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ON A CLASSIFICATION OF WARPED PRODUCT
SPACES WITH GRADIENT RICCI SOLITONS

SANG DEOK LEE, BYUNG Hak KiM*, AND JIN HYyuk CHOI

ABSTRACT. In this paper, we study Ricci solitons, gradient Ricci
solitons in the warped product spaces and gradient Yamabe solitons
in the Riemannian product spaces. We obtain the necessary and
sufficient conditions for the Riemannian product spaces to be Ricci
solitons. Moreover we classify the warped product space which ad-
mit gradient Ricci solitons under some conditions of the potential
function.

1. Introduction

A Riemannian metric g on a complete Riemannian manifold M is
called a Ricci soliton if there exists a smooth vector field X such that
the Ricel curvature tensor satisfies

1

for some constant p, where £x is the Lie derivative with respect to
X [2,3,5,6,9]. Tt is said that (M,g) or M is a Ricci soliton if the
metric ¢ on M is a Ricci soliton. Evidently we see that an Einstein
metric becomes a Ricci soliton, but the converse is not true. The Ricci
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soliton is called shrinking if p > 0, steady if p = 0 and expanding if
p < 0. The metric of a Ricci soliton is useful in not only physics but
also mathematics, and often referred as quasi-Einstein [?]. If X = Vh
for some function h on M, then M is called a gradient Ricci soliton.
The function h above is called the potential function. In this case, the
equation (1) can be rewritten as

(2) Ric+ Hess h = pg.

It is well known that when p < 0 all compact solitons are necessarily
Einstein [6], and a Ricci soliton on a compact manifold has a constant
curvature in 2-dimension [?] as well as in 3-dimension [8]. Moreover a
Ricci soliton on a compact manifold is a gradient Ricci soliton [9], and
a compact shrinking soliton is always gradient [13].

In [11], we studied the gradient Ricci soliton in the warped product
space and proved that the base space of the warped product space with
a gradient Ricci soliton to be a gradient Ricci soliton or an Einstein
space is determined by the second derivative of the warping function.
As far as we know, there are no results for the warped products of two
Riemannian manifolds with general dimension and gradient Ricci soliton
related to potential function. In this sense, the considerations of the
warped products with gradient Ricci soliton satisfying some conditions
related to potential function are meaningful. Related these problems,
we get some useful results and classification theorem (see Theorem 3.3).

A Riemannian metric g on a Riemannian manifold M is called a
Yamabe soliton if there exist a smooth vector field X and a constant p
such that

(3) (r—plg= %Exg,

where 7 is the scalar curvature of M. In particular, if X = Vh for
some smooth function h, we call it the gradient Yamabe soliton [?].
The function h above is called the potential function. In this case, the
equation (3) can be rewritten as

(4) (r—p)g = V?h.

In Chapter 4, we studied gradient Yamabe soliton in M = R! x B
for a Riemannian manifold B, and we get the necessary and sufficient
condition for M admits a gradient Yamabe soliton.
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2. Ricci solitons in the Riemannian product manifolds

Let (B, g) be an m-dimensional Riemannian manifold with a metric g
and let M = R x B be the product Riemannian manifold with the metric

g = < (1) 2 ) Then the Ricci curvature tensors S and S of M and B,

respectively are given by Sy, = S, and the others are zero, where the
range of indices a,b,c, -+ is {2,3,--- ,m + 1}.

Suppose that B is a Ricci soliton. Then there exists a smooth vector
field U = (&, -+ ,&me1) on B such that

1
Sab = PYab — §(Vafb + Viéa),

for some constant p.

If we take ﬁ: P and [7 = (51752’ e 7gm+1) = (pt7£27 e 7£m+1)7 then
we obtain

gab - Sab = PYGab — %(vagb + vbga) = ﬁgab - %(6a§~b + @bga)a

(5) Sal = 0= _%(@agl“'@lga)a
Sp o= 0= ﬁ_%(@lgl+@lgl)'

That is, M becomes a Ricci soliton.

Conversely, if we suppose that M is a Ricci soliton, then there exists
a smooth vector field V' = (§1,&2, -+ ,&me1) on M such that

RS DU
Sij = Pgij—§(vi§j+vj§¢)

for some constant function p on M, where the range of indices i,j,k,- - -
is {1,2,3,--- ,m + 1}. So we have
gab = ﬁgab - %(6(1&3}"— @bga) = Sab7

(6) Sal = _%(ﬁaé‘l"i_ﬁléa) - _%(aa§1+alga) = Oa
Sn = /3—%(61514-@151) = p—0& = 0.

From the third equation of (6), we can put

(7) §1 = pt+h(rz, - Tmi)
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for t € R and some function h on B. Using the second equation of (6)
and (7), we see that £, is of the form

(8) ga = _hat+ ka>
where h, = @ah and k% = k%(xq,- - ,meH) is a function on B corre-
sponding to &,. Hence, the vector field V on M is given by

V o= (pt+h,—hot +k* - =Ryt + ™).

