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GLOBAL ATTRACTORS AND REGULARITY FOR THE
EXTENSIBLE SUSPENSION BRIDGE EQUATIONS
WITH PAST HISTORY

SHIFANG L1U AND QIAOZHEN MA*

ABSTRACT. In this paper, we study the long-time dynamical be-
havior for the extensible suspension bridge equations with past his-
tory. We prove the existence of the global attractors by using the
contraction function method. Furthermore, the regularity of global
attractor is achieved.

1. Introduction

Let Q C R? be a bounded domain with a smooth boundary I'. We
consider the asymptotic behavior of the solutions for the following ex-
tensible suspension bridge equation with linear memory:

(uy +up + AP A (o — 5||VU||%2(Q))AU
— J7 u(s) APu(t — s)ds + kut = g(z) in Q x RY,

u=Au=0onT xRT | (1.1)
u(0) = uo(z), u(0) = wi (), = € Q,
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where u(z,t) is an unknown function, which represents the deflection of
the road bed in the vertical plane, the real constant a represents the axial
force acting at the ends of the road bed of the bridge in the reference
configuration, namely, « is negative when the bridge is stretched, positive
when it compressed, k > 0 denotes the spring constant, u™ = max{u, 0}
is the positive part of u, p is the memory kernel, 5 is a given positive
constant, g(x) € L*() is a external force.

It is well known that Lazer and McKenna presented the following
suspension bridge equation

Uy + Uy + AQU + l{U+ =g (12)

as a new problem of nonlinear analysis [1]. Adding a nonlinear force f(u) to
the model (1.2), it becomes

Uy + Sup + AN*u A+ kut + f(u) = g. (1.3)

Zhong et al. [3] proved the existence of strong solutions and global
attractors for (1.3). Similar models have been studied by several au-
thors, see [4 —10] and references therein. For example, Ma et al. investi-
gated the existence of global attractors in [5, 6] as well as uniform com-
pact attractors in [7] for the coupled suspension bridge equation. Park
and Kang [8,9] respectively obtained the pullback attractors for the
non-autonomous suspension bridge equations and the global attractors
for the autonomous suspension bridge equations with nonlinear damp-
ing. Xu and Ma [10] proved the existence of random attractors for the
floating beam equation with strong damping and white noise.

If taking into account the midplane stretching of the road bed due to
its elongation, then the following equation was arrived at

There are some classical results for (1.4), for details see [11 — 13]. Re-
cently, Ma and Xu [14] studied the random attractors for the extensible
suspension bridge equation with white noise. The model (1.1) is de-
rived by considering the effect of the past history in (1.4). As far as
the relative some problems to the past history, the asymptotic behav-
ior of solutions have been discussed in many literatures, please refer the
reader to [15 — 18]. For (1.1), in the case when o = 5 = 0 and without
the damping term w;, Kang [15] proved the existence of global attrac-
tors relying on the construction of a suitable Lyapunov functional in the
space H*(Q) N Hy(Q) x L*(Q) x L%(R*T; H*(Q) N Hy(Q)). But in some
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cases, the damping term appearing in the equation is important and sig-
nificant from the view of the actual applications. Therefore, we in this
paper focus on the asymptotic behavior of the solutions for the exten-
sible suspension bridge equation with linear damping and memory, we
investigate the existence of the global attractor for equation (1.1). Fur-
thermore, the regularity of global attractor is shown.

We know that it is very vital to verify the compactness in proving the
existence of the global attractor. For our problem, there are two essential
difficulties in showing the compactness. One difficulty is caused by a
geometric nonlinearity, it makes our energy estimates more complex, so
we need to more accurate calculation. Another difficulty is the memory
kernel itself, because there is no compact embedding in the history space,
moreover, we can’t use the finite rank method, that is, we can’t use the
term (I — P,,)u as a test function to deal with our problem. For our
purpose, we have to introduce a new variable and define a extend Hilbert
space, as well as combine with the contraction function method.

