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LIPSCHITZ AND ASYMPTOTIC STABILITY OF
NONLINEAR SYSTEMS OF PERTURBED
DIFFERENTIAL EQUATIONS

SanG I Caor AND YooN HOE Goo*

ABSTRACT. In this paper, we investigate Lipschitz and asymptotic
stability for perturbed nonlinear differential systems.

1. Introduction

The notion of uniformly Lipschitz stability (ULS) was introduced by
Dannan and Elaydi [9]. This notion of ULS lies somewhere between
uniformly stability on one side and the notions of asmptotic stability in
variation of Brauer[2,4] and uniformly stability in variation of Brauer
and Strauss[3] on the other side. An important feature of ULS is that
for linear systems, the notion of uniformly Lipschitz stability and that of
uniformly stability are equivalent. However, for nonlinear systems, the
two notions are quite distinct. Furthermore, uniform Lipshitz stability
neither implies asymptotic stability nor is it implied by it. Also, Elaydi
and Farran[10] introduced the notion of exponential asymptotic stabil-
ity (EAS) which is a stronger notion than that of ULS. They investigated
some analytic criteria for an autonomous differential system and its per-
turbed systems to be EAS. Pachpatte[15] investigated the stability and
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asymptotic behavior of solutions of the functional differential equation.
Gonzalez and Pinto[11] proved theorems which relate the asymptotic
behavior and boundedness of the solutions of nonlinear differential sys-
tems. Choi et al.[6,7,8] examined Lipschitz and exponential asymptotic
stability for nonlinear functional systems. Also, Goo et al.[5,12,13] in-
vestigated Lipschitz and asymptotic stability for perturbed differential
systems.

In this paper we will obtain some results on ULS and EAS for nonlin-
ear perturbed differential systems. We will employ the theory of integral
inequalities to study Lipschitz and asymptotic stability for solutions of
the nonlinear differential systems. The method incorporating integral
inequalities takes an important place among the methods developed for
the qualitative analysis of solutions to linear and nonlinear system of
differential equations.

2. Preliminaries

We consider the nonautonomous nonlinear differential system

(2.1) () = f(t,x(t),  x(to) = o,

where f € C(RT x R"R"), RT = [0,00) and R" is the Euclidean n-
space. We assume that the Jacobian matrix f, = 0f/0x exists and is
continuous on RT x R™ and f(¢,0) = 0. Also, we consider the perturbed
differential system of (2.1)

t
(2.2) y =f(ty) +/ 9(s,y(s))ds, y(to) = yo,

to
where g € C(RT x R"R") | ¢g(t,0) = 0. For z € R, let |z| =
(>0, 23)/2. For an n x n matrix A, define the norm |A] of A by
Al = SUP|z|<1 |Az].

Let x(t, to, x9) denote the unique solution of (2.1) with z(tg, to, z9) =

T, existing on [ty,00). Then we can consider the associated variational

systems around the zero solution of (2.1) and around x(t), respectively,

(2.3) V'(t) = fo(t,0)u(t), v(te) = o

and
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(2.4) 2'(t) = fu(t, x(t, to, x0))z(t), 2(to) = z0.
The fundamental matrix ®(¢,tg, xo) of (2.4) is given by

0
@(t, to, .Z’O) = %x(ta to, -730)7
0

and ®(t,1,0) is the fundamental matrix of (2.3).
Before giving further details, we give some of the main definitions
that we need in the sequel[8].

DEFINITION 2.1. The system (2.1) (the zero solution z = 0 of (2.1))
is called
(S)stable if for any € > 0 and tg > 0, there exists § = §(tg,€) > 0 such
that if |xg| < 6 , then |z(t)| < e for all t > ¢, > 0,
(US)uniformly stable if the ¢ in (S) is independent of the time t,
(ULS) uniformly Lipschitz stable if there exist M > 0 and § > 0 such
that |z(t)| < M|x¢| whenever |xo| <6 and t > t5 > 0
(ULSV) uniformly Lipschitz stable in variation if there exist M > 0 and
d > 0 such that |®(t, o, zg) < M for |zo| < and t >ty > 0,
(EAS) exponentially asymptotically stable if there exist constants K > 0
,c¢> 0, and 0 > 0 such that

l2(t)| < K |zole %) 0 <ty < t,

provided that |zq| < 0,
(EASV) exponentially asymptotically stable in variation if there exist
constants K > 0 and ¢ > 0 such that

|B(t, to, z0)| < K e 70 0 <ty < t,
provided that |zq| < oo.
REMARK 2.2. [11] The last definition implies that for |z < §

2(t)] < K |zgle™) 0 <ty < t.

