) = F)I < ()

for all z,y € X \ {0}. Then there exists a unique additive mapping
T : X — Y such that

L, ~
1f(z) = J(0) = T(2)] < 3(P(z, =) + P(—x, 3x))
for all x € X \ {0}. C. Park and W. Park [13] applied the Jun and Lee’s

result to the Jensen’s equation in Banach modules over a C*-algebra.
Throughout this paper, assume that d is an integer greater than 1.
In this paper, we solve the following functional equation

(1)
2df (

o+ 3 (-1 ey

T 2@_2 —1 jxj 2d )
* 2] - )=2) (-1 f(x).

2d

) — 2df (

We moreover prove the Cauchy-Rassias stability of the functional equa-
tion (1.i) in Banach modules over a unital C*-algebra. The main purpose
of this paper is to investigate homomorphisms between C*-algebras, be-
tween Poisson C*-algebras, between Poisson JC*-algebras and between
Lie JC*-algebras, and to prove their Cauchy-Rassias stability.
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2. A generalized Jensen type mapping

Throughout this section, assume that X and Y are linear spaces.

LEMMA 2.1. A mapping f : X — Y satisfies (1.i) for all x1, 29, - , T2q
€ X and f(0) = 0 if and only if f is additive.

Proof. Assume that f : X — Y satisfies (1.1) for all 21,29, -+ , 294 €
X. Putting 23 = -+ = 294 = 0 in (1.1), we get
T — T2

(1) 20f(T) = 2df (M) = 2 ()

for all z1, 29 € X. Puttlng o = x1 in (2.1), we get
x
2f () = 2f (1)

$1+!E2

for all z; € X. So we get
(2.2) 2f (LT

)= 2f(P ) = 2f (a)

2
for all 1,7, € X. Putting 5™ =z and 25 = y in (2.2), we get
T+ Ty —x
2f (x +y) = 2f (=) = 2f (=) + 2f(22) = 2f(z) + 2 ()

for all z,y € X. Thus f is additive.
The converse is obviously true. O]

3. Cauchy-Rassias stability of the generalized Jensen type
mapping in Banach modules over a C*-algebra

Throughout this section, assume that A is a unital C*-algebra with
norm | - | and unitary group U(A), and that X and Y are left Banach
modules over A with norms || - || and || - ||, respectively.

Given a mapping f: X — Y, we set

1+Z o(— )ij)
2d

ua:1+2 o(— )JHu:v] _22
2d

Dy f(x, -, xaq) ::2df(

— 2df (

Yuf(z;)

for all u € U(A) and all 21, , 294 € X.
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THEOREM 3.1. Let f: X — Y be a mapping satisfying f(0) = 0 for
which there is a function ¢ : X?¢ — [0, 00) such that

: - 1 .
(3.1) (w1, Toa) 1 = g d_ djiUl, -, d19q) < 00,
(311) HDuf<x17 ,.fCQd)H S QO(CEl,"' 7x2d)
for all u € U(A) and all z1,--- ,x99 € X. Then there exists a unique
A-linear generalized Jensen type mapping L : X — Y such that
1.
(3.ii) If(2) = L)|| < 5o(z, -~ 2)
2d times
forallxz € X.
Proof. Let u =1 € U(A). Putting 21 = -+ = x99 = x in (3.ii), we
have
(3.0) l2df(5) = 2/ @)]| < (e, - )
2d times

forall z € X. So

1 1
_ = < .
1£@) = 5 7o)l < 5 (e, - do)
2d times
for all z € X. Hence
BA) @) = S f@ )] € (@)
2d times

for all x € X and all positive integers n. By (3.1), we have

n—1
U R 1
82) I fd) - S < Y s e
=m 2d times

for all x € X and all positive integers m and n with m < n. This shows
that the sequence {4 f(d"x)} is a Cauchy sequence for all z € X. Since
Y is complete, the sequence {4 f(d"z)} converges for all z € X. So we
can define a mapping L : X — Y by



96 J.R. Lee

for all x € X. We get
: 1 m mn
|D1L(xy, -+, z2q)|| = Jim %Hle(d Ty, d )|
1
< lim —p(d"xy, - ,d"xeq) =0
n—oo ™

for all 1, -+ , x99 € X. By Lemma 2.1, L is additive. Putting m = 0
and letting n — oo in (3.2), we get (3.iii).

Now, let L' : X — Y be another generalized Jensen type mapping
satisfying (3.iii). Then we have

IL(z) = L'(z)]| = d—lnllL(d”m) — L(d"z)|

< o (IEde) — ()] + |1 2d") — f(da)])

2 ~ 3 3
< W@(d z, -, d"z),
—_—————
2d times

which tends to zero as n — oo for all x € X. So we can conclude that
L(x) = L'(x) for all z € X. This proves the uniqueness of L.

By the assumption, for each u € U(A), we get

1
|D,L(z,z, 0,---,0)| = im —||D,f(d"z,d"x, 0,---,0)]|
—— n—oo ™ ——
2d — 2 times 2d — 2 times
1
< lim —p(d"z,d"z, 0,--- ,0) =0
n—oo " ——
2d — 2 times

for all z € X. So

2dL(%) = 2ulL(x)
for all u € U(A) and all z € X. Since L is additive,
(3.3) L(uz) = ul(x)

for all u € U(A) and all z € X.