This paper is organized as follows: In Section 2, we give some pre-
liminaries for our consideration, including the notation we will use, the
assumption on nonlinearity term and some general abstract results. In
Section 3, we prove our main results about the existence of global at-
tractors. In Section 4, we obtain the regularity of global attractors.

2. Preliminaries

In this section, we introduce some notations, functional spaces and
preliminaries results that will be used.

In order to obtain our main results, we first transform the equa-
tion (1.1) into a determined autonomous dynamical system by intro-
ducing a new variable. For this purpose, as in [16], we define

n=n'(z,s) =u(z,t) —ulx,t —s), (z,5) € QxR t>0.  (2.1)
By formal differentiation in (2.1) we obtain
ni(z,s) = —n'(x,s) +w(z, 1), (x,5) €A xR, t>0. (2.2)
Then we have

n°(z,8) = ug(w,0) — up(w, —s), (x,5) € 2 x RT.
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By assuming that u € L*(R"), the original problem (1.1) can be trans-
formed into the equivalent autonomous system

Uy + Uy + 1—fo (s)ds)A%u + (o = B Vul[ 7o) Au
+ J5 AQt )ds+ku+—g()1anR+,

N = —MNs + U, (x,t,s) € QO xRt xRt

(2.3)

with the boundary conditions

u=Au=0, (z,t) eETxR", n=An=0, (z,t,s) e x RT x R,
(2.4)

and the initial conditions

u(x, 0) = UQ(ZL’), Ut(l’,O) = UI(I)7 nt(xvo) = 07 770(1:7‘9) = 770@,3);
(2.5)

where

up(z) = ug(z,0), z € Q,

uy(z) = Qyug(x,t) |4=0, © € Q,

no(z, s) = up(x,0) —up(x, —s), (z,s) € Q x RT.
Throughout this paper we use the standard functional space and de-

note (-,+) be a L?(Q)-inner product and | - ||, be LP(€2) norm. Espe-
cially, we take

H=Vy=LQ), V=V =H(Q)NHy (),
equipped with respective inner product and norm,
(u,v)y = (Au, Av), [lully = || Aull,.

Define
D(A) = {u € H4(Q> : u|ag = A’U,’ag = O},

where Au = A%u, and equip this space with the inner product (Au, Av)
and the norm ||Aul|? = (Au, Au).
Obviously, we have the following continuous dense injections:

DA)cVCH=H"CV",

where H*, V* is a dual space of H, V respectively.
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In order to consider the relative displacement 7 as a new variable, one
introduces the weighted L2-space

IZRYV) = {1 :R* 5 V| / u(s)lln(s)|%.ds < oo},
0

which is a Hilbert space endowed with inner product and norm

(0, V), = / " ur) ), o(r)vdr,

lal2y, = (u, 0y, = / w()l|a(r) |2 dr, i = 0,1,2,
0

respectively, where Vo = D(A%), V3 = D(A). Finally, we introduce the
following Hilbert space

Ho=V x H x L2 (R*; V),
Hi=D(A) x V x L>(R*; D(A)).

Using the Poincaré inequality we obtain
Mlvllz < lAv]3, Yo €V,

where )\; denotes the first eigenvalue of A%v = \v in Q with v = Av =
OonT.

We present the following conditions about memory kernel

(Hi) pe CHRY)NLIRT), p'(s) <O < p(s), Vs € RT;
(Hy) l=1— [ p(s)ds =1 —po >0, Vs € RT ;
(H3) p/(s) +0u(s) <0, Vs e R, 6 >0.