We give some related properties that we need in the sequel.
We need Alekseev formula to compare between the solutions of (2.1)
and the solutions of perturbed nonlinear system

(25) y/ = f(t7y) + g(tvy)v y(tO) = Yo,
where g € C(RT x R",R™) and ¢(¢,0) = 0. Let y(t) = y(¢, to, yo) denote
the solution of (2.5) passing through the point (to, 7o) in RT x R™.
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The following is a generalization to nonlinear system of the variation
of constants formula due to Alekseev [1].

LEMMA 2.3. Let x(t,t9,y0) and y(t,t9,yo) be a solution of (2.1) and
(2.5), respectively. If yo € R", then for all t such that x(t,to,yo) € R",

Wit to.u0) = ot fow) + [ B(t,5,(5) gl y(5)) .

to

LEMMA 2.4. [12] Let u,p, q,w € C(RT), w € C((0,00)) and w(u) be
nondecreasing in u. Suppose that for some ¢ > 0,

u(t) < c+/ p(s) /S q()w(u(r))drds, t > t.

to to

u(t) < Wt [W(C) + /tp(s) /S q(T)des}, to <t < by,

to to

where W (u) = [ -2 > ug > 0, W~(u) is the inverse of W (u), and

ug w(s)

t s
b, = sup {t >ty Wi(e) +/ p(s)/ q(r)drds € domW_l}.
to to
LEMMA 2.5. [8](Bihari-type inequality) Let u, A € C(R™"),
w € C((0,00)) and w(u) be nondecreasing in u. Suppose that for some
c>0,

u(t) <c+ /t)\(s)w(u(s))ds, 0<ty<t.

Then

u(t) < W [W(c) + /t)\(s)ds}, to <t < by,

to

where W, W~ are the same functions as in Lemma 2.4 and

t
by = sup {t >ty : W(e) +/ A(s)ds € domW’l}.

to

LEMMA 2.6. [5] Let u, A\, Ao, A3, w € C(R™), w(u) be nondecreasing
inu and u < w(u). If , for some ¢ > 0,

u(t) < c+/ A (s)u(s)ds +/ Aa($) /8 As(T)w(u(T))drds, t >ty >0,

to to to
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then

u(t) < Wl [W(c) + / t(A1<s) 4 Na(s) / s A3<7)d7)ds], to <t < by,

to to

where W, W~ are the same functions as in Lemma 2.4, and

by = sup {t >ty W(c) +/t()\1(s) + () / \s(7)dr)ds € domW’l}.

to to

LEMMA 2.7. [5] Let u, )\1,)\2,)\3,)\4,)\5,)\6 S C(R+), w € O((0,00))

and w(u) be nondecreasing in u, u < w(u). Suppose that for some ¢ > 0,

u(t) < ¢ +/ Al(s)u(s)ds—i-/ Xa(s)w(u(s))ds

to to

n / () / C\(F)u(r)drds

to to

+ [ [ Natrututrards, 0< <t

to to

Then

u(t) < W1 [W(c) + /t()\l(s) + Aa(s) + As(s) /S M(T)dT

to to

s (s) / 8 A@(T)d’f)ds} ,

to
to <t < by, where W, W~ are the same functions as in Lemma 2.4,

and

s

by = sup {t >ty : W(e) + /t()\l(s) + Aa(s) + /\3(3)/ Ai(T)dT

to to

+As5(s) /S Xe(T)dT)ds € domW_l}.

to

We obtain the following corollary from Lemma 2.7.

