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SOLVABILITY FOR A SYSTEM OF GENERALIZED
NONLINEAR ORDERED VARIATIONAL INCLUSIONS
IN ORDERED BANACH SPACES

SALAHUDDIN

ABSTRACT. In this paper, we consider a system of generalized non-
linear ordered variational inclusions in real ordered Banach spaces
and define an iterative algorithm for a solution of our problems. By
using the resolvent operator techniques to prove an existence result
for the solution of the system of generalized nonlinear ordered varia-
tional inclusions and discuss convergence of sequences suggested by
the algorithms.

1. Introduction

The fundamental concept in the theory of variational inequality is
to develop a streamline iterative algorithm for solving a variational in-
equality and its others forms. These technique include the projection
technique and its novel innovative forms, approximation techniques,
Newtons methods and the methods derived from the auxiliary princi-
ple techniques. As you know that the projection technique cannot be
applied to solve variational inclusion problems and thus one has to use
resolvent operator techniques to solve them. The beauty of the iter-
ative technique involving the resolvent operator is that the resolvent
step involves the maximal monotone operator only, while other parts
facilitate the problems decomposition. Most of the problems related to
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variational inclusions and complementarity problems are solved by maxi-
mal monotone operators and their generalizations such as H-accretivity,
H-monotonicity, (H,n)-monotonicity, (H,n)-accretivity, and (H,n, ¢)-
monotonicity etec, see [2,4,7-11,13,14,16,27, 35].

Motivated and inspired by mentioned research works [1, 3,5, 12, 15,
18,19, 21,29-31, 33, 34|, we initiate a study of a system of generalized
nonlinear ordered variational inclusions in real ordered Banach space.
We design an algorithm based on the resolvent operator for solving the
system of generalized nonlinear ordered variational inclusion problems.
We prove an existence and convergence theorems for our problems.

2. Prelude

Throughout this paper, we assume that X is a real ordered Banach
space with norm || - ||, an inner product (-,-), a zero element 6 and
partial order < defined by the normal cone C' with a normal constant
Ac. The greatest lower bound and least upper bound for the set {z,y}
with partial order relation < are denoted by glb{z,y} and lub{z,y},
respectively. Assume that glb{x,y} and lub{x,y} both exist.

DEFINITION 2.1. Let C(# 0) be a closed, convex subset of X. C is
said to be a cone if

(i) for x € C'and A > 0, \x € C;
(ii) if x and —z € C, then z = 6.

DEFINITION 2.2. [6] C' is called a normal cone if and only if there
exists a constant \¢ > 0 such that 0 < x < y implies ||z|| < Ayl
where A¢ is called the normal constant of C.

DEFINITION 2.3. For arbitrary elements z,y € X, x < y if and only
if x —y € C, then the relation < is a partial ordered relation in X. The
real Banach space X with the ordered relation < defined by C' is called
an ordered real Banach space.

DEFINITION 2.4. [28] For arbitrary elements z,y € X, if 2 <y (or
y < x) holds, then z and y are called comparable to each other and this
is denoted by x o< .
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DEFINITION 2.5. [17) A map A : X — X is called S-ordered com-
parison map, if it is a comparison mapping and

Alz) ® A(y) < Bz dy), for 0 < f < 1.

LEMMA 2.6. [6] If x and y are comparable to each other, then lub{z, y}

and glb{x,y} exist,
r—yxy—x, and 0 < (x —y)V (y — x).

LEMMA 2.7. [6] Let C' be a normal cone with normal constant A\¢c in
X, then for each x,y € X, we have the relation:

Q) 16 @] = 6] = o

(i) [l Ayl < [lzl Ayl < [l + [lyll;
(ii)) [z @ yll < llz —yll < Acllz @yl
(iv) if z oc y, then [lz @yl = [l —y]|.