In order to obtain the global attractors of the problem (2.3)-(2.5), we
need the following theorem. The well-posedness of the problem (2.3)-
(2.5) can be obtained by Faedo-Galerkin method (see [19] ) and combin-
ing with a prior estimate of 3.1, we omit it and only give the following
theorem:

THEOREM 2.1. Assume that assumptions (H,) — (Hj3) hold and g €
L*(Q2). Problem (2.3)—(2.5) has a weak solution (u, u;,n) € C([0,T], Ho) with
initial data (ug,u1,1n0) € Ho, satisfying

uwe L¥(0,T;V), uy € L=(0,T; H), n € L>(0,T; L, (R*,V))

and the mapping {ug,u1,n0} — {u(t),u;(t),n'} is continuous in Hy. In
addition, if 2*(t) = (u'(t),ui(t),n') be weak solution of problem (2.3) —
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(2.5) corresponding to initial data 2*(0) = (u*(0),u%,ni), ¢ = 1,2. Then
one has

121 (£) = z2(t) 32, < €”1]21(0) = 22(0)[l3eo, t € [0, T,

for some constant ¢ > 0 .

The well-posedness of problem (2.3)-(2.5) implies that the family of
operators S(t) : Ho — Ho defined by

S(t)(uo, ur,m0) = (u(t), w(t),n'), t >0,

where (u(t), u(t),n") is the unique weak solution of the system (2.3)-
(2.5), satisfies the semigroup properties and defines a nonlinear Cj-
semigroup, which is locally Lipschitz continuous on Hj.

Now, we recall some fundamentals of the theory of infinite dimensional
systems in mathematical physics, these abstract results will be used in
our consideration.

DEFINITION 2.1. ([2]) A dynamical system (H,S(t)) is dissipative if
it possesses a bounded absorbing set, that is, a bounded set B C H such
that for any bounded set B C H there exists tg > 0 satisfying

S(t)B C B, Vt > p.

DEFINITION 2.2. ([18]) Let X be a Banach space and B be a bounded
subset of X. We call a function ¢(-,-) which is defined on X x X a
contractive function on B x B if for any sequence {x,}>%, C B , there
is a subsequence {x,, }?°, C {z,}5°,, such that

lim lim ¢(x,, ,2,,) = 0. (2.6)

k—o0 l—00
Denote all such contractive functions on B x B by € .

DEFINITION 2.3. ([18])Let {S(t)}+=0 be a semigroup on a Banach
space (X, || - ||) that has a bounded absorbing set By. Moreover, assume

that for € > 0 there exist T'= T'(By, €) and ¢r(+,-) € €(By) such that
HS(T):B - S(T)yH e+ ¢T(‘Ta y)> V(.CE, y) € Bo,

where ¢r depends on T. Then {S(t)}:>0 is asymptotically compact in
X, i.e., for any bounded sequence {y,}>*, C X and {t¢,} with ¢, —
00, {S(tn)yn}oo, is precompact in X.

THEOREM 2.2. ([2]) A dissipative dynamical system (H,S(t)) has a
compact global attractor if and only if it is asymptotically smooth.
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Our main result is the following;:

THEOREM 2.3. Assume that assumptions (Hy) — (Hs) hold and g €
L*(Q), a« € R, B, k > 0, then the dynamical system (Hg,S(t)) cor-
responding to the system (2.3) — (2.5) has a compact global attrac-
tor A C Ho, which attracts any bounded set in Ho with || - ||#, -

3. Global attractor in H,

In order to prove Theorem 2.3, we will apply the abstract results
presented in Section 2. The first step is to show that the dynamical
system (Hog, S(t)) is dissipative. The second step is to verify the asymp-
totic compactness. Then the existence of a compact global attractor is
guaranteed by Theorem 2.2.

3.1. A priori estimates in H,

First, taking the scalar product in H of the first equation of (2.3) with v =
uy; + ou, after a computation, we find

1d
2 dt

— (U Aully + [0ll3 + Ellu™[13) + ol Aull + (1 — o) (ur, v)

+((a = B Vull3)Adu,v) + (1 we) v + o (0, @)y + okllut |3 = (g,v).