COROLLARY 2.8. Let u, A1, A2, A3, A4, A5 € C(RY), w € C((0,00))
and w(u) be nondecreasing in u, u < w(u). Suppose that for some ¢ > 0
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and 0 <ty <t,

u(t) < c+ / M(s)u(s)ds + / " Mals) / " As(r)u(s)ds

to to to

+ / t M(s) / A (F)w(u(r))drds.

to to

Then

u(t) < W [W(c) +/ (A1(8) + Aa(s) /S A3(T)dT + Ay(s) /S /\5(T)d7')ds},

to to to

t

to <t < by, where W, W~ are the same functions as in Lemma 2.4,
and

by = sup {t >t +ft (A1(s) + Aa(s )ftz A3(T)dT

Fi(5) Ji) As(r)dr)ds € domW ]

3. Main Results

In this section, we investigate Lipschitz and asymptotic stability for
solutions of the nonlinear perturbed differential systems.

THEOREM 3.1. For the perturbed (2.2), we assume that

l9(t,y)] < a(t)yw(ly(®)]),

where a € C(RT), a,w € L;(RT), w € C((0,00)), w(u) is nondecreasing
in u, and 2w(u) < w(%) for some v > 0,

(3.1) M(to) = W™ )+ M / / des

where M (tg) < oo and by = oco. Then the zero solution of (2.2) is ULS
whenever the zero solution of (2.1) is ULSV.

Proof. Let z(t) = x(t,t9,yo) and y(t) = y(t, to, yo) be solutions of (2.1)
and (2.2), respectively. Since x = 0 of (2.1) is ULSV, it is ULS([9], Theorem
3.3). Using the nonlinear variation of constants formula and the ULSV
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condition of z = 0 of (2.1), we obtain

ly(t)| < |=(t \+/\<I>tsy |/]g 7))|dTds

§M|y0|+/t M|y0|/t a(7)w(|y(7—)|)drds.

|y0|

Set u(t) = |y(t)||yo]~*. Then, an application of Lemma 2.4 yields

[y(®)] < [yolW ! +M// r)drds).
Thus, by (3.1), we have |y(t)| < M(to)|yo| for some M (ty) > 0 whenever
lyo| < &, and so the proof is complete. ]

Letting w(y(t)) = y(t) in Theorem 3.1, we obtain the following corollary.

COROLLARY 3.2. For the perturbed (2.2), we assume that

l9(t,y)| < a(®)]y(1)],
where a € C(R") and a € L (R"),

M (tg) = exp(M / / T)d7ds),

where M (ty) < oco. Then the zero solution of (2.2) is ULS whenever the
zero solution of (2.1) is ULSV.

THEOREM 3.3. For the perturbed (2.2), we assume that
t
[ lots.v(s)ds < ayuuto)).
to

where a € C(RY), a,w € L;(RT) , w € C((0,00)), and w(u) is nonde-
) <

creasing in u, and Tw(u) < w(%) for some v > 0,
(3.2) M(to) = W [W(ag) + M / a(s)ds
to

where M (tg) < oo and by = oco. Then the zero solution of (2.2) is ULS
whenever the zero solution of (2.1) is ULSV.
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Proof. Let x(t) = xz(t,to,yo) and y(t) = y(t,to,yo) be solutions of
(2.1) and (2.2), respectively. Since z = 0 of (2.1) is ULSV, it is ULS.
Applying Lemma 2.3, we obtain

MWSM@Wﬁ[@@&MﬁN[M@MﬂWMS

< Mol + [ arilatsyu s

‘yo‘

Set u(t) = |y(t)||yo|'. Now an application of Lemma 2.5 yields

¢
()] < Jyo|W ™! [W(M) -+ M/ a(s)ds
to

Hence, by (3.2), we have |y(t)| < M(to)|yo| for some M (tg) > 0 whenever
|yo| < 6. This completes the proof. ]

Letting w(y(t)) = y(t) in Theorem 3.3, we obtain the following corollary.

COROLLARY 3.4. For the perturbed (2.2), we assume that

[muwmwgwmm

where a € C(R") and a € L1(RT),
Mity) = exp( | Ma(s)ds)
to

where M (ty) < oco. Then the zero solution of (2.2) is ULS whenever the
zero solution of (2.1) is ULSV.