Now let a € A (a # 0) and M an integer greater than 4|a|. Then
| L] < 1 <1—2=13. By][?,7], there exist three elements uy, ug, us €
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U(A) such that 355 = uy + ug + us. So by (3.3)

M a 1 a M a
Llax) = Li— .30 = M- L(= . 3% = 232
(ax) = L(5-- 35,7) (53979 = 5 LB0)

= ML(UW + U + uzT) = %(L(ulx) + L(ug) + L(usr))

3
i = 2 5 1

3 M
= alL(z)
for all a € A and all £ € X. Hence
L(ax + by) = L(ax) + L(by) = aL(x) + bL(y)

for all a,b € A(a,b # 0) and all z,y € X. And L(0x) = 0 = 0L(z) for
all z € X. So the generalized Jensen type mapping L : X — Y is an
A-linear mapping, as desired. ]

COROLLARY 3.2. Let # and p < 1 be positive real numbers. Let
f: X =Y be a mapping satisfying f(0) = 0 such that

2d
1Duf (1, waa)l| <6 ||ay|P
j=1

for all w € U(A) and all z1,--+ ,xeq € X. Then there exists a unique
A-linear generalized Jensen type mapping L : X — Y such that

dp—i— 1

/@) = L@l < -—

0|[x[”
for all x € X.

Proof. Define p(x1,- -+ ,x9q) =0 Z?dzl ||z;||P, and apply Theorem 3.1.
]

THEOREM 3.3. Let f : X — Y be a mapping satisfying f(0) = 0 for
which there is a function ¢ : X?¢ — [0, 00) such that

dJ

: ~ =\ x
(3.iv) O(Ty, -+, Toq) 1 = E d’cp(d—jl,,--- ,—Z.d) < 00,
J=0

(3V) ||Duf($1> ,1'2d)|| < QO(IEl,"' 7x2d)
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for all w € U(A) and all z1,--- ,x99 € X. Then there exists a unique
A-linear generalized Jensen type mapping L : X — Y such that
1
(3.vi) 1f(2) = L) < 56(z, - x)
2d times
for all x € X.

Proof. 1t follows from (3.0) that

s T 1 ey T "  «x x

_ Yy - T < (e

B4) W) Dl < Sl
2d ti

for all x € X and all positive integers n. By (3.4), we have

- x d x x

. ™ f ) < o= . =

k=m W—/

2d times
for all x € X and all positive integers m and n with m < n. This shows
that the sequence {d" f(47)} is a Cauchy sequence for all x € X. Since
Y is complete, the sequence {d"f(:)} converges for all z € X. So we
can define a mapping L : X — Y by
L(z) = lim d"f(%)

n—oo

for all x € X. Also, we get
o x x
||D1L(£L‘1,~~- 7m2d)|| = lim d Hle(_l? 7ﬂ)”
. T T2d
< lim d"o(=% ... 222
< fim de (g
for all 1, -+ , x99 € X. By Lemma 2.1, L is additive. Putting m = 0
and letting n — oo in (3.5), we get (3.vi).
The rest of the proof is similar to the proof of Theorem 3.1. m

) =0

COROLLARY 3.4. Let 8 and p > 1 be positive real numbers. Let
f: X =Y be a mapping satisfying f(0) = 0 such that

2d
IDuf (1, 2a) | <0 [yl
j=1
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for all u € U(A) and all x1,--- , x99 € X. Then there exists a unique
A-linear generalized Jensen type mapping L : X — Y such that
p+1

d p
17(@) = L@l < 5 —6lll]

for all x € X.

Proof. Define p(z1, -+ ,224) = 0 Z?dzl |z;||P, and apply Theorem 3.3.
]

4. Isomorphisms between unital C*-algebras

Throughout this section, assume that A is a unital C*-algebra with
norm || - ||, unit e and unitary group U(.A), and that B is a unital C*-
algebra with norm || - ||.

We are going to investigate C*-algebra isomorphisms between unital
C*-algebras.

THEOREM 4.1. Let h : A — B be a bijective mapping satisfying
h(0) = 0 and h(d"uy) = h(d"u)h(y) for all u € U(A), all y € A, and
n=0,1,2,---, for which there is a function ¢ : A% — [0, c0) satisfying
(3.1) such that

pay+ 350 (1)

py + 30005 (1)

2dh 7y — 2dh
(M2 g = )
(4.0) —22 Y ph(z;)|| < o, - 2q),
4.1i hd"* —h < p(d"u,---,d"u
(4.1) [A(d" ") = h(d"u)*|| < o - )
times
for allu € U(A), all z1,-++ ,xog € A, all p e T' .= {A e C| [N =1}
andn =0,1,2,---. Assume that (4.iii) lim,,_, h(j:e) is invertible. Then

the bijective mapping h : A — B is a C*-algebra isomorphism.

Proof. We consider a C*-algebra as a Banach module over a unital C*-
algebra C. By Theorem 3.1, there exists a unique C-linear generalized
Jensen type mapping H : A — B such that

(4iv) Ihx) ~ H@)| < 53z, ,2)

2d times
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for all x € A. The mapping H : A — B is given by

R .
(4.1) H(x) = nlgrolo d—nh(d x)
for all x € A.
By (3.i) and (4.ii), we get
H(u") = lim Md"r) = lim Md") = (lim hd u))*
n—o00 n n—00 n n—00 dnr
= H(u)"

for all u € U(A). Since H is C-linear and each x € A is a finite linear
combination of unitary elements (see [?,8]), i.e., z = >0, Ajuy (\; €

C,u; e U(A)),

H(z") = H(er i) = Z)\_JH@[;) = ZA_jH(Uj)* = (Z AjH (u)))
= H(Z Ajuj)* = H(z)"

for all z € A.
Since h(d"uy) = h(d"u)h(y) for all u € U(A), all y € A, and all
n=01,2--,