(nt7 ut),u‘zv

(3.1)
Exploiting (Hy) — (H3) and Holder inequality, we have
<1—®wM»:a—vmm@—d1—wmw»
0+ ) = 5 I+ [ ) 5) (D
2& ;
t > d t 2
Qﬁn|| 3 | weal
t L < t 2
2dtun ~5 | HOl s
5 o
t t 2
2dtun o O

= S + S

J (1-1)0?
ULl ] ALY
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and

((a = BIVull3)Au,v)

=((a — 5IIVUI|2)AU Uy + ou)

_ g d

= 2 S Vul} ~ oal|Vul + 4dt||VU\|2+0B|IVU|!2

1d oo’

>4 (\fnv 8- ) (fnv 3 ) 4
Hence we conclude from (3.1) that

2
1d
57 | UlAul3 +llo]3 + (vFﬂVum—————> + 05y + ka3

to 1<1 _a ‘”") lAul + (1= o)l — o1 — o)(u,v)

ol
2
p » V20 O\ tp2 2 oo’
+o (\/;HVUHz—m +ZH77 oy +okllu™]z < (g, )+%
(3.2)
Choose o small enough, such that

(1-Do o 1 1

1- ——>1-0, 027

5 2\ 797770

then combining with Hdélder, Young and Poincaré inequalities, we ob-
tain

ot (1= B2 ) sl + (4 = el - o1 = o))

(1—-1)o 2 2 o
5 [Aullz + (1 = o)llv] \/A—1||AU||2||UH2

1—-1)o o? 1
ot (1= U577 18ulg + (1= ol - (5 15ulB + 51012)

(1-Do 1 5
- oY Nl + 5 = ol

>0l(1 - o)|| Aul)3 + ZIIUII%-
(3.3)
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In addition,
1
(9,0) = 2llgllz + g lvll3- (3.4)
Consequently, collecting with (3.2)-(3.4), there holds

d
= | UBullz+lolls + (\/7IIVUI|2——> + 'l + Kl 3

+201(1 — o) || Aulf; + ||v||2+20 (\/7IIV I2 - V\;ﬁ)

5 2
+§HntH v+ 20kt |3 < 4llgl3 + T5-.

g
(3.5)
Provided that oy = min {20(1 )s 5 2} let
2
5 V2a
E(t) = || Aull3 + [Jvll3 + (\@HVM@ —ov5) t W17 + Fellu 12,

we have )

o

GEO +aB(0) < 49l + T = .

By the Gronwall lemma, we get
C
E(t) < E(t)e™ " + =, vt > 0.
0o

Thus, we get the existence of bounded absorbing set in H,, this is the
following results:

LEMMA 3.1. Assume that assumptions (Hy) — (Hs) hold and g €
L*(Q), a« € R, 8, k > 0, then the ball of Hy, By = By, (0, i10), cen-

tered at 0 of radius py = ,/g—;, is an absorbing set in H, for the

group {S(t)}i=0 generated by problem (2.3) — (2.5), namely, for any
bounded subset B in Hy, S(t)B C By for t > to(B) .

On the other hand, from the above discussion, there exist a con-
stant g1 > pg, such that

[Aull5 + oll3 + ]2y < w3, VE =t (3.6)

3.3. Existence of global attractor
First we prove an important Lemma.
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LEMMA 3.2. Under the hypotheses of Theorem 2.3, there exists a
constant s > jio, such that

IV A3+ [ Vue|ls + 10°1 5 < ps, VE =t (3.7)
w.D(A%)

Proof. Multiplying the first equation of (2.3) by —A¢ = —Au; —

oAu, and integrating over €2, we get

1d
5o (U Al + VS + BVt [B) + ol VAul + (1 = o), —1)
0 w), oty + 000, + ORIV B+ (9, A6)

—((a = BIVul3) Au, =Aq).
(3.8)

Similar to the previous estimates, we see that

(1= 0)(ue, —A¢) = (1 = 0)[|Vellz — o(1 = o)(u, V<),

1 d
t La 2 9012
), sty = 51 st + 5002

and

1—1)o?
o0 0), sty > o2y~ DT v augg

Like the estimate of (3.2), there holds

ot (1= C522) 19l + (1= )96l = o1 - )T, ¥6)

1
ol(1—o)[[VAullz + 7 Vsllz.

