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AT LEAST TWO SOLUTIONS FOR THE SEMILINEAR
BIHARMONIC BOUNDARY VALUE PROBLEM

TACKSUN JUNG* AND Q-HEUNG CHOI'

ABSTRACT. We get one theorem that there exists a unique solu-
tion for the fourth order semilinear elliptic Dirichlet boundary value
problem when the number 0 and the coefficient of the semilinear part
belong to the same open interval made by two successive eigenvalues
of the fourth order elliptic eigenvalue problem. We prove this result
by the contraction mapping principle. We also get another theorem
that there exist at least two solutions when there exist n eigenvalues
of the fourth order elliptic eigenvalue problem between the coeffi-
cient of the semilinear part and the number 0. We prove this result
by the critical point theory and the variation of linking method.

1. Introduction

Let ©2 be a bounded domain in R™ with smooth boundary 02 and let
b € R be a constant. Let Ay(k = 1,2,---) denote the eigenvalues and
or(k = 1,2,--+) the corresponding eigenfunctions, suitably normalized
with respect to L*(€2) inner product, of the eigenvalue problem Au-+\u =
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0 in ©Q with v = 0 on 0€),where each eigenvalue ), is repeated as often
as its multiplicity. We recall that Ay < Ay < A3... — +00, and that
¢1(z) > 0 for x € Q. In this paper we investigate the existence and
the multiplicity of the solutions for the following fourth order semilinear
elliptic equation with Dirichlet boundary condition

APy + cAu = g(u), in €, (1.1)

u =0, Au =0 on 0f),
where ¢ € R. Let us set

g(u) =b((u+1)" - 1),

where ut = max{u,0} and b € R. Tarantello [10] studied problem (1.1)
when ¢ < A; and b > A (A — ¢). She showed that (1.1) has at least
two solutions, one of which is a negative solution. She obtained this
result by the degree theory. Micheletti and Pistoia [8] also proved that
if ¢ < A; and b > Ag(Ay — ¢), then (1.1) has at least three solutions by
the Leray-Schauder degree theory. Choi and Jung [3] showed that the
problem

Ay + cAu=but + s in €, (1.2)
u =0, Au=0 on 0f)

has at least two nontrivial solutions when ¢ < A, A\j(A\; —¢) < b <
Ao(A2—c) and, s < 0 or when \; < ¢ < Ay, b < A\j(A\;—c) and s > 0. The
authors obtained these results by using the variational reduction method.
The authors [5] also proved that when ¢ < A, Aj(A—¢) < b < Ay(Ay—c¢)
and s < 0, (1.2) has at least three nontrivial solutions by using degree
theory.

The eigenvalue problem A%u+cAu = pu in Q with u = 0, Au =0
on 0N has also infinitely many eigenvalues py, = A\p(A, — ¢), & > 1 and
corresponding eigenfunctions ¢, k > 1. We note that \;(A\; — ¢) <
)\2()\2 — C) < /\3()\3 — C) < v

Our main results are as follows:

THEOREM 1.1. Let A, < ¢ < )‘k—i-l and /\k()\k—c) < 0, b < )\k+1<)\k+1_
¢). Then (1.1) has a unique solution.

THEOREM 1.2. Let A\, < ¢ < )\k+1 and )\k<)\k — C) <0< )\k+1<)\k+1 —
C) <0 < )\k+n<)\k+n_C) <b< )\k+n+1(>\k+n+1 —C), k 2 1, n Z 1. Then
(1.1) has at least two nontrivial solutions.
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Under the assumptions of Theorem 1.1 and Theorem 1.2, we cannot
use the Leray-Schauder degree theory to prove main results because we
cannot show the existence of a positive solution or a negative solution
and because we can not find the unsolvabe condition of the problem

Au A4 cAu = b((u+1)" — 1) + sé1(x), in Q,
u =0, Au =0 on 0f).
By these reasons we use the critical point theory and variation of linking

method for the proof of Theorem 1.2. In section 2, we introduce the

Hilbert space and prove Theorem 1.1. In section 3, we prove Theorem
1.2.