(42)  H(uy) = lim —h(d™uy) = lim —h(du)h(y) = Hw)h(y)

for all u € U(A) and all y € A. By the additivity of H and (4.2),
d"H(uy) = H(d"uy) = H(u(d"y)) = H(u)h(d"y)

for all u € U(A) and all y € A. Hence

(43) H(uy) = - H(wh(d"y) = H(u) 3 h(d")

for all u € U(A) and all y € A. Taking the limit in (4.3) as n — oo, we

obtain

(4.4) H(uy) = H(u)H(y)

for all u € U(A) and all y € A. Since H is C-linear and each z € A is a
finite linear combination of unitary elements, i.e., x = E;nzl Ajuj (A €
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C,u; € U(A)), it follows from (4.4) that

(1)  H(zy) = H(Z Ajusy) = Z NH (ujy) = A\H (uy)H(y)

for all x,y € A.
By (4.2) and (4.4),
H(e)H(y) = H(ey) = H(e)h(y)

for all y € A. Since lim,,_, hld) — g (e) is invertible,

dn
H(y) = h(y)
for all y € A.
Therefore, the bijective mapping h : A — B is a C*-algebra isomor-
phism. O

COROLLARY 4.2. Let h : A — B be a bijective mapping satisfying
h(0) = 0 and h(d"uy) = h(d"u)h(y) for allu € U(A), all y € A, and all

n=0,1,2,---, for which there exist constants § > 0 and p € [0, 1) such
that

2d ;

1+ (1) px; xr1+ 1)
||2dh(u 1+ (1) u J)_th(u L+ (=1 i
2d 2d
—22 ) ph(a; H<92\|%Hp
7j=1

Hh(d" ") = hd"u)"|| < 2d - d™6

for all p € T', all w € U(A), n = 0,1,2,---, and all z1,--- ,x9q € A.

Assume that lim,, h(jze) is invertible. Then the bijective mapping

h: A — B is a C*-algebra isomorphism.

Proof. Define ¢(xq,- -+ ,x24) = 0 Z?il ||z;||”, and apply Theorem 4.1.
[

THEOREM 4.3. Let h : A — B be a bijective mapping satisfying
h(0) = 0 and h(d"uy) = h(d"u)h(y) for all u € U(A), all y € A, and



102 J.R. Lee

n=0,1,2,---, for which there is a function ¢ : A** — [0, c0) satisfying
(3.1), (4.ii), and (4.iii) such that

2d ; 2d ;
x1+ 32 (=1 px; 1+ > 0 (=1
Hth(u 1+ (=1)p J)—th(“ 1+ 2517 i
2d 2d
(4) —22 Piuh(a)l| < o, )
for all z1,-+- ;x99 € A and p = 1,2. If h(tx) is continuous in t € R for

each fixed x € A, then the bijective mapping h : A — B is a C*-algebra
isomorphism.

Proof. Put u = 1 in (4.v). By the same reasoning as in the proof
of Theorem 4.1, there exists a unique generalized Jensen type mapping
H : A — B satisfying (4.iv). By the same reasoning as in the proof
of [?,15], the mapping H : A — B is R-linear.

Put p =i in (4.v). By the same method as in the proof of Theorem
4.1, one can obtain that

H(iz) = lim hd"iz) = lim ih(d"z) =iH(x)

n—oo  d" n—oo "
for all z € A.
For each element A € C, A\ = s + it, where s,t € R. So
H(A\x) = H(sx +itz) = sH(x) + tH (iz) = sH(x) + itH (z)
= (s+it)H(z) = \H(z)
for all A € C and all z € A. So
H(Cx +ny) = H(Cx) + H(ny) = CH(x) +nH (y)

forall {,n € C,and all x,y € A. Hence the additive mapping H : A — B

is C-linear.
The rest of the proof is the same as in the proof of Theorem 4.1. [

Now we prove the Cauchy-Rassias stability of C*-algebra homomor-
phisms in unital C*-algebras.

THEOREM 4.4. Let h : A — B be a mapping satisfying h(0) = 0 for
which there exists a function ¢ : A% — [0, 00) satisfying (3.i), (4.i) and
(4.i1) such that

4.vi h(d™u - d™v) — h(d™u)h(d™)|| < o(d"u,d™, 0,--- 0
(4.vi) [h(d"u - d"v) — h(d"u)h(d")|| < p(d"u,d"v )

2d — 2 times
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for all u,v € U(A) and n = 0,1,2,---. Then there exists a unique
C*-algebra homomorphism H : A — B satisfying (4.iv)

Proof. By the same reasoning as in the proof of Theorem 4.1, there
exists a unique C-linear involutive generalized Jensen type mapping H :
A — B satisfying (4.iv).