From the first equation of (6) and the fact that S, — pgay depends
only on B, we find that the equation S, — pgay = —%(Vafb—i— Vi€,) holds
for p = p and &, = k®. If we take the vector field V' = (&, ,&nat)
on B, then we see that B is a Ricci soliton. Thus, we have

THEOREM 2.1. M = R x B is a Ricci soliton if and only if B is a
Ricci soliton.

Next, consider the case of M = R? x B be the product Riemannian
0w 0O
0 YJab
of indices u, v is {1, 2} and the range of indices a,b,c, - - is {3,4,--- ,m+
2}. Then, the Ricci curvature tensors S and S of M and B, respectively,
are given by S’ab = S, and the others are zero.

Suppose that B is a Ricci soliton. Then there exists a smooth vec-
tor field U = (&3, ,&ma2) on B such that Sy — pgay = —%(Vafb +

V,€,) for some constant p. Take p = p and U = (£1,&5, -+ ,Emya) =
(ptla Pt27 637 e afm-‘r?) ) then we obtain

Sab = Sab = PYab — %(Vafb + Viéa) = pGab — %(6a£b + 61)5(1))
(9) gau = 0= _%(6(1511, + @uéa%
S’uv = 0= ﬁéuv - %(@ugv + 61}&2)
Hence we can state, if B is a Ricci soliton, then M = R? x B is a
Ricci soliton.
Conversely, suppose that M = R? x B is a Ricci soliton. Then, we
get

manifold with the Riemannian metric g = , where the range

Sap = Sap = PYab — %(aaéb + abga -2 { acb } éc),
aa§u + auﬁiz =0,

(10)
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for some constant p on M, where él is a component of the smooth vector
field V on M and the range of indices ¢, j, k,--- is {1,2,3,--- ,m + 2}.
Considering the case u = v in the third equation of (10), we obtain

(11) §u = pry+hi,y,

where h%u) is a function on M which corresponds to &, and the symbol

(u) means having no z,-variable.
From the third equation of (10) and (11), we obtain

(12) Ouhiyy = —0uhiy),
from which we see that auhyv) is a function on B. Thus, we can denote
(13) auhq()v) = H(u,v)a

where H, ,) means a function H having no x,,—variable and x,—variable.
By use of the equations (11) and (13), we obtain

(14) h‘?u) = _H(u,v)$v + K&Q),
and
(15> éu :ﬁxu H(uv)xv+K12 (U#U)

from the equations (11) and (14).
The second equation of (10) and (15) give rise to

(16) ba = —0uK (1 201 — Iy )2 + Lfy ),
and the first equation of (10) gives
_ IR ¢\ -
Sab — PYab = _E(aagb + abga -2 { ab } fc)
Moreover, we get
‘7 = (ﬁxl — H(l 2)332 + K(ll 2) ﬁ$2 — H(2’1)$1 + K?1’2),

by means of the equatlons (15) and (16).
If we take V' = (&, -+, &nyo) such that &, = L{, ), then we get

1 a
Sab — PYab = _§(vaLl()1,2) + VbL(LQ))a

for p = p. Hence we see that if M = R? x B is a Ricci soliton, then B
is a Ricci soliton. Thus we get
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THEOREM 2.2. M = R? x B is a Ricci soliton if and only if B is a
Ricci soliton.

In general, if we assume that the Riemannian products M = Bx F'is a
Ricci soliton, then there exists vector field X = (&1, -+, &y Ents -+ 5 Entp)
on M and constant p such that S;; = pgi; — (Vi€ + V&) /2, that is

Sab - ﬁgab - (@aéb + 6béa)/Za
6&&2 + 6$§~a = O’
gxy = ﬁg:cy - (@xgy + ﬁyéﬂc)/2

If we take p = p and X = (&,---,&,), then we see that B is a
Ricci soliton. Similarly we find F' is Ricci soliton with p = p and Xp =

(éTLJrlv e 7§n+p)'

Conversely, if we assume that B is a Ricci soliton with X = (&1, ,&,)
and constant p on B, and F'is a Ricci soliton with Xp = (§,41, -+, {ntp)
and constant p on F'. then we can express

— (Vabo + Vi&a) /2, Suy = PGy — (Valy + V&) /2.
Now we take p=p = pand X = (Xp, Xr) on M, then we have
b = Sab = pias — (Voo + Viéa) /2,
w0 =0 = Par — (Vabo + Vaka) /2.
Sry = Sy = Pliry = (Valy + Vi) /2,

that is, gij = pgij — (@ij + @j&)/z Hence we see that M = B x F'is
a Ricci soliton. Thus we have

Sab = PYab

14

THEOREM 2.3. Let M = B x F' be a Riemannian product of B and
F. Then M is a Ricci soliton if and only if B and F' are Ricci solitons
with p = p.

3. Gradient Ricci solitons in the warped product spaces
Let (B,g) and (F,g) be n and p-dimensional Riemannian manifolds

with Riemanian metric ¢ and g respectively. Then the warped product
space M = B x; I’ with a warping function f has the Riemannian
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metric G = ( g fgg ) Hence the components of Ricci tensors are
given by [1,10,11]
5Vab = Sab - Bvafba
f
Sax = Oa
Say = Say = [(AN)Gay = (0 = DI Fell PGy,

where S , S and S are the Ricci tensors of M, B and F respectively, and
Af is the Laplacian of f for g.