2. Proof of Theorem 1.1

Let H be a subspace of L?(Q) defined by
H={ue L*(Q)] > M —)|h} < o0},
where u = > hydp € L*(Q) with > h% < oo. Then this is a complete
normed space with a norm
lull = 37 A = )17

Since Ap(Ag — ¢) — 400 and c is fixed, we have
(i) A%u + cAu € H implies u € H.

(ii) [Jul| > Cllullr2(q), for some C' > 0.

(iii) [Ju||z2(q) = 0 if and only if |lu|| = 0.

For the proof of the above results we refer [2].

LEMMA 2.1. Assume that ¢ is not an eigenvalue of —A, b # A\ (Ax, —¢)
and bounded. Then all solutions in L*(2) of

Ay cAu=b((u+1)" —1) in L*Q)

belong to H.
Proof. Let us write b((u +1)T — 1) =3 hpoy € L*(Q).
(A2 4 cA) b+ 1) 1) =5 mhm € L*(Q).

(A% +cA)T0((u+ 1) = 1) = M — )l oo
< O hi = Cllullfz,) < oo
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for some C' > 0. Thus (A% + cA)" ' (b((u+1)* — 1)) € H. O

With the aid of Lemma 2.1 it is enough that we investigate the exis-
tence of the solutions of (1.1) in the subspace H of L?((2).

PrROOF OF THEOREM 1.1.
Assume that A\, < ¢ < A\gqq and Ap(Ap —¢) <0, b < Agi1(Apy1 — ¢). Let
r = 3{ (M — €) + Apy1(Aep1 — ©)}. We can rewrite (1.1) as

(A +cA—ru=blu+1)" —r(u+1)t+ru+1)" —ru—>b, in L*(Q)

(2.1)
u =0, Au=0 on 0f).
or
u=(A*+cA—r) " o(u+ 1) —r(u+1)"+ru+1)T—ru—>], in L*(Q),
(2.2)

u =0, Au=0 on 0f).
We note that the operator (A% +cA —7)~! is a compact, self-adjoint and
linear map from L?(Q) into L?(Q) with norm 2 and

)\k+1()\k+1_c)_)\k()‘k_c) )
(= r){(uz + )" = (ur + )"+ r{(u2 +1)7 = (1 + 1)"} = r(uz — w)

< max{|b — 7|, [r[}uz — w]

1
< §{>\H1(>\k+1 —¢) = Me(Ak — ) Hlug — u .

Thus the right hand side of (2.2) defines a Lipschitz mapping from L?(2)
into L?() with Lipschitz constant < 1. By the contraction mapping
principle, there exists a unique solution u € L?(€2) of (2.2). By Lemma
2.1, the solution u € H. We complete the proof. O

3. Proof of Theorem 1.2

Throughout this section we assume that A\, < ¢ < A1 and Agprn (Akin
—¢) < b < Aggns1(Akins1 — ¢). We shall prove Theorem 1.2 by applying
the variational linking method (cf. Theorem 4.2 of [8]). Now, we recall
a variation of linking theorem of the existence of critical levels for a
functional.

Let X be a subspace of H, p > 0 and e € H\ X, e # 0. Let us set

By(X) = {z € X| |[z[| < p},
Sp(X) = {z € X[ |l=]| = o},
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Ay(e, X) ={oe+v|oc>0,veX,l|oe+v| <p},
Yo(e,X)={oe+v|o>0,ve X, [oe+v|]|=ptU{vveX,|v| <p}

THEOREM 3.1. (“A Variation of Linking”) Let H be an Hilbert space,
which is topological direct sum of the subspaces H; and H,. Let F' €
C'(H, R). Moreover assume:

(a) dim Hy < 400;

(b) there exist p >0, R > 0 and e € Hy, e # 0 such that p < R and
sup F'< inf F;
S,(Hy) k(e H2)

(c) —oo < a = infa e, m) F

(d) (P.S.)c holds for any c € [a,b], where b = supg (y,) F.