LEMMA 2.8. [20,25] Let < be a partial order relation defined by the
cone C' with a normal constant \c in X in Definition 2.3. Then here in
after relations survive:

)zdy=ydz, tdx =0
(ii)) 0 <z DO;

(iii) if, A to be real, then (Ax) ® (A\y) =| A | (z ® y);
(iv) if z,y and w can be comparative to each other, then (r @ y) <
(z®w) + (w @ y);
(v) presume (z +y) V (s +t) exists, and if x < s,t and y  s,t, then
@+y) ©(+) < (xOs+yD)A(rOlI+yDs);
(vi) if x,y,r,w can be compared with each other, then
(@A) & (rAw) < (@& )V (g w) Al@dw) v (y& )
(vii) if x <y and s <t, then v + s < y + ¢;
(viii) if x < 0, then —x ® 0 <z < x & 0,
(ix) ifx xy, then (z®0) B (yd ) < (zdy) D=2y

x) (x®0)— (y®0) < (z—y)D0;

(xi) if § <z and xz # 0, and a > 0, then § < ax and ax # 6, for all
z,y,r,s,w € X and a, A € R.

DEFINITION 2.9. [25] Let A : X — X be a single valued map. Then

1. Ais called y-order non-extended mapping if there exists a constant
~v > 0 such that

Yz @ y) < A(x) © A(y),Vz,y € X;
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2. Ais called a strongly comparison map if it is a comparison mapping
and A(x) o< A(y) iff z oc y, for all z,y € X.

DEFINITION 2.10. [24] Allow A : X — X and M : X — 2% to be
single-valued and set valued mappings, respectively.
(i) M is called a weak-comparison map, if for ¢, € M(z),z x t,, and
if z < y, then 3¢, € M(z) and t, € M(y) such that ¢, x t,, for all
z,y € X;
(ii) M is called an a-weak non-ordinary difference map associated with

A, if it is weak comparison and for each z,y € X,3 a > 0 and
t, € M(A(x)) and t, € M(A(y)) such that

(t: Dt,) ® a(A(z) @ Ay)) = 0,

(iii) M is called a A-order different weak-comparison map associated
with Aif 3\ > 0, forall 2,y € X and there exist t, € M (A(z)),t, €
M (A(y)) such that

Aty —ty) xx —y;

(iv) M (a weak-comparison map) is called an ordered (a4, A)-weak-
ANODM map, if it is an a-weak non-ordinary difference map and
a A-order different weak comparison map associated with A, and
(A+AM)(X) = X, for a, A > 0.

DEFINITION 2.11. [24] Let A : X — X and M : X — 2% be
~v-order non-extended map and an a-non-ordinary difference mapping
with respect to A, respectively. The resolvent operator R% i X — X
associated with both A and M is defined by
(2.1) RY () = (A+ AM) " (z),for all z € X,
where v, a, A > 0 are constants.

DEFINITION 2.12. [26] A map A : X x X — X is called (a1, as)-
restricted-accretive map, if it is comparison and 3 constants 0 < aq, ap <
1 such that

(Az,) + I(z)) & (Aly, ") + 1(y)) < ar(A(z,) ® A(y, ) + 2z S y),
for all x,y € X, where [ is the identity map on X.

LEMMA 2.13. [24] If M : X — 2% and A : X — X are an a-weak-
non-ordinary difference map associated with A and ~y-order non-extended
map, respectively, with ay # 1, then My = {0 @z | x € M} is an «-
weak-non-ordinary difference map associated with A and the resolvent
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operator R%‘j\ = (A+AMy)~! of (A+ A\My) is single-valued for o, A > 0,
i.e., RS : X — X of M holds.

LEMMA 2.14. [24] Let M : X — 2% and A: X — X be (aa, \)-
weak-ANODD set-valued map and strongly comparison map associated
with RY\, respectively. Then the resolvent operator R}, : X — X is
a comparison map.