By (4.vi),
1 1
Sl d") = h(d"Wh(d")]| < (e, d"v, 0, ,0)
2d — 2 times
1
< %@(Q"u, 2", 0,---,0),
2d — 2 times
which tends to zero by (3.i) as n — oo. By (4.1),
. h(dw-d™w) | h(d™u)h(d™)
Hlwy= D =@ =0 @
h(d™u) h(d"
=, <dnu) (dn” = H(u)H(v)

for all u,v € U(A). Since H is C-linear and each x € A is a finite linear
combination of unitary elements, ie., z = 77", \ju; (\; € C,u; €

U(A)),

H(zv) = H(Z \ju0) = Z N H (uv) = Z A H (u;)H (v)

= HY Ay H(v) = H@)H(v)

for all z € A and all v € U(A). By the same method as given above,
one can obtain that

H(xy) = H(z)H(y)
for all x,y € A. So the mapping H : A — B is a C*-algebra homomor-
phism. O

THEOREM 4.5. Let h : A — B be a mapping satisfying h(0) = 0
for which there exists a function o : A** — [0, 00) satisfying (3.i), (4.ii),
(4.v) and (4.vi). If h(tzx) is continuous int € R for each fixed x € A, then

there exists a unique C*-algebra homomorphism H : A — B satisfying
(4.iv).
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Proof. The proof is similar to the proofs of Theorems 4.3 and 4.4. [J

5. Homomorphisms between Poisson C*-algebras

A Poisson C*-algebra A is a C*-algebra with a C-bilinear map {-,-} :
Ax A— A, called a Poisson bracket, such that (A, {-,-}) is a complex
Lie algebra and

{ab,c} = a{b,c} + {a,c}b
for all a,b,c € A. Poisson algebras have played an important role in
many mathematical areas and have been studied to find sympletic leaves
of the corresponding Poisson varieties. It is also important to find or
construct a Poisson bracket in the theory of Poisson algebra (see [3], [9],
10], [25]).

Throughout this section, let A be a unital Poisson C*-algebra with
norm || - ||, unit e and unitary group U(A), and B a unital Poisson
C*-algebra with norm || - ||.

DEFINITION 5.1. A C*-algebra homomorphism H : A — B is called
a Poisson C*-algebra homomorphism if H : A — B satisfies

H({z,w}) = {H(z), H(w)}
for all z,w € A.

We are going to investigate Poisson C*-algebra homomorphisms be-
tween Poisson C*-algebras.

THEOREM 5.2. Let h : A — B be a mapping satistfying h(0) = 0 and
h(d"uy) = h(d"u)h(y) for ally € A, all u € U(A) andn =0,1,2,---,
for which there exists a function ¢ : A***2? — [0, 00) such that

1 ‘ . o
(5.1)  @(xy,- -+, X9, 2,w) = Z E(p(d]xl, s dxeg, d 2, d?w) < o0,

pn + 350 (1) + {z,w) pn + 3000 (1)
J2dh( y ) — 2dh( z )
(511) —2 Z Mh IJ {h(z)vh’(w)}H < 90(5617 Ty d2ds < w)?
(5.iii) ||h(d” Y — h(d"w)|| <p(d™u, - ,d"u,0,0)

2d times
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forallu € U(A), all 1, , 299, 2,w € A, all p € T andn =0,1,2, -
Assume that (5.1v) lim, % is invertible. Then the mapping h :

A — B is a Poisson C*-algebra homomorphism.

Proof. By the same reasoning as in the proof of Theorem 4.1, there
exists a unique C*-algebra homomorphism H : A — B such that

1
(5.v) Ih(z) = H(2)l| < 59(z,- -~ ,2,0,0)
2d times
for all x € A. In the proof of Theorem 4.1, we showed that the C*-
algebra homomorphism H : A — B is exactly the mapping h : A — B.
It follows from (4.1) that

. h(d®x)
(5.1) H(z) = nh_)nolo T
for all x € A. Let 1 = -+- = 294 = 0 in (5.ii). Then we get
{Z w}
2dh h < (0,---,0, z,
12dh(—-=) — {h(2), h(w) }| < ¢( z,w)
2d times
for all z,w € A. So
d%H?dh(T) — 1h(d"z), h(d"w)}|| < Z20(0, -+, 0,d"2, d"w)
2d times
1
(5.2) < %QO(O, <, 0,d"z, d"w)
2d times
for all z,w € A. By (5.i), (5.1) and (5.2),
n{z,w} {d"z,d"w}
2dH (=) = lim &2 = lm, 22

= tim () By =t (MO R0,

n—00 d2 dn
={H(2), H(w)}
for all z,w € A. So
({zw)) = 200(E W) = (a1 (2), 10
for all z,w € A.

Therefore, the mapping h : A — B is a Poisson C*-algebra homomor-
phism. O
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Now we prove the Cauchy-Rassias stability of Poisson C*-algebra ho-
momorphisms in unital Poisson C*-algebras.

THEOREM 5.3. Let h : A — B be a mapping satistying h(0) = 0 for
which there exists a function ¢ : A2 — [0, 00) satisfying (5.i), (5.ii)
and (5.iii) such that

5.vi h(d™u - d"v) — h(d"u)h(d™)|| < o(d"u,d"v,0,---,0
(5.vi) [h(d"u - d"v) — h(d"u)h(d"v)|| < @(d"u,d"v )
2d times
for all u,v € U(A) and n = 0,1,2,---. Then there exists a unique

Poisson C*-algebra homomorphism H : A — B satisfying (5.v)
Proof. The proof is similar to the proofs of Theorems 4.4 and 5.1. [

REMARK 5.4. If each Poisson bracket {-,-} in this section is replaced
by the Lie product [-, -], which is defined in Section 8, one can obtain a
result for ‘Lie C*-algebra homomorphism’.

6. Cauchy-Rassias stability of homomorphisms in Poisson
Banach modules over a unital Poisson C*-algebra

A Poisson Banach module X over a Poisson C*-algebra A is a left
Banach A-module endowed with a C-bilinear map {-,-} : Ax X — X
such that

{{av b}7 :L“} = {a’ {b> ZE}} - {b7 {CL, JZ}},
{CL,b} rT=a- {b,l’} - {b,a-:c}
for all a,b € A and all x € X (see [3], [9], [10], [25]). Here - denotes the
associative module action.
Throughout this section, assume that A is a unital Poisson C*-algebra

with unitary group U(A), and that X and Y are left Poisson Banach
A-modules with norms || - || and || - ||, respectively.