Then we get from (3.8)

1d
(znmuuz IVl + 1 g, + KIVH1) + ol(1 = 0)|V 2l
2dt ah)
21963+ Sl AZ)MHWHQ ~((a = BIVulR) Au,).

(3.9)
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From (3.6), Young, Holder and Poincaré inequalities, it follows that
| = (o = BlIVull3) Au, = A))|
<((a = BIVuld) Au, ~ Dy — 7 0)

1d
=~ G o= Bl AR Al + BT ull T o] Sul
—o(a = BIIVull3)[|Aullz
1d
<= g0 = BIVul)| Aull} — oo = BIVull)] Aull;  (3.10)
o B2
+§HVUtH§+ 20,1
1d
<= o= BIVulR)|Aully — o(a — BIVul)] Aul3
3 2,6
o 2 g 2 ﬁ /ubl
= —|VA
+IVsllz + S5-IV Aullz + =5 =,
in above inequality, we use the fact that ||[Vu|3 = [V — oVu|3 <

V5|3 + 0?||Vu||%, where 6 is a proper positive constant.
Combining with (3.9) — (3.10), we can obtain

d 2 2 t12 2 2 +112

= (VD3 + I3+ 12 g+ (@ = BIValB) | Aul) + kI Vut]3)
(2001 2N jvauz+ (- Vell2 + 2t

(200 —0) = 7 ) IVAulE + (5= JIVslE + 512,

ﬁ2,u6
+20(a = BIVul3)l| A3 + 20k VuTll; < —
(3.11)
Taking o small enough, such that

3

1
>0, ——0o>0.

25(1 — o) — 2
o(1-0) I\ 2

Thus, denote
Y(t) = l||VAU||§+HV<||§+Hﬁt||i’D(Ag)+(Oé—5HVUH§)||AUH§+]€HVU+H;

we have p
ZY(0) a0y (1) < Ca.
where aozmin{Qa(l—J)—%,%—a,g}, Csy = 520“?
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By the Gronwall lemma, we get
L&
Qo
Because of Y (t) > |[VAul3 + || Vuel|3 + ||1nt])? pady have (3.7). O
,

Y (t) < e Y (0)

Next we show an essential inequality to prove Theorem 2.3.

LEMMA 3.3. Under the hypotheses of Theorem 2.3, given a bounded
set B C Ho, let z1 = (u,uy,n) and zo = (v,v4,&) be two weak solu-
tions of problem (2.3) — (2.5) such that z1(0) = (ug, u1,m9) and z9(0) =
(vo,v1,&o) are in B. Then

121() — 22 (t)ll3,

t
<e M 0) = 2O + 05 [ Ils) —v s (31

t
+ 04/ e~ 19| Vu(s) — Vu(s)||2ds, Vt >0,
0

where oy > 0 is a small constant and p, C3, C4 are positive constants.

Proof. Let us fix a bounded set B C Hg. We set w = u —v and ( =
n —&. Then (w, () satisfy

Wy + wi + 1AW + (o — B[ Vull3) Aw + fooo 11(s) A% (s)ds
+k(ut —ot) =0,

Gt = —Cs + wy,

(3.13)

with initial condition

w(0) = ug — v, we(0) =uy — vy, ¢% =m0 — .
Taking the scalar product in H of the first equation of (3.13) with ¢ =
wy + ow , we have

1d
5 7 UAwlz +llsl2) + olll Awlz + (1 = o) (we, ) + (¢ wi)py + (¢ W)y
= — (k(u" —v"),¢) = ((a = B[ Vull3) Aw,<).
(3.14)

Combining with previous discussion, we can obtain

(1= o) (wi,s) =1 =0)[sllz = o(1 = o) (w,5),
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(L > 5l + Iy
and

) (1—1)o?
o(C whuy 2 =71 Ly — Al
Like the estimate of (3.2), there holds

ol (1 - %) [Awl + (1= o)l - o(1 - o)(w,)

1
> ol(1 = o) Awl5 + 7 <[

Then we get from (3.14)
1d
2dt

< = ((a = BIVul3)Aw,c) = (k(u® —v"),q). (

From (3.6), (3.7), Young and Holder inequalities, we see that
| = ((a = BlIVull3) Aw, )|
<((a = BlIVull3) Aw, w, + ow)