LEMMA 2.15. [24] Let M : X — 2% be an ordered (aa, \)-weak-
ANODD map and A : X — X be ~v-ordered non-extended map asso-

ciated with R% \, for ay > %, respectively. Then the following relation
holds:

1
(2.2) R%/\(x) S R%A(?/) < 5

A for all X.
(aA)\_l)(x@y)v orallx,y €

3. Formulation of the problem

Allow X to be a real ordered Banach space and C a normal cone
having the normal constant A¢. Let M; : X x X — 2%(i = 1,2,3)
be set valued mappings. Suppose f;,g; : X — X(i = 1,2,3) and
F,: X x X — X(i =1,2,3) are single valued mappings. Now, consider
a system of generalized nonlinear ordered variational inclusion problems
for finding (z,y,2) € X x X x X such that

wy € Fi(fi(x),y) + piMi(g1(2), y),
wy € F>(fa(y), 2) + p2Ma(g2(y), 2),

(3.1) ws € F3(f3(2), x) ® M3(g3(2), x),

where p1, ps > 0 and (wy, we, w3) € X x X x X.

Special Cases:

1. If (Z = 1,2),p1 = P2 = 1,g1 = (g2 = f2 = f3 =1 (the ldentlty
mapping on X)), M; and M3 = M, are single valued mappings and
M(g1(z),y) = M(z,y), then problem (3.1) reduces to the problem
for wi,wy € X, find z,y € X such that

w1y S Fl(fl(x)u y) + Ml(xv y)?
(3.2) wy < Fy(7,y) & Ma(z,y).

Problem (3.2) was variant form of [20].
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2.t ¢ = 1,wy, = 0,pp = 1, M; is a single-valued mapping, then
problem (3.2) is to find x,y € X such that

Problem (3.3) was initiated and studied by [32]

3 Itwy =wy =0,F=1F=fi=[fi=M=>M =g =g =
Ogl—fFl(fl())—f()m—pandMl(gl()) M(z),
then problem (3.1) became the problem to find x € X such that

(3.4) wy € f(z) + pM(x).

Problem (3.4) was initiated and studied by [24].

4. I pr=ppwr=w=0F1=F=f=fi=0=0p=>M-=
My = 0,fs = g5 = I,F3(f3(x),y) = F(z) and Ms(gs(x),y) =
M (x),ws = w, then problem (3.1) is converted to the problem of
finding x € X such that

(3.5) w e F(x) e M(z).

Problem (3.5) was initiated and studied by [23].
w3y =0,¢1 = I and M;(¢1(x),y) = M(x), p1 = p,w; = w, then the
problem (3.1) converted to the problem of finding = € X such that

(3.6) w € pM(z).
Problem (3.6) was initiated and studied by [22].

Now, we mention the fixed point formulation of (3.1).

LEMMA 3.1. The set of elements (x,y,z) € X x X x X is a solution
of (3.1) if and only if (x,y,z) € X x X x X satisfying the following
relations:

Ay = Fi(fu(). )],

P1
22y = Fy(faly), ),

P2

(3.7) 2 = RYSBODA() 4 Ag(ws @ Fy(f3(2),2))-

r = R%;(lgl('),y) [A(z) +

M
y = RYE2OD4(y) +

Proof. The proof follows from the definition of the resolvent operator
(2.1). O
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4. Main results

In this section, we present an existence result for the system of gen-
eralized nonlinear ordered variational inclusions, under some suitable
conditions. Also, discuss convergence of the sequence suggested by an
iterative algorithm.