DEFINITION 6.1. A C-linear mapping H : X — Y is called a Poisson
module homomorphism if H : X — Y satisfies

H({{a,b}, z}) = {{a, b}, H(x)},
H({a,b} - ) = {a,b} - H(x)
for all a,b € A and all x € X.
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We are going to prove the Cauchy-Rassias stability of homomorphisms
in Poisson Banach modules over a unital Poisson C*-algebra.

THEOREM 6.2. Let h: X — Y be a mapping satisfying h(0) = 0 for
which there exists a function ¢ : X?¢ — [0, 00) satisfying (3.i) such that

l2dn( Zfzi;(—l)jumj> gan(M > 2; )J“uwg)
(6.) —22 Yuh(x)| < @(z1, -+, D2q),
(6.i))  [|A({{u, v}, 2}) - {{u,v},h( M <l 2),
(6.ii) 1h({u, v} - 2) —{u, v} - h(z)]| < w(&)

for all y € T', all x,xy,-+ , 299 € X and all u,v € U(A). Then there
exists a unique Poisson module homomorphism H : X — Y such that

(6.v) Ih(z) — H@)| < ~3(z, - ,2)

_QR,_/

2d times

for all x € X.

Proof. By the same reasoning as in the proof of Theorem 4.1, there
exists a unique C-linear mapping H : X — Y satisfying (6.iv). The
C-linear mapping H : X — Y is given by

(6.1) H(z) = lim —h(d” )
n—oo ™
for all z € X.
By (6.ii),

| (" ({0}, 23) = {0}, (@)
- dinnh({{u,v},d"x}) ~ {0}, @)

n %,_/
2d times
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which tends to zero for all x € X by (3.i). So

H({{u,0},0}) = lim — b {0}, o)) = lim {{u, 0}, - h(d'))

n—oo "
= {{u, v}, H(z)}

for all x € X and all u,v € U(A). Since H is C-linear and {-,-} is
C-bilinear and since each a € A is a finite linear combination of unitary
elements, i.e., a = Y7, \ju; (A; € C,u; € U(A)),

H({{a,v},z}) = H({{Z Ajuj, v}, x}) = Z A H ({{u;, v}, 2})

= Z&{{Umv}aﬂ(m)} = {{Z Ajuj, vt H(z)y = {{a, v}, H(2)}

for all x € X and all v € U(.A). Similarly, one can show that

H({{a,b},2}) = {{a, b}, H(z)}
for all z € X and all a,b € A.
By (6.iii),

(2) Nl gh(d" (v} ) — {u,0} - b))

1 1
= Zellh({u, v} - d"2) = {u,v} - h(d"2)|| < Zp(d"s, - -~ d"2),
2d times

which tends to zero for all x € X by (3.i). So

H({u,v}-2) = lim %h(dn{% vp-x) = lim ({u, v} d—lnh(d”%))
= {u,v} - H(z)

for all x € X and all u,v € U(A). Since H is C-linear and {-,-} is
C-bilinear and since each a € A is a finite linear combination of unitary
elements, i.e., a = 37", \ju; (A; € C,u; € U(A)),

H({a,v} o) = HEY Ay} -a) = 30 A H({us, 0} o)

= ZAj{uj7U} - H(r) = {Z Ajuj, v} - H(z) = {a,v} - H(z)
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for all z € X and all v € U(A). Similarly, one can show that

H({a,b} - x) = {a,b} - H(z)
for all x € X and all a,b € A. Thus H : X — Y is a Poisson module

homomorphism.
Therefore, there exists a unique Poisson module homomorphism H :
X — Y satisfying (6.iv). O

COROLLARY 6.3. Let h : X — Y be a mapping satisfying h(0) = 0
for which there exist constants 6 > 0 and p € [0,1) such that

pan + V(W e+ 0 (1) sy
2d ) — 2di 2d )

_22 )’ puh( ;) |<92||%||p

7j=1

[h({{u, v}, z}) — {{U,v},h( )H < 2d6|[x[]?,
1h({u, v} - 2) = {u, v} - h(z)]| < 2d0||][”
forallp € T, allu,v e U(A),n =0,1,2,---, and all z, z1, -+ , 229 € X.

Then there exists a unique Poisson module homomorphism H : X — Y
such that

||2dh(

dp+1

Ih@) - H@)l < ~—

0|||[?
for all x € X.

Proof. Define p(x1,- -+ ,x9q) =0 Z?dzl ||z;||”, and apply Theorem 6.1.
[

7. Homomorphisms between Poisson J(C*-algebras

The original motivation to introduce the class of nonassociative alge-
bras known as Jordan algebras came from quantum mechanics (see [24]).
Let £(#) be the real vector space of all bounded self-adjoint linear op-
erators on H, interpreted as the (bounded) observables of the system. In
1932, Jordan observed that £(7) is a (nonassociative) algebra via the
anticommutator product x oy 1= WTW A commutative algebra X with
product z oy is called a Jordan algebra. A unital Jordan C*-subalgebra
of a C*-algebra, endowed with the anticommutator product, is called a
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JC*-algebra. A Poisson C*-algebra, endowed with the anticommutator
product, is called a Poisson JC*-algebra.