387

1 )
AW+ lsll5+ 1 15y) + ol = o)l Awllz + Zlsllz + Z 1<y

3.15)

1d
= — 5o = BVl Vw3 + B Vulls [ Ve ]| Voo 1
— oo — BIVul) Vw2 |
1d
< = gl = BIVURIVwl} + Bl Vol
— (o= BVul3) [ Vwl3.
Thanks to the Young and Poincaré inequalities, we obtain
| = (k(u™ —v"),9)]
_ ‘_ / k(u™ —o*) (wy + ow)dz
Q
</Qk(U+ —'U+)wtdx+/9k(u+ — v )owdy (3.17)

k? o
—||U vt|3 + —||wt||§ + okL|jw|3

k?Ley o3¢y o
< ( £ 1 oktar+ T2 fulByen + Sl
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in above inequality, we use the fact that |u™(t)—v™ ()] < Llu(t)—v(t)| <
Liw(®)], |lwe]|3 = ||s—owl|3 < [[s]|3+02||w]||3, where L is a proper positive
constant and ¢y > 0 is an embedding constant for L2+ (Q) — L2(Q).

Integrating with (3.16)-(3.17), we get from (3.15)
d
Z U+ 3+ ¢y + (@ = BIVal)[IVel)

1 o )
+i2a(1 = oNIdul+ (5 - ) I+ 1Ty

+20(a = B Vullp) | Awl3

2k?Lc, oate
< (2 b 2okt t T2l + 20l Yl

Choosing o small enough, such that

20(1—0)>0, ——=>0.

N | —
| Q

Thus, denote
W(t) = Ul Awlz + [Isl3 + IS5y + (@ = BIVullR)lVuwlf3,
we have

d
ZE(t) + a E(t) < Cyllw ]34y + Cal Veoll3,

where a; = min {20(1 —0), 1_7", g} , Cy = 2’“2% + 20k Leg + 03260
21 12, which implies that

t
B(t) < e E©0) 4 Ca | 0 ulfy,ds
0

t
+0y [ e ITuls) = Vls) s
0

Because of E(t) > ||z1(t) — 22(t)||3,,, we have (3.12).

(3.18)

704:

]

LEMMA 3.4. Under assumptions of Theorem 2.3, the dynamical sys-
tem (Ho, S(t)) corresponding to problem (2.3) — (2.5) is asymptotically

smooth.

Proof. Let B be a bounded subset of H, positively invariant with
respect to S(t). Denote by Cp several positive constants that are depen-

dent on B but not on t. For 2}, 22 € B, S(t)z¢ = (u(t), u(t),n’)

and
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S(t)22 = (v(t),ve(t), &) are the solutions of (2.3) —(2.5). Then given € >
0, from inequality (3.7), we can choose T > 0 such that

1S ()2 — S(t)25 I o

T
<etCy ( / lu(s) = v($)Ipnds + /

T

IVus) - ws)n%ds) "
(3.19)

where C'z > 0 is a constant which depends only on the size of B. O

The condition p > 0 implies that 2 < 2(p+1) < co . Taking § = 1(1—

ﬁ) and applying Gagliardo — Nirenberg interpolation inequality, we

have

lu(t) = v(O)laper) < CIA(u(t) = v(@®))llult) — v(&)[7"-

Since ||Au(t)||2 and [[Awv(t)||2 are uniformly bounded, there exists a con-
stant C'g > 0 such that

-0
lu(t) = v(®) 31y < Crllut) —v(B)|I3" . (3.20)
Then, from (3.19) and (3.20) we obtain
1S(t)zg — S(t) 25|12 < €+ dr(25, 25,
with

o124, 22) = Cp ( / " us) — o(s) 0" + JRAZCE ws)u%)

The following proof ¢r € €, namely ¢r satisfies (2.6) .