Then there exist at least two critical levels ¢; and ¢y for the functional

F such that :

infi F<e¢ < sup F< inf F<e < sup F.
Ag(e,Hz) S,(Hi) Tr(e Hz) B,(Hi)
With the aid of Lemma 2.1 it is enough that we investigate the exis-
tence of the solutions of (1.1) in the subspace H of L*(Q)
Let us define the functional

1 b
F(u):/§|Au\2—g|Vu\2—§|u—i—1|+—bu. (3.1)
Q

By the assumption of Theorem 1.2, F'(u) is well defined. By the follow-
ing lemma, F'(u) € C'. Thus the critical points of the functional F'(u)
coincide with the weak solutions of (1.1).

LEMMA 3.1. Assume that Ay < ¢ < Agy1 and My Apyn —¢) < b <
Metnt1(Aktnt1—c). Then the functional F'(u) is continuous and Frechét
differentiable in H and

DE(u)(h) = /[Au A= ¢Vu-Vh—blu+ 1 h—bhlde  (3.2)
Q
for h € H.

Proof. First we shall prove that F'(u) is continuous at u. Let u € H.

F(utv)—F(u) = /

1 b
518 () =5 |V (u0) P3| (10 1) P =b(u-+v) da
Q

1 c b
o —A 2 = 2 7 1+2_
/Q[Z‘ ul Q\Vu\ 2\(u+ )T° = buldx
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:/[u-(AQU—l—cAU)—i-%v-(AQv—I—CAU)—(g|(u+v+1)+|2—g|(u—i—1)+|2—bv)]dx.
Q
Let u="> hpop, v=>_ hyé%. Then we have

[ @0 cn)dn] = |32 [ M= ] < Jul o]
Q Q

|/Qv (A0 + cAv)dz| = |Z)\k()\k —o)h2| < |jv]*.
On the other hand, by Mean Value Theorem, we have
b b
151+ o+ 1)7F = Sl + DI < bljoll.
Thus we have
b b
11w+ 0+ )7 = Slu+ 17 = bol| < 2bflv]l = O(lv]))-

Thus F(u) is continuous at u. Next we shall prove that F(u) is Fréchet
differentiable at v € H. We consider

[F(u+v) — F(u) — DF(u)o| = | /Q %U(A% +cAw)
(Gl v+ D — 2l D*P bt 1))

< Sloll* + bllvll + b(|full + 1)]v]

N | —

1
= ol llvll + 0+ b([full + 1)) = O([lv]])-
Thus F(u) is Fréchet differentiable at u € H. O

Let H' be the subspace of H spanned by the eigenfunctions corre-
sponding to the eigenvalues A\(A — ¢) > 0 and H~ the subspace of H
spanned by the eigenfunctions corresponding to the eigenvalues A(A —
¢) < 0. Then H= H" & H". Let Hj., be the subspace of H spanned by
®1,°+ , Qr+n Whose eigenvalues are A;(A; — ¢), -+, Aern(Apn — ©). Let
Hi-  be the orthogonal complement of Hj_,, in H. Then

k+n
H=Hyn® Hi

Let L : H — H be the linear continuous operator such that

(Lu)v = /Q(A2u + cAu) -vdx —r /Q uvdz. (3.3)
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Then L is an isomorphism and Hyy,, H li_Jrn are the negative space and
the positive space of L. Thus we have

Vu € Hyyp - (Lu)u < (Mpgn(Apgn — ) — 7)|[u]?,
Vue Hy, o (Lu)u > (st esnsr — ©) — ) Jull®
Thus there exists v > 0 such that
(Lu)u < —v|ul?, (3.4)
(Lu)u > v|ul]*. (3.5)

We can write .
Flu) = 5 (Luju — p(w),
where

(u) = /Q[g|(u + 1) —bu — %mﬂ]dm.

Since H is compactly embedded in L2, the map Dv : H — H is compact.

LEMMA 3.2. Let )\k <c< >\k+1 and )\k_t'_n(Ak_i_n—C) <b< )\k+n+1 (/\k+n+1
—c). Then F(u) satisfies the (P.S.), condition for any v € R.