Throughout this section, assume that A is a unital Poisson JC*-
algebra with unit e, norm || - || and unitary group U(.A), and that B is
a unital Poisson JC*-algebra with unit ¢/ and norm || - ||.

DEFINITION 7.1. A C-linear mapping H : A — B is called a Poisson
JC*-algebra homomorphism if H : A — B satisfies

H(zoy)=H(x)o H(y),
H({z,y}) = {H(z), H(y)}
for all z,y € A.

We are going to investigate Poisson JC*-algebra homomorphisms be-
tween Poisson J(C™-algebras.

THEOREM 7.2. Let h : A — B be a mapping satistying h(0) = 0 and
h(d"uoy) = h(d"u)oh(y) forally € A, allu € U(A) andn =0,1,2,---,
for which there exists a function ¢ : A**2 — [0, 00) satisfying (5.i) such
that

Uy + Z?L(—l)j/mj +{z,w}
2d

pey + 3050 (1)
2d

||2dh( ) — 2dh( )

71 _22 ,Uh ‘TJ {h(z)a h(w)}H < 90(3317 T X2d; z,w)7

for all z1,- -+ ,9q,2,w € A, and all u € T'. Assume that (7.ii)
lim,, o0 % = ¢’. Then the mapping h : A — B is a Poisson JC*-
algebra homomorphism.

Proof. By the same reasoning as in the proof of Theorem 4.1, there
exists a unique C-linear mapping H : A — B satisfying (5.v).

Since h(d"u oy) = h(d"u) o h(y) for all y € A, all u € U(A) and
n=012-

(7.1) H(uoy) = lim —h(d”uoy) lim d—h(dn u)oh(y) = H(u)oh(y)

n—oo d n—o0

for all y € A and all v € U(A). By the additivity of H and (7.1),
d"H(uoy)=H(d"uoy) = H(uo (d"y)) = H(u) o h(d"y)
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for all y € A and all u € U(.A). Hence
- H(u) o h(d"y) = H(u) o d—lnh(d”y)
for all y € A and all v € U(A). Taking the limit in (7.2) as n — oo, we
obtain
(7.3) H(uoy) = H(u)o H(y)

for all y € A and all u € U(A). Since H is C-linear and each z € A is a
finite linear combination of unitary elements i.e., v = Z;nzl Ajuj (A €
C,u; e U(A)),

(7.2) H(uoy) =

m

H(zovy) Z)\ujoy Z)\H( oy) =Y NH(uj) o H(y)

_ H(Z Ajuj) o H(y) = H(z) o H(y)

for all z,y € A.
By (7.i), (7.1) and (7.3),
H(y) = H(eoy) = H(e) o h(y) = € o h(y) = h(y)
for all y € A. So

for all y € A.
The rest of the proof is similar to the proof of Theorem 5.1. m

COROLLARY 7.3. Let h : A — B be a mapping satistying h(0) = 0
and h(d"uoy) = h(d"u) o h(y) for all u € U(A), all y € A, and all
n=20,1,2,--, for which there exist constants § > 0 and p € [0, 1) such
that

pay + 30 (— 1y + {z,w}
2d

ux 1_'_2] 2( )J+1M ])
2d

12dh( ) — 2dh(

2d
—22 Y uh() — {h(2), h(w) | < 0> [l + ||z + [[w]]?
j=1

for a]lu €T, n=01,2---,and all x1, -+ 294, 2,w € A. Assume

that lim,,_, .o M:e) = ¢'. Then the mapping h : A — B is a Poisson
d g

JC*-algebra homomorphism.
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Proof. Define ¢(a1, -+, waq, 2,w) = 0 350 ||| 4[]z [P + |||, and
apply Theorem 7.1. O

THEOREM 7.4. Let h : A — B be a mapping satistying h(dz) = dh(x)

for all x € A for which there exists a function ¢ : A?**2? — [0, 00)
satisfying (5.1), (7.1) and (7.ii) such that

7.1ii h(d" — h(d" h < ,y,0,-+- .0
(7.1ii) [h(d"u o y) — h(d"u) o h(y)|| < e(u,y )
2d times
for ally € A, all u € U(A) and n = 0,1,2,---. Then the mapping

h : A — B is a Poisson JC*-algebra homomorphism.

Proof. By the same reasoning as in the proof of Theorem 4.1, there
exists a unique C-linear mapping H : A — B satisfying (5.v).
By (7.iii) and the assumption that h(dz) = dh(z) for all x € A,

||h(d”uoy)—h( d"u) o h(y)||

= (@ o d™y) — h(d"d") o h(d"y)]

1 1
< —o(d™u. d™y. 0. - - - < —o(d™u. d™y. 0. - - -
— dzm(p( u? y’ 07 70> — dm(p( u? y? 07 70)7
2d times 2d times
which tends to zero as m — oo by (5.i). So
h(d"uoy) = h(d"u) o h(y)

forally € A, all u € U(A) and n =0,1,2,---. But by (4.1),

H(z) = lim d—h(dn x) = h(z)

n—oo

for all z € A.
The rest of the proof is similar to the proof of Theorem 5.1. O

Now we are going to show the Cauchy-Rassias stability of homomor-
phisms in Poisson JC*-algebras.