THEOREM 3.5. Let the solution x = 0 of (2.1) be EASV. Suppose
that the perturbing term g(t,y) satisfies

(3-3) lg(t y()] < e a(t)w(y(®)]),

where o > 0, a,w € C(R"), a,w € L;(R"), and w(u) is nondecreasing
in u. If

(34) M(to) =w! + M/ / deS < 00, t > o,

ato

where ¢ = |yo|Me®* | then all solutions of (2.2) approch zero ast — oo.
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Proof. Let x(t) = xz(t,to,y0) and y(t) = y(t,to,yo) be solutions of
(2.1) and (2.2), respectively. Since the solution z = 0 of (2.1) is EASV,
by remark 2.2, it is EVS. Using Lemma 2.3 and (3.3), we obtain

t S
y(0)] < J2(0)] + / (L, 5,y(s)) / l9(ry(r))|drds
to to
t S
< Mlyp|e—t=t0) 1 / Me—att=9) / e a(Yw(ly(r)|)drds
to to
t s
< M|y0|6_a(t_t°)+/ Me_a(t_s)/ a(T)w(|y(r)]e*")drds.
to to

Set u(t) = ]y(t)] @ Then, an application of Lemma 2.4 and (3.4) obtains
ly(t)] < e W1 c) + M/ / des <ce ™Mi(ty), t > to,
where ¢ = \yOIM e, Therefore, all solutions of (2.2) approch zero as
t — oo. [l
Letting w(y(t)) = y(t) in Theorem 3.5, we obtain the following corollary.

COROLLARY 3.6. Let the solution x = 0 of (2.1) be EASV. Suppose
that the perturbing term g(t,y) satisfies

l9(t, y()] < e a(®)ly(t)],
where a > 0, a € C(RT), and a € L(R"). If

M(ty) = exp/ Meas/ a(t)drds < oo, t > to,
to to

atg

where ¢ = |yo|Me®*® | then all solutions of (2.2) approch zero ast — oo.

THEOREM 3.7. Let the solution x = 0 of (2.1) be EASV. Suppose
that the perturbing term g(t,y) satisfies

(3.5) / 195, 5(s))lds < e a(tyw(y(t)),

where a > 0, a,w € C(R"), a,w € L;(R"), and w(u) is nondecreasing
in u. If

M(ty) =W™! +M/ ds <oo,b1:oo

ato

where ¢ = M|yole®™ , then all solutions of (2.2) approch zero ast — co.



190 S.Choi and Y. H. Goo

Proof. Let x(t) = xz(t,to,yo) and y(t) = y(t,to,yo) be solutions of
(2.1) and (2.2), respectively. Since the solution z = 0 of (2.1) is EASV,
by remark 2.2, it is EVS. Using Lemma 2.3 and (3.5), we have

w01 < )]+ [ 19050 | latrar)lards
< e 4 [ a2 g as

< M|yo|et—to) +/ Me *a(s)w(|y(s)|e*®)ds.
to

Set u(t) = |y(t)|e**. Since w(u) is nondecreasing, an application of
Lemma 2.5 obtains

t
ylo)] < e W Wie) + M [ as)ds
to

where ¢ = M |yple®™. From the above estimation, we obtain the desired
result. ]

Letting w(y(t)) = y(t) in Theorem 3.7, we obtain the following corollary.

COROLLARY 3.8. Let the solution x = 0 of (2.1) be EASV. Suppose
that the perturbing term g(t,y) satisfies

[ latsatoias < atiiyo

where a > 0, a € C(R"), and a € L (R"). If
M(ty) = exp(/ Ma(s)ds) < oo,
to

where ¢ = M|yole®™ , then all solutions of (2.2) approch zero as t — co.

Let us consider the functional differential system

(3.6) ¥ =f(ty) +/ g(s,y(s))ds + h(t,y(t), Ty(t)), y(to) = vo,

to
where g € C(Rt x R",R"), h € C(RT x R" x R",R") , ¢g(¢t,0) = 0,
h(t,0,0) =0, and T : C(R*,R") — C(R*,R") is a continuous operator

We need the lemma to prove the following theorem.
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LEMMA 3.9. Let k,u, A1, A2, A3, Ay € C(RT), w € C((0,00)), u <
w(u) and w(u) be nondecreasing in . Suppose that for some ¢ > 0,
(3.7)

t s
u(t)< o+ / Mi(s) | / [AQ(T)U<T)+A3(T)/
to to to
for t >ty > 0 and for some ¢ > 0. Then
(3.8)

u(t) < W W (o) / M) / Oo(r)+0(7) /

to to to

T

k(r)w(u(r))dr]d7+/\4(s)u(s)] ds,

T

k(r)dr)dT—i—)q(s))ds} :

for ty <t < by, where W, W~ are the same functions as in Lemma 2.4,
and

by = sup {t >to: W(e)+ fti M (8)(fy Na(T) + As(7) [ K (r)dr)dr
+4(s))ds € domWfl}.