THEOREM 4.1. Let C' be a normal cone having a normal constant A¢
in a real ordered Banach space X. Let A, fi,g; : X — X (i = 1,2,3)
be single-valued mappings such that A is a Aj-compression mapping,
fi are \y,-compression and g; are comparison mappings for (i = 1,2, 3),
respectively. Let F; : X x X — X (i = 1,2,3) be single-valued map-
pings such that Fy is an (aq, ag)-restricted-accretive mapping w.r.t. fi;
Fy is an (1, B2)-restricted accretive mapping w.r.t. fs and F3 is an
(01, 09)-restricted accretive mapping w.r.t. f3, respectively. Suppose
M; : X x X — 2% are the set valued mappings such that M, is a
(ca, A;)-weak-ANODD set valued mapping for (i = 1,2,3), respectively.
In addition, if x; o< y;, y; X 2, 2; X X, R]‘A@\l (x;) R%§2(yl), R%§2(yl-) o
R /\S(zl) Ry )\B(zl) x Ri\gl(mz)(z = 1,2) and for all A1, \a, A3, 01, 02,03 >
0, the fo]lowmg conditions are satisfied:

RAMl)\(lgl( 71‘/1)( ) ) R%l)\(lgl y2)(ﬂ71) 5 (yl ¥ 92)

2/13292 ( ) 11:‘42)\292(.),z2)(y1) < 53(21 @22)
(4.1) 1)143;\393 (21) %‘3/»\393(),9:1)(22) < 51(x1 691:2),
and
ACUIAL O A
)\C(Nl)\A + /Lg)\gO’l + (51> <1-— %;
1
A A A A
Ao(piada + 02) < 1 — c(peXaBrpidyg, + 1042,02);
P1pP2
A oA
(4.2) Ac(psda + p3Aso1 A gy +03) < 1 — %252
2

Then the (3.1) grants a solution (z,y,z) € X x X x X.

Proof. From Lemma 2.15, we know that the resolvent operator R%i\l (+),

R%ﬁ\z(-) and R%ﬁ\s(-) are p;-Lipschitz continuous, us-Lipschitz continu-
1

ous and ps-Lipschitz continuous, respectively. Here p, = e
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1
MQ ’*/2(04,4)\2 1 and [L.?) ’Y3(OtA)\3—1)'
Now, deﬁneamapP XXxXxX—XxXby

(4.3) P(x,y,z) = (T(x,y), 5y, 2),G(z,2)),¥(zr,y,2) € X x X x X,
where T, S, G : X x X — X are mappings defined as

ALy = R(fi(), )]

(4.4) T(z,y) = Rﬁ{;fl”y)[A(pr
1

22wy — Ba(faly), 2)

(45) Sz = B 7AW + 2

(46)  Glz2) = RBEODARR) + As(ws @ F(f3(2), 2))].

For any z;,v; € X and x; < y;,vy; o< (i, = 1,2). Using (4.4), Defini-
tion 2.5, Definition 2.12, Lemma 2.15 and Lemma 2.8, we have

0 <T(x1,y1) ® T(x2,ys)

A1
= RIS OMAG) + 2w = Fi(fien). )]

P
& RO [A(r) + 2w = F(fu(es), )
< RSO AGen) + 2w = Byl )]
& RO Aay) 4 2wy~ Fi(fu(ea), )
© RSO Afe) + 5 wn = Fil i), )]

& R 0% AGwa) + 5 wn = Fi(faa)o )
< nlA(er) ® Alxs) + %m(fl(xl), 1) @ Fi(f1 (22),92))] ® ol © 1)
< julA(m) @ Alea) + %ml(ﬁ(m) B f1(22)) + anlys B 92))] ® Salys B go)

A
< [Aa(zy ® 22) + p—1<a1Af1 (21 ® 22) + aa(y1 B y2))] ® 62 (y1 B o)
1
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)\1a1>\f1
P1
Aapr + Aag A
Ml( AP1 10 fl)(ﬂh @1'2) X
P1 P1
From Definition 2.2 and Lemma 2.7, we have

1T (21, 91) © T2, y2)|| = 1T (21, 91) = T2, 1)

Aapr + Aag A Aag + pi6
fia ( Aplp =1 f1>($1@$2)+%(91@?/2)”
. 1

p1(Aapr + )\1Oé1>\f1) 1A Qg + p102
£1
(Aap1 + Ao Ayp)

P1

< pa[(Aa + )(71 @ 72)

2 (11 ® 12)] & G2 (1 ® 1)
1

piA1 + p102

4.7 <] (11 @ y2)].