THEOREM 7.5. Let h : A — B be a mapping satistying h(0) = 0 for
which there exists a function ¢ : A+ — [0, 00) such that

o(xy, -+, Tog, 2, W, a, b)

<1 . o o
(7.iv) Zd— (Fxy, - Fagg, d 2, dw, da, d'b) < oo
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Ty + Z?iQ(—l)juxj +{z,w}+ao b)

: 2
(Tv)  Jl2dn( 9
pay + 3000 (— )j“/ma
— 2dh( > —2 Z )’ h(x;)
—{h(2), (w)}—h( ) o h(b)]

< QO(ZCl, T, T2dy <, W, a, b)
for all p € T and all z1,--- , 294, 2, w,a,b € A. Then there exists a
unique Poisson JC*-algebra homomorphism H : A — B such that

1

(7.vi) Ih(z) = H(2)l| < 59(z,- -~ ,2,0,0,0,0)

2d times

for all z € A.

Proof. By the same reasoning as in the proof of Theorem 4.1, there
exists a unique C-linear mapping H : A — B satisfying (7.vi).

The rest of the proof is similar to the proofs of Theorems 4.1 and
5.1. O

8. Homomorphisms between Lie JC*-algebras

A unital C*-algebra C, endowed with the Lie product [z,y] = #5%
on C, is called a Lie C*- algebm A unital C*-algebra C, endowed Wlth
the Lie product [-, -] and the anticommutator product o, is called a Lie
JC*-algebra if (C,0) is a JC*-algebra and (C, [, -]) is a Lie C*-algebra
(see [3], [9], [10]).

Throughout this paper, let A be a unital Lie JC*-algebra with norm
|| - ||, unit e and unitary group U(A) = {u € A | uu* = u*u = e}, and B
a unital Lie JC*-algebra with norm || - || and unit €.

DEFINITION 8.1. A C-linear mapping H : A — B is called a Lie
JC*-algebra homomorphism if H : A — B satisfies

H(zoy) = H(x)o H(y),

H([z,y]) = [H(x), H(y)],
H(z*) = H(x)"
for all x,y € A.
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REMARK 8.2. A C-linear mapping H : A — B is a C*-algebra homo-
morphism if and only if the mapping H : A — B is a Lie JC*-algebra
homomorphism.

Assume that H is a Lie JC*-algebra homomorphism. Then

H(zy) = H([z,y) +2zoy) = H([z,y]) + H(z oy)
= [H(x), H(y)] + H(z) o H(y) = H(x)H (y)

for all x,y € A. So H is a C*-algebra homomorphism.
Assume that H is a C*-algebra homomorphism. Then

H([z,y) = H(my ; yx) _ H(x)H (y) ; H(y)H (x) = [H(z), H(y)],
e o) — (V) B0 TG )

for all x,y € A. So H is a Lie JC*-algebra homomorphism.

We are going to investigate Lie JC*-algebra homomorphisms between
Lie JC*-algebras.

THEOREM 8.3. Let h : A — B be a mapping satistfying h(0) = 0 and
h(d"uoy) = h(d"u)oh(y) forally € A, allu € U(A) andn =0,1,2,- -,
for which there exists a function ¢ : A%*? — [0, 00) satisfying (5.i) and
(5.iii) such that

s+ S W+ [l e+ S (1
5d ) — 2dh( > )

81 _22 :U’h ‘7:] [h(z),h(w)]” < Qp(xh e 7x2d7zaw>7

l|2dh(

forallp € TY, and all 1, - - - , T9q, 2z, w € A. Assume that lim,,_, h(g:e)

€¢’. Then the mapping h : A — B is a Lie JC*-algebra homomorphism.

Proof. By the same reasoning as in the proof of Theorem 4.1, there
exists a unique C-linear involutive mapping H : A — B satisfying (5.v).
In the proof of Theorem 7.1, we showed that

H(xoy) = H(x)o H(y)

for all z,y € A, and that the mapping H : A — B is exactly the mapping
h:A— B.
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It follows from (4.1) that

h d2n
(8.1) H(z) = tim M)
n—oo (2"
for all z € A. Let 1 = -+- = 294 = 0 in (8.i). Then we get
[z, w]
2 — <
J2an( %)~ fh(e) bl € 2002w
2d times
for all z,w € A. So
1 [d"z, d"w] 1
L pan( 5T ) b)) < (0. 0.z )
2d times
1
(8.2) < E(’O(O’ <o 0,d"z, d"w)
2d times

for all z,w € A. By (5.i), (8.1), and (8.2),

[27 w] 2dh(d2n%> 2dh( [d"z,d"w] )

2H (55 = Jim = = i S
N SN () N C )
= [H(=). H(w)]

for all z,w € A. So

[z, w]

2d

H([z, w]) = 2dH( ) = [H(z), H(w)]
for all z,w € A.

Therefore, the mapping h : A — B is a Lie JC*-algebra homomor-
phism. O

We are going to show the Cauchy-Rassias stability of Lie JC*-algebra
homomorphisms in Lie JC*-algebras.

THEOREM 8.4. Let h : A — B be a mapping satisfying h(0) = 0 for
which there exists a function ¢ : A?*t* — [0, 00) satisfying (7.iv) such
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that
2d i
r1+ )Y (1) px; + |z, w|+aob
(8.ii) HZdh(M 1 2]72( )y + [z, w] )
2d
p + 300, (= 1)
— 2dh( > —22 )’ h(x;)
— [h(2), h(w)] — h(a) o h(D)|
S 90(3317"' y Xad, 2, W, a, b)7
8.1ii h(d"u*) — h(d"u)*|| < ©(2"u,---,2"u,0,0,0,0
(8.1ii) [7(d"u") — h(d"u)*|| < o(2"u u )

2d times

forallp € T allu € U(A),n =0,1,2,---, and all Ty, - -+ , Tag, 2, W, a,b €
A. Then there exists a unique Lie JC*-algebra homomorphism H : A —
B satisfying (7.vi).