Proof. Define a function v(t) by the right member of (3.7). Then

v =20 [ Oateuts) +x6) |

to to

S

k(7 )w(u(r))dr)ds + A4(t)u(t)] ,

which implies

v < no] [ o) +2u0s) [

to to

S

K(7)dr)ds + () |w(v(t),

since v and w are nondecreasing, u < w(u), and u(t) < v(t) . Now, by
integrating the above inequality on [tg,t] and v(tg) = ¢, we have
(3.9)
t s T

o) et [ M) [ Oalr)+Xa() [ k) 4 ads)Jwle(s)ds.

to to to
Then, by the well-known Bihari-type inequality, (3.9) yields the estimate
(3.8). O

THEOREM 3.10. For the perturbed (3.6), we assume that

(3.10) l9(t, y)| < a®)|y(t)] + b(t)/ k(s)w(ly(s)])ds

to

and

(3.11) At y(t), Ty(8))] < c(®)]y(8)],
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where a,b,c,k € C(RT), a,b,c,k € Li(RT), w € C((0,00)), u < w(u),
w(u) is nondecreasing in u, and tw(u) < w(%) for some v > 0,
(3.12)

Mito) =W [Wan+a [ / (@(r)+5(r) | k(r)dr)ar+ e(s))ds],
to to to
where M (ty) < oo and by = co. Then the zero solution of (3.6) is ULS

whenever the zero solution of (2.1) is ULSV.

Proof. Let x(t) = x(t,t9,y0) and y(t) = y(t,to,y0) be solutions of
(2.1) and (3.6), respectively. Since z = 0 of (2.1) is ULSV, it is ULS by
([9],Theorem 3.3) . Using the nonlinear variation of constants formula ,
(3.10), and (3.11), we have

ly(@)| <|a(t |+/|‘1>t8y /IgTy (T)ldr + |h(s, y(s), Ty(s))[)ds

<l + [ waigl [ oM 1 o) [k AN arlar

to to ‘yO’ to ‘CUO’
ly(s )|]
+c ds.
o
Set u(t) = |y(t)||yo|'. Now an application of Lemma 3.9 yields

(0] < W (WO 43 [ ([ (@) +847) [ hiryar)ar + c(s))ds].

to
Thus, by (3.12), we have |y(t)| < M(ty)|yo| for some M (tg) > 0 whenever
lyo| < &, and so the proof is complete. ]

REMARK 3.11. Letting ¢(t) = 0 in Theorem 3.10, we obtain the same
result as that of Corollary 3.2.

THEOREM 3.12. For the perturbed (3.6), we assume that

313) [ losu(s)lds < a®ly(o)] +b0) [ bsuly)is

to
and

(3.14) At y(t), Ty(8))] < c(®)]y(B)],
where a,b,c,k € C(RY), a,b,c, k: € Ll(R+), w € C((0,00)), u < w(u),

w(u) is nondecreasmg in u, and 2w(u) < w(%) for some v > 0,

(3.15) M(ty) = W~ +M/ $)+b(s )/sk(T)dT)ds},

to
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where M (tg) < oo and by = oco. Then the zero solution of (3.6) is ULS
whenever the zero solution of (2.1) is ULSV.

Proof. Let x(t) = xz(t,to,y0) and y(t) = y(t,to,yo) be solutions of
(2.1) and (3.6), respectively. Since x = 0 of (2.1) is ULSV, it is ULS by
([9],Theorem 3.3). Using the nonlinear variation of constants formula ,
(3.13), and (3.14), we have

ly(@)] < |a(t |+/ [@(, 5, y(s / l9(7, y(7))ldT + [(s, y(s), Ty(s))|)ds

+b(s) / k(7 )w( ’y”)')dﬂ ds

SMW+/MmumHmw
4o Yol to Yo

Set u(t) = |y(t)||yo|'. Now an application of Lemma 2.6 yields

0 < bl [0 401 [ (0t ) 4006) [y,

to
Thus, by (3.15), we have |y(t)| < M (to)|yo| for some M (ty) > 0 whenever
lyo| < &, and so the proof is complete. ]

REMARK 3.13. Letting b(t) = ¢(t) = 0 in Theorem 3.12, we obtain
the same result as that of Corollary 3.4.