Proof. Let (u,) be a sequence in H with DF (u,,) — 0 and F(u,) — .
Since L is an isomorphism and D1 is compact, it is sufficient to show
that (u,) is bounded in H. We argue by contradiction. we suppose that
|lun|] = +o0. Let v, = - Up to a subsequence, we have v, — v in

H. Since DF (u,,) — 0, we get

DE(un)tn _ (Lvn)v, — /Q [b(v, +

[[un®

1 Up,
Vv, —b
lunl” " [l

—rvi]de — 0.

(3.6)
Let P* : H — Hj,, and P~ : H — Hy, denote the orthogonal
projections. Since P*v, — P~ v, is bounded in H, we have

1
(LP*v,)PTv, — (LP v,)P v, — /[b(vn + W)+(P+Un — P v,)
Q Un,
P*tv, — P v,
[[en
Since P*v, — P"v, — PTv— P v in H, from (3.4) and (3.5) we get

—b — rv,(PTv, — P7v,)]dz — 0. (3.7)

0<v||* < /Q[(bv+ —rv)(Ptv — P~ v)]dx.
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Hence v # 0. On the other hand, from (3.7), we get

(LP*v)PTv — (LP v)P v — /[bv+(P+v — Pv)
Q
—r(PTv+ P~ v)(PTv — P v)]dx = 0. (3.8)
Let us choose v € HT. Then from (3.8), we have

0= (LP"v)PTv— (LP v)P v — /[bv*(P*v — P7v)
—r(Ptv+ P v)(PTv — P v)ldx

> (LPTv)PTv — (LP v)P v — /[bv(P+v — P7v)
Q
—r(Ptv+ P v)(PTv— P v)ldx

= (LP™v)PTv — (LP v)P v — /[b(Pﬂ/ + P70)(Ptv — P o)
—r(Pto+ P v)(Ptv — P v)]dx

> {()\k+n+1(/\k+n+1 - C) - 7") - (b - 7")}
/ (P*0)* — {(Mengn — €)) — 1) — (b= 1)} / (P vy
Q Q

>0 (3.9)
Since (>\k+n+1()\k+n+1 - C) - T) - (b - T) > (0 and —()\k+n(>\k+n - C)) -
r)— (b—r)) > 0, the left hand side of (3.9) is positive or equal to 0, so

the only possibility to hold (3.9) is that PTv = 0 and P~v = 0. Thus
v = 0. This is a contradiction. We complete the proof. O

LEMMA 3.3. Let \p, < ¢ < >\k+1 and )\k+n(/\k+n—c) <b< >\k+n+1 (/\k+n+1
—c). Then
(i) there exists Ry, > 0 such that the functional F(u) is bounded from
below on H-_ ;

k+n>

inf  F(u) >0 and inf  F(u) > —o0. (3.10)
UEHkL_’_n uEHkL-HL
lull=Rgyrn el <Rgqrn

(ii) there exists pyi, > 0 such that

sup F(u) <0 and sup  F(u) < 0. (3.11)
u€Hy uw€Hy
lell=prtn lell <prn
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Proof. (i) Let u € Hi,,,. Then we have

1 r
lim F(u)> lim =(1-— ul?
uEHkl+n ( ) - uerLJrn 2( >\k+n+1 ()\k+n+1 — C))“ ||

lull=+o0 llufl—oo

b
— lim [§|(u + 1) —bu — gu2]daz

1
uEHkJrn QO

llufl—+oc
1 r b r
> lim —(1— ul?*—  lim / —(u?4+1)—=u?dz
ueri_"_n 2( )\k+n+1 (/\k—l-n—i-l — C))H H uerl_"_n 9[2( ) 2 ]
fl]|—o00 lul =+ infty
1 1 b
> lim S(1— r Ml = Tim —(b—r)/u2——|§2|
w€HE, | 2 )‘k+n+1<)\k+n+1 — C) weHk 2 Q 2
[lu||—+oc0 ||| —+oco
— 400,

. Metrit Ot =€) = An gn —
since b — 7 < Apnst (Nogng1 — ¢) — 7 = DeenetQriner =0 Anen eyn =)