< A

< Acl (21 @ 22) [ + Acl (11 @ )l

< Acpi |21 — 22| + A

(1 A102 + p162)
n Hyl - yQH

That is,
(Aap1 + Ao Ay)

(4.8) 1T (w1, y1) — T'(w2,92)|| < Ao |21 — 2|

(1A + p1d2)
P1

+ Ao lyn — el

For any v;, 2 € X,y; < 2;,2 « y;(i,7 = 1,2). From (4.5), Definition
2.5, Definition 2.12, Lemma 2.8 and Lemma 2.15, we have

0 S S(yla Zl) S S(y2>2’2)

- A2
— Rff\f() )[A(yl) + p_(w2 — Fy(fa(y1), 21))]

2

® RO AG) + 202~ Falfaloe),20)

292" )21 >\
< R%)\(zg ©: )[A(Z/l) + p_2(w2 — Fy(f2(11), 21))]

2

zZ1 )\ — F
@ RAMi\(;]Q ), )[ 4(y2) -+ pi (w2 2(f2(y2)> 32))]
Yoz )\ F >
V.29 )\
S RAA%(;D( ’ )[A(yz) +2 (w2 = F>(f2(y2), 22))]

2
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< pa[A(y1) © Alyz) + %(F2<f2(y1>7 21) © Fa(fa(12), 22))] @ d3(21 @ 22)
< paA(y1) © Ayz) + %(ﬁl(fl(yl) @ fa(y2)) + B2(z1 ® 22))] B 03(21 D 22)

A

< pp[Aa(y1 @ y2) + p_2(51)‘f2(3/1 D y2) + Pa(z1 @ 22))] @ I3(21 D 22)
2

Aoy,

P2

Maps + AafBidg, Nofa + pod

< [Mz( Aﬂzp 251 f)<y1@y2)+ﬂz 25; p203
2 2

AQ? (21 @ 22)] © d3(21 D 22)

< paf(Aa + )(y1 @ y2) +

(21 @ 22)].
(4.9)

From Definition 2.2 and Lemma 2.7, we have

151, 21) @ S(ya2, z2) | = 151, 21) = S(y2, )

Aaps + Aafidy, Aoy + pad
e B B
2 2
A + Ao A A + 090
< Ao H2lrar2 T Aab f2><y1@y2>\|+Ac\|%<zl@zz>n
Aaps + AafBids, Aoy + pad
<oyt XoBidn) L edeBe )
P2 P2
That is,
Aapz + AaBids,
(410)  1S(n 21) — Sy, 22)]] < Acpis A2 p;ﬁl 2y = 1
A + 090
+)\C(M2 252 P2 3)“21 _ Z2H~

P2
For any z;, 2 € X and z; « z;, 2 < xj, (1,5 = 1,2). Using (4.6), Defini-
tion 2.5, Definition 2.9, Lemma 2.15 and Lemma 2.8, we have
0 < G(21,71) © G(22, 72)
= RISSOMLAG) + Ng(ws @ Fy(fo(z1),21)]

3

@ RY3EOT A (29) + Ag(ws @ Fy(fs(22), )]
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< RMg(ga(.)’xl)[A(zl) + Az(ws @ F3(f3(21), 11))]

@RMS(:J, )[A(Z2) +)\3(w3 @F3(f3(22),$2))]

O Ry ,\(3 "A(2) + As(ws @ Fy(f3(22), 72))]

© RM& B[ A(25) + Ag(ws B Fa(f3(22), 2))]
< psA(z1) @ Alzz) + A3(F3(f3(21), 1) © F3(f3(22), 72))] © 01(21 D 22)
< us[A(z1) @ Aze) + As(01(f3(21) © f3(22)) + 021 © 22))] @ 01 (71 D 72)
< ps[Aa(z1 @ z) + As(01Af; (21 @ 22) + 0221 D 22))] @ 01 (21 © 72)
< ps[(Aa + X301 p,) (21 D 22) + A302(21 D 22)] B 61 (21 B 22)

< [us(Aa + X301 p) (21 @ 22) + (M3 302 + 01) (21 © x2)].