Given a sequence (zf) = (uf,uf,ny) € B, let us write S(t)(zf) =
(u™(t), u(t), n™"). Since B is positively invariant by S(¢), ¢ > 0, it follows
that sequence (u™(t),u}(t),n™") is uniformly bounded in Hy. On the
other hand, (u",u}) is bounded in C([0,T],V x H),T > 0.

By the compact embedding V' C H, there exists a subsequence (u"*) that
converges strongly in C'([0,7], H). Thus,

1
T 2

T

lim Lim [ [u™(s) — u"(s)||2" P ds = 0.
k—oo l—00 0

Furthermore, since B is a bounded positively invariant set in H, without
loss of generality, we assume that

u, — u weakly star in L*(0,T; H3(S2)), (3.21)
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By the compact embedding theorem, from (3.21), we have

w, — u strongly in L*(0,T; Hy(9)), (3.22)
So we obtain
T
lim lim |[Vu"™(s) — Vu™(s)|5ds = 0.
k—ool—oo /o

and consequently (2.6) holds.

Proof of Theorem 2.3. Lemma 3.1 and Lemma 3.3 imply that (Ho, S(t)) is
a dissipative dynamical system which is asymptotically smooth. Then
it has compact global attractor from Theorem 2.2.

4. Asymptotic regular estimates

THEOREM 4.1. Under assumptions of Theorem 2.3. Then the global
attractor A is a bounded subset of H;.

In order to prove Theorem 4.1, we fix a bounded set B C H, and
for z = (ug,u1,m0) € B, we split the solution S(t)z = (u(t),w(t),n") of
problem (2.3) — (2.5) into the sum

S(t)z = D(t)z + K(t)2,

where D(t)z = z(t) and K(t)z = 23(t), namely z = (u,u;,n') = 21 +
2z, furthermore,

w=vtw =g,
2= (v,v, (), 22 = (w0, €,
where z;(t) satisfy
(vy + v+ 1A%+ (a = B||Vull3) Ao + [7 1(s)A%C(s)ds + v = 0,
G =—C + v,
v(z,t)|aq =0, v(z,T) = u (),

\ Ct(xﬂ 8)‘39 =0, C—('LS) - TIT(%S):

(4.1)
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and 2o(t) satisfy

(wy +w + 10w+ (a = B||Vull3) Aw + [° 1(s) A% (s)ds — yo + kut
=9

gf = _52 + wy,
w(z,t)|sq =0, w(z,7) =0,
\ ft(xvs)bQ =0, fT(ZL‘,S) = gT(xas) = 0.
(4.2)

The well-posedness of the problem (4.1) and (4.2) can be obtained by
Faedo-Galerkin method.

Furthermore, combining with a prior estimate of 3.1, about the solu-
tion 21 (t) of equation (4.1) has the following result.

LEMMA 4.2. Under assumptions of Theorem 2.3, there exists a con-
stant ko > 0, such that the solution of (4.1) satisfy

ID(®)z]5,, < Ce™™,

where C is a constant.
About the solution of equation (4.2), we have the following results.

LEMMA 4.3. Under assumptions of Theorem 2.3, there exists a con-
stant N > 0, such that the solution of (4.2) satisfy

1K 1)z, < N

Proof. Taking the scalar product in H of the first equation of (4.2)
with A¢ = Aw; + o Aw, we find

1d

Sd (Ul Aw]i3 + [ A<lI3) + oll| Aw[|3 + (1 = o) (wr, AS) + (o = B[ Vul}3) Aw, A<)

(§ awt)p,D(A) + O—(f 7w)u,D(A) + (ku 7Ag) = (gv A§) + (’va A§)
(4.3)
Similar to the previous discussion, there yields

(1= o) (we, Ag) = (1 = 0)l|Acllz — o (1 — o) (Aw, <),

(gtﬂwt)uD th”ftH Hgt”,uD A)»

1—1)o?
(€ 0y > ~ €12 o - %nAwné.
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Then we get from (4.3)