Proof. By the same reasoning as in the proof of Theorem 4.1, there
exists a unique C-linear involutive mapping H : A — B satisfying (7.vi).
The rest of the proof is similar to the proof of Theorem 8.1. m

9. Cauchy-Rassias stability of Lie J(*-algebra derivations in
Lie JC*-algebras

DEFINITION 9.1. A C-linear mapping D : A — A is called a Lie
JC*-algebra derivation if D : A — A satisfies

D(zoy) = (Dz)oy+zo (Dy),
D([z,y]) = [Dz,y] + [z, Dy],
D(z") = D(z)"

for all z,y € A.

REMARK 9.2. A C-linear mapping D : A — A is a C*-algebra deriva-
tion if and only if the mapping D : A — A is a Lie JC*-algebra deriva-
tion.

Assume that D is a Lie JC*-algebra derivation. Then

D(zy) = D([z,y] + xoy) = D([z,y]) + D(z o y)

= [Dz,y] + [z, Dy] + (Dz) oy + x o (Dy) = (Dx)y + x(Dy)
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for all x,y € A. So D is a C*-algebra derivation.
Assume that D is a C*-algebra derivation. Then

Y — Yt (Dx)y + x(Dy) — (Dy)z — y(Dx)

D([z,y]) = D(

2 2

= [Dz,y] + [z, Dy],

vy +yr. (Dx)y+x(Dy) + (Dy)r + y(Dx)
D(zoy) =D(——) = 5

= (Dz)oy+x o (Dy)
for all x,y € A. So H is a Lie JC*-algebra derivation.

We prove the Cauchy-Rassias stability of Lie JC*-algebra derivations
in Lie JC*-algebras.

THEOREM 9.3. Let h : A — A be a mapping satisfying h(0) = 0 for
which there exists a function ¢ : A%+ — [0, 00) satisfying (7.iv) and
(8.iii) such that

pry + Z?iQ(—l)juan + [z,w] +ao b)

A 2dh
(94)  [l2d( -
pr + Ziiz(—l)jﬂﬂxj 2 :
— 2dh = )= 2 -1 uh(a)
— [h(2), w] = [z, h(w)] = h(a) o b —ao h(D)|
< 90(3717 cor, T2, 2, W, A, b)
for all € T! and all xy,--- , %24, 2,w,a,b € A. Then there exists a
unique Lie JC*-algebra derivation D : A — A such that
1
(9.i1) |h(z) — D(z)]] < 5@(% -, 2,0,0,0,0)
2d times

for all z € A.

Proof. By the same reasoning as in the proof of Theorem 4.1, there
exists a unique C-linear involutive mapping D : A — A satisfying (9.ii).
The mapping D : A — A is given by

1
(9.1) D(z) = lim —h(d"z)

n—oo "

for all z € A.
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It follows from (9.1) that

. h(d*™z)
(9.2) D(x) = nh_)rgo T
forallz € A. Let x; = -+ =295 =a=0=01n (9.i). Then we get
J2dn( 1)~ [h(2), w] 2 A(w)]] < 0.~ 0,2,1,0,0)
2d times
for all z,w € A. Since
mn mn 1 m mn
%QO(O, ,O,d Z,d 'lU,0,0) S d—ngo((), ,O,d Z,d w,0,0),
2d times 2d times
1 d"z,d"w W\ m n .
L pan( ) iz, vl - @z m@rw))
d 2d
1 n mn
(93> < %@(07 707d Zad U),0,0)

2d times
1
< %cp(0,0,d”z,d”w,0,0)
for all z,w € A. By (7.iv), (9.2), and (9.3),

n [z,w] [d"z,d"w]
24D(5 ) = Jim =5 = = lim ——
h(d"z) d"w, d"z h(d"w)

= (e e T )

= [D(z2),w] + [z, D(w)]
for all z,w € A. So
[z, w]

D((z,u]) = 2aD(Z2 )

= [D(z),w] + [Z,D(’LU)]

for all z,w € A.
Similarly, one can obtain that

aob,  2dh(Tpeby  odp({dh)
PG T T e T

[ h(da). A" d'a  h(d")
= i (M50 (D 4 (G o (HED)

n—oo

= (Da) ob+ao (Db)
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for all a,b € A. So
aob

D(aob)=2dD( 57

) = (Da)ob+ ao (Db)

for all a,b € A.
Hence the mapping D : A — A is a Lie JC*-algebra derivation
satisfying (9.ii), as desired. O

COROLLARY 9.4. Let h : A — A be a mapping satistying h(0) = 0
for which there exist constants § > 0 and p € [0, 1) such that

s + (1w [zl +aob,

12dh( -
pay 4+ Yt (— )]“MIJ
— 2dh( > - 22 )’ h(x;)
— [h(2), w] = [z, h(w )]—h( Job—aoh(b)
2d
<O Nzl + lzl” + Nwll” + llal” + |[b]7,
j=1

1h(d™u*) — h(d™)*|| < 2d - d"P0

forallp € T allu € U(A),n =0,1,2,---, and all 1, - -+ , Tag, 2, W, a,b €
A. Then there exists a unique Lie JC*-algebra derivation D : A — A

such that
p+1

d:
Ihz) = D@ < ——— 6|

for all x € A.
Proof. Define (1, , %34, 2, w, a,b) = 0(25& 5|7+ || 2 ]|P+ | Jw [P+
|lal|P + ||b]|?), and apply Theorem 9.1. =
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