Suppose that M = B x; I is a gradient Ricci solution. Then, we
have
Sab = ﬁgab - vavbh = ﬁgab - vaVbh,
ga:c = ﬁga:r: - 6a@ach = _8ahz + %hxa
gxy = ﬁgﬂ?y - @ﬂfﬁyh = p~f2§$y - (V_xv_yh + ffchchy)7
for some constant p and some function h on M.
Then we have

(17) Sab - ?vafb = ﬁgab - vahba
Ja
]_8 aaha: - _hza

(19)  Say = (pf* + F(AS) + (0 = DI = /)Gy = VaVyh.

Assume that the partial derivative of h with respect to all z vanishes,
then h becomes a function on B. We see that F' is an Einstein space
because the coefficient of g,, in (19) is constant along F. Thus we have

THEOREM 3.1. Let M = B x; F' be a gradient Ricci soliton with a
potential function h. If the partial derivative of h with respect to all x
vanishes, then F' becomes an Einstein space.

If h, # 0 for all x, then equation (18) becomes % = f—}? Hence

Ou(Inh, — Inf) = 0, that is we can lnhTI = [ for some function [ on F.

Therefore h, = fe!, which induces h = fk for some function k on F.
Since h, # 0 for all x and f depends on B, k, # 0. Hence we have
ho = fuk, Vyh, = kV, f, and the equation (17) becomes
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(20) Sab - ?Vafb - ﬁgab - kvbfa‘

If we assume that V,f, # 0 for some a and b , then it leads to a con-
tradiction in the equation (20) because the left hand side of (20) only
depends on B and k the right hand side depends on B and F. Hence
we see that V,f, = 0 for all @ and b and that B becomes an Einstein
space from the equation (20). Moreover V,f, = 0 implies Laplacian of
f equal to zero. So if B is compact, then f becomes a constant, that is,
M is the Riemannian product space. Thus we have

THEOREM 3.2. Let M = B x; F' be a gradient Ricci soliton with a
potential function h. If h, # 0 for all x, then B becomes an Einstein
space. In this case V,f, = 0 for all a and b, and M is the Riemannian
product space if B is compact.

On the other hand, if the partial derivative h, = 0 for all a, then
h only depends on F' and f,h, = 0 from (18). Hence f is a constant
function or h is a constant function. The fact f is a constant means
that M is the Riemannian product of B and F', moreover B is Einstein
and F' becomes a gradient Ricci soliton due to (17) and (19). If his a
constant function, then we see that the Ricci curvature on B has the
form Sup = pgap + %Va fv and F' is Einstein from (19). Moreover if f
and h are constants, then the Ricci curvatures of B and F' are given by
Sab = pgap and Sy, = pf>gyy, respectively. Since the metric G on M is

given by G = ( g

0 fgg ), we see that S = pG , that is, M is Einstein.

Thus we have

THEOREM 3.3. Let M = B x; F be a gradient Ricci soliton with a
potential function h. If the partial derivative h, = 0 for all a, then one
of the following three cases occurs.

(a) M is the Riemannian product of an Einstein space and a gradient
Ricci soliton space.

(b) F is Einstein.

(¢) M is the Riemannian product of two Einstein spaces, and moreover
M is an Einstein space.
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4. Gradient Yamabe solitons in the Riemannian product man-
ifolds

At first, we consider the gradient Yamabe soliton in the product space
M = R x B with a Riemannian metric § and a potential function h,
where (B, g) is an m-dimensional Riemannian manifold. Then we see
that

(7 —=p) = Oih,
(91}1,,1 == 0,
<21) (7: - ﬁ)gab = vavbha
ro=

where 7 and r are scalar curvatures of M and B respectively, and
the range of indices a,b,c,--- is {2,3,--- ,m + 1}. From the second
equation of (21), we see that the potential function h is decomposed
into h(t,xy, 0, - ,xm) = () + k(x1,--- ,2,) for functions [ on R
and k£ on B. Then the third equation of (21) can be rewritten as
(7 — p)gar = VaVik, that is, B is a gradient Yamabe soliton. More-
over, from (21), we see that 01l = O1hy =7 — p = %g“bvavbh. Since
011y only depends on R and the right hand side is a quantity of B, 7 — p
becomes constant, that is, » = 7 is constant.

Conversely, let (B, g) be a gradient Yamabe soliton with a constant
scalar curvature r. Then (r — p)g. = V. Vpk with a potential function k
and 7 = r is constant. Take the function h on M as h(t,x1,z2, -+ , &) =
(r — p)% + k(xy,++ ,2,) and p = p. Then we get
(f - ﬁ) - (91h1, (91ha - O,

(7 = P)Jab = VaVih,
that is, M = R! x B becomes a gradient Yamabe soliton. Thus we have

THEOREM 4.1. M = R! x B is a gradient Yamabe soliton if and only
if B is a gradient Yamabe soliton with a constant scalar curvature.
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