1d o

2 2 2 (1_ 2
5 VAU + 1Al + 160 o) + ot (1 = B527 ) awl

4}
+(1—0)[[Adll; + ZHgt”i,D(A) —o(1 = 0)(Aw,<) + (ku", A)

<(g, 4¢) + (0, As) = ((a = B[ Vull3) Aw, Ag).
(4.4)
Furthermore, similar to the estimate of (3.2), we obtain

1-—1
ol (1 _(-le )") JAw]2 + (1 = o) | A2 = o(1 = o) (Aw,<)
ol
1 (4.5)
>o1(1 — o[ Awl + S A

In line with the Holder, Young, Cauchy inequalities and (3.6), (3.7), it
follows that
(ku™, Aq) =(ku™, Aw; + o Aw)
d
:a(kuﬂ Aw) — (kuf, Aw) + o(ku', Aw)

d
>£(k¢u+, Aw) + o(kut, Aw) — k|lug2]| Aw]|2

d
>%(k:u+, Aw) + o(ku™, Aw) — k|| Aw||

d o k23
/dt(k:u ,Aw) + o(ku™, Aw) 2||Aw”2 5 t > to,
(4.6)
| = (= B[ Vull3) Aw, Ag)|
<((@ — B Vuld) Aw, Aw, + 0 Au)
1d
=~ gl AIVUBIT A + SV VP80l
—o(a = BIVull3)[VAw]; .
1d
< - 5&(04 = BIVul) VAW + 2845

—o (o= BIIVull2) |V Aw]3,
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y
(yv, A¢) = (740, A¢) <[ A0l sl < vl Awll; + 411 A3

(4.8)
v
<+ Tl
and
d
(9, 4<) = (g, Awe + 0 Aw) = = (g, Aw) + o (g, Aw). (4.9)
Thus, collecting (4.5) — (4.9), from (4.4) yields
d
7 Az + [ AE + (0 = BVulR)I[V Aw]s + €11 pea
2(kut, Aw) = 2g, Aw)) + 21 (o(1 - 0) — 7 ) | Au]}
4.10)
1—7 ) (
+—5 14615 + 20(a = BVl [V Aw]l; + SIE 5 peay
n K ,ul
+20(ku™, Aw) — 20(g, Aw) < + 2912 + 4B .
Taking o9 = min {20(1 — o) — 9, 17 0,3}, we can obtain from (4.10)
d
U AwE + 18615 + (@ = BVul) IV Awllz + €15, peay + 2(ku™, Aw)
—2(g, Aw)) + oo(1f| Awll3 + [| Aclf; + (a — ﬁVqu)HVAsz + 1€ p
2 2
+2(ku*, Aw) — 2(g, Aw)) < L 4 2902 + 4B,
(4.11)

On the other hand, by the Holder inequality, the Sobolev embedding
theorem and (3.6), it follows that

d

% (Ghaulg + 260 a0)

4k*
=y = 2
4k2
> w2 1 = 2
d [ 2 4k2 12
O gy -

(4.12)
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and

d 2
% (5wl - 260.40) = L SNENT BTN RE

Therefore, integrating with (4.12) — (4.13), we get from (4.11)
ﬁu/lw+J_wﬁw/Qw—JEMHmwg
+o = BVul)IV AWl + €115, pea)) + Uo(ll\/;Aw + \/?WH%
+H\/§Aw - \/?9“3 +IACE + (o = BVull) [V Awll; +[I€']1;

,u,D(A))
< 057

(4.14)
where C5 = k217 (5 + 1) + 230(k°pi + [|g1l3) + 2vud + 4B .
Applying the Gronwall lemma, we can obtain there exist a constant N such
that

[ Awl[3 + [ Awell3 + HftHu pay S N.
Proof of Theorem 4.1. By Lemma 4.2 and 4.3, (u, us, ") € H; and
[Aulll + [[Awell3 + 1117, peay < N

Now since u(t, x) satisfies (2.3) — (2.5) with initial data (ug,uy,n0), we
can obtain

~

(1o, w1, m0) I, < N.
Thus A is a bounded subset of H;. 0
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