THEOREM 3.14. Let the solution x = 0 of (2.1) be EASV. Suppose
that the perturbed term g(t,y) satisfies

316) [ lats.(s)lds < e (aloly)] +b00) | kyul(s))ds).

and

(3.17) |h(t,y(2), Ty(t))] < e”*e(t)ly(t)],

where a > 0, a,b,c,k,w € C(RT), a,b,¢c,k,w € Li(RT) and w(u) is
nondecreasing in u, u < w(u), and tw(u) < w(*) for some v > 0. If
(3.18)

M(ty) =W™! [W(c)+M /too(a(s)Jrc(s)er(s) /S ]{?(T)dT)dS] < 00, b = o0,

to

where ¢ = M |yole®™, then all solutions of (3.6) approch zero as t — oo.
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Proof. Let x(t) = x(t,t0,y0) and y(t) = y(t,to,y0) be solutions of

(2.1) and (3.6), respectively. Since the solution z = 0 of (2.1) is EASV,
it is EAS. Using Lemma 2.3, (3.16), and (3.17), we have

y(t)] < Joe |+/|<1>tsy [ ot y(e)r + 1. y(5). T(s) i
< Munfe 0+ [ Mo el

reeps) [ Rmulyn)dr + e els)ly(s)ds

to

< Mlgpleat-) / Me2t(a(s) + c(s))y(s)]eds
/Meo‘tb / E(T)w(|y(T)|e*T)drds.

Set u(t) = |y(t)|e**. Since w(u) is nondecreasing, it follows from Lemma
2.6 and (3.18) that

()| < e W W(c)+ M / s) + b(s) / sk(ﬂdﬂds}

to

<e “M(t ), t > to,

where ¢ = M |yple®®. From the above estimation, we obtain the desired
result. O

REMARK 3.15. Letting b(¢) = ¢(t) = 0 in Theorem 3.14, we obtain
the same result as that of Corollary 3.8.

THEOREM 3.16. Let the solution x = 0 of (2.1) be EASV. Suppose
that the perturbed term g(t,y) satisfies

319 laty(®)] < e (aOly)] + 50 | Hulln(s)hds),

to

and

(3.20) [h(t,y(t), Ty(t))] < e™e(t)ly(t)],
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where a > 0, a,b,¢c,k,w € C(RT), a,b,¢c,k,w € Li(RT) and w(u) is
nondecreasing in u, u < w(u), and tw(u) < w(%) for some v > 0. If
(3.21)

M(ty) = W [W(e)+M /t:o(c(s)++ /t:a(r)d7'+b(s) / sk(T)dT)ds} < oo

to
by = oo ,where ¢ = M|yo|e®™, then all solutions of (3.6) approch zero as
t — o0.

Proof. Let x(t) = x(t,to,y0) and y(t) = y(t,to,yo) be solutions of
(2.1) and (3.6), respectively. Since the solution z = 0 of (2.1) is EASV,
it is EAS. Using Lemma 2.3, (3.19), and (3.20), we have

(01 <1eto)] + [ 19050 [ ot + 1Gs,5(6) Tu(s)as
< Mol [ Ve [ (i)

to

+e70(T) /T k(r)w(ly(r)))dr)dr + e c(s)|y(s)|]ds

to

<Mwmtwwjﬁh <@MﬂW@+/3mmﬂMWﬂ

to

/ Me *"b(s / k(m)w(|y(T)|e*T)drds.

Set u(t) = |y(t)|e**. Since w(u) is nondecreasing, it follows from Corol-
lary 2.8 and (3.21) that

)| <e W [w(e) + M / / PYdr + b(s) / k(r)dr)ds]

to

SefatM(to), t > to,

where ¢ = M |yple®®. From the above estimation, we obtain the desired
result. O

REMARK 3.17. Letting b(t) = ¢(t) = 0 in Theorem 3.16, we obtain
the same result as that of Corollary 3.6.
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