(4.11)

Using Definition 2.2 and Lemma 2.7, we obtain

|G (21, 21) G (22, 22)|| = [|G(21, 1) — G(22, 22) |

< Aclus(Aa + Aso1Ap, ) (21 @ 22) + (H3As02 + 61) (21 S 22) |

< AellpsNa + Aso1Ap,) (21 @ 22)|| + Ae|| (3 As02 + 61) (21 & )|
< Acps(Aa + X301 p) |21 — 22| + Ac(psAsoz + 61) ||z — 22|

That is,

|G (21, 21) = G(22, 22)|| < Acps(Aa + Aso1Ap,)|[21 — 2|
(412) -+ )\0(#3)\30'2 + 51)”1‘1 - ZEQH

From (4.8), (4.10) and (4.12), we have

1T (1, 91) = T2, )| + 1S (y1, 21) = S(ya, 22) | + |G (21, 21) = G20, 25) |

A + Aag A A + p10
oy MPTMOAR) g a0 Tk,
p1 P
A + X1 Ay, Aoy + P20
+/\0M2( AP2 ; 251 f)||y1—y2||+/\c(“2 2522 P2 3)||21_Z2||
P

+ /\Clug(/\A + /\30'1)\f3)||2:1 — ZQH + /\0(/L3/\302 + (51)||[E1 — IQH
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p(Aapr + Ay, y
1
pa(Aaps + AafiAy,) " (tA1ag + p162)
P2 P1
)+ (H2>\2522+ ,0253)]

< A 3302 4 01)] |21 — 22|

+ Ac| iy — vl

+ A [ps(Aa + X301y, |21 — 22|

< Ac(pr(Aapr + MagAy) 4 pi(psAsor + 61))
P
n Ac(pop1(Aapz + XafiAs,) + p2(piAiag + 02p1))
P1P2
i Ac(pspa(Aa + X301 p,) + (aAe B2 + 03p2))
P2
= Wl — @2 + Qallyr — vall + Q3|21 — 22|
< max{€2, Qo, Q3 }([|z1 — 22| + [ly1 — val + [lz1 — 22[)),
(4.13)

|21 — 2|

ly1 — v

|21 — 22|

where
0, — Ac(pr(Aapr + Mar Ay ) + pr(psAsor + 51))‘
1 — )
P1
Qy = Ac(p2p1(Aapz + AaBi)yg,) + pa(pidiag + d2p1))
P1P2
and
0y = Ac(pzp2(Aa + A301Ap,) + (HaXaB2 + d3p2))
P2
Now, we define ||(z,y, 2)|l. on X x X x X by
(4.14) (@, v, 2) |l = [zl + vl + [[2],V(2, 9, 2) € X x X x X.

One can easily show that (X x X x X, || - ||) is a Banach space. Hence
from (4.3), (4.13) and (4.14), we have

(415) ||P(3’J17y1,21> - P(x27y2a22>||*
< max{Qy, D, Q3 }(||lz1 — 22| + [ly1 — vall + |21 — 22|]).

From (4.2), we know that max{€;, 2, Q3} < 1. It follows from (4.15)
that P is a contraction mapping. Hence there exists unique (z,y,z) €
X x X x X such that

P(z,y,2) = (2,9, 2).
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[his leads to
. A
T = RAMA(lgI( )) [A(z) + -

P1

%wg — B(f2(y), 2))]

2= RIOV(AR) + da(ws @ Fy(fal2), )]
It is determined by Lemma 3.1 that (z,y, 2) is a solution of (3.1). [

(wy — F1(fi(),v))],

y = RO 7IA) +

Now, we construct an iterative scheme for problem (3.1).