2
Thus there exists Ry, > 0 such that inf . Hk F(u) > 0. Moreover if

lull =Ry 4
u € Hif,, with ||Ju|| < Rg+n, then we have

1 b
F(u) 2 §(Ak+n+1()‘k+n+l - C))HUH%Q(Q) - /9[5(u +1)% — bu]dz

1 b
> 5 0uniaOusnis =) = Bl — [ [Fldo > —x.
Thus we have inf e, F(u) > —oo0.

llull<Rpn

(ii) Let w € Hyyp, Then

(Lu)u < (Agen(ANggn — ) — 1) / u?dx

Q
S )\k+n(>\k+n - C) - )\k+n+1<>\k+n+1 - C) / U+2,
2 Q

1 +12 2 L +2

[=b|(u+ 1)T|* = bu — ru”lde > [ [=blu™|* — bu — ru™7]dx,

2 2

Q Q

so that
F(u)

< lAkM(/\kJrn —¢) = Megn1 (Megng1 — ©) / u+2_b —r / u+2+/ budx
2 2 Q 2 Ja @
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< E{Ak—ﬁ-n(/\k—i-n - C) — Mkgnt1 (/\k+n+1 - C)
-2 2
Since Xtn(Aien=c)= ’\’””“(A’“*”“ ) _(b—r) < 0, there exists pgn > 0 such

that if u € Hyyp and llu|| = prin, then sup F( ) < 0. Moreover, if u €
1 { /\Ic+n(/\k+n—c)—/\k+n+1(>\k+n+1—c)
2 2

—(b=r) I [0y Hllull 20

Hyin and ||u|| < pgin, then we have F'(u) <

—(b =)t 1720y + Ollullr2(@) < bllullrz@) < oc. O
LEMMA 3.4. Let )\k <c< )\k-‘rlﬁ >\k+n(/\k‘+n_c) <b< >\k+n+1(/\k‘+n+1_
c) and let e; € span{¢py1,- -, Prin} With |[e1]| = 1. Then there exists
Rk+n such that Rk+n > Pk4n;
inf F(u) >0 and inf F(u) > —
uEERk’_’_n (elkaL-&-n) uEARk*_HL (el,Hkl_'_n)
Proof. Let us chose u € Hi,, ando > Oand e; € span{¢yi1,- -+ , Ppin}

with ||e;1]| = 1. Then we get

1 2
Flu+oep) > /\k+n+1(/\k+n+1 - C)||U||L2(Q) + 5 ||€1||

_ /[g(u +oe; +1)2 —b(u+ oey)|de
Q

1 o?
= 5{)\k+n+1(/\k+n+1 —c)— b}||u||2L2(Q) + 7(/\ - b))||€1||2L2(Q)

— b ||ull 2@ el n2i) — §|Q|7

where A\gp1(Agr1 — ¢) < A < Mein(Agen — ¢). Choose o > 0 so mall
that %|le;]|* is small. We can choose a number Ry, > 0 such that
Riin > 0, Ritn > Prin, and inf weHE, 020 F(u+oep) > 0. Moreover if

lutoerll=Ryy,

€ H,,, 0> 0 |Ju+ oer]| < Ripn, then Fu) > G (A = b)]ler]|?aq

ba||u||L2 Jlleillz2) — 219 > —oo. Thus we prove the lemma. O

PROOF OF THEOREM 1.2.
By Lemma 3.1, F(u) is continuous and Frechét differentiable in H. By
Lemma 3.2. F'(u) satisfies the (P.S.)., condition for any v € R. We note
that the subspace S, N Hy1, and the subspace Xg - (e1, Hi-, link at
the subspace {e;}. By Lemma 3.3 and Lemma 3.4, we have
sup F(u) < inf F(u).

UES, NHyg4n UGERk;n (el’Hlé]rn

Pk+n
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By Lemma 3.4, we also have inf,c pejra, - (o1, 2, ) F(u) > —oo. Thus by
k+n ’ n

the variation of linking Theorem 3.1, there exists at least two nontrivial
solutions of (1.1). Thus we complete the Theorem 1.2. O

1]

[10]
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