ALGORITHM 4.2. Let C be a normal cone with a normal constant \¢
in a real ordered Banach space X. Let M; : X x X — 2% (i =1,2,3)
be set valued mappings. Assume that f;,¢9;, : X — X and F; : X x
X — X are single-valued mappings for ¢ = 1, 2, 3. For the initial guess
(Z0, Yo, 20) € X x X x X assume that zq o< 1, yo X Y1, 20 x z1. We define
an iterative sequence {(x,, Yn, 2,)} and let Z,411 X Ty, Yni1 X Yn, Zni1 X
Zn. such that

(4.16) )
Tpt1 = Tplp + (1 - WN)RJ\A/[j\(lgl(%yn)[A(xn) + p_l(wl - Fl(fl (xn)’ yn))]a
1
(4.17) \
Yns1 = Tt + (1 — 1) REZZO0 [ A(y,) + p—j<w2 — Fa(falyn), 2n))],
(4.18)

Zng1 = Tp2n + (1 — Wn)R%%\ggg(')’m")[A(Zn) + A3(ws & F3(f3(2n), 7))
For n =0,1,2,..., where 0 < 7, < 1 with limsup,, 7, < 1.
LEMMA 4.3. [10] Allow {9, } and g, to be sequences of nonnegative
real numbers such that they satisfy
(i) 0<¢, <1,n=0,1,2,--- and limsup,, ¢, < 1;
(i) Ypy1 < Gu0p,n=10,1,2,3,--- .
Then {¥,} approaches zero as n tends to co.
THEOREM 4.4. Allow X,C, M;, f;, g;, F; (i =1,2,3) to be as in The-
orem 4.1 such that all the assertions of Theorem 4.1 are valid. Then the

sequence {(Tn, Yn, 2n)} formulated by Algorithm 4.2, converges strongly
to the unique solution {(x,y, z)} of (3.1).
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Proof. From Theorem 4.1, the system (3.1) admits a unique solution
(x,y, z). It follows from Lemma 3.1 that

(419) = =mz + (1 —m) ROV [A@) + 2w — B (fi(2).y))),

P1

é(wg — Fy(fa(y), 2)),

(4.20) y=my+(1— ﬂn)RXifQ(')’z) [A(y) + p

and
(421) 2 =mz+ (1 - m)RSEODA() + Ag(ws @ Fa(f3(2), 2)))-
From (4.16), (4.19) and Lemma 2.8, we get

0< Tpi1 DX
. A
= Tn + (1 — m) RYI O [A(z,) + 22wy — Fy(fila), ya))]

P1

® mor + (1= m) RYSO OV [A(2) + %wl ~ Ru(fu(a), )

— a0 ® ) + (1 — m) RO [A,) + (w1 — Fy (fi(20), )]

P1
M, — R(fi(@), )]

M (g1
@ R A@) + 2

(4.22)

Using the same argument as in Theorem 4.1, for (4.7), we have

[2n 1 @ ]| = [J2nss — 2|

()‘Apl + )\1041)‘f1)

< mpllwn — 2l + (1 — 7Tn)[/\C:ul |zn — ||

(1 A1a2 + p162)
1
1—m,)A A Ao A
< [7Tn+ ( & ) Clu’l( AP1 T A1 f1>]”xn —93H
P1
(1 — 7Tn)>\c(,u1>\1(1/2 + p152)

P1

+ A lyn — Y]

(4.23) +1 Hyn =yl
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Similarly, it follows from (4.17) and (4.20) that
0< Yn+1 DY

= (Moo + (1 — m) RYZ2O[A(y,) + 22 (y — Fy(faln), 20))]

P2

& may + (1 — m) RS2 [A®y) + %(wa — Fy(fa(y),2))])

— (e ©9) + (1= 1) (RYZEO A () + 22 (w5 — Fy(falun), 20))]

P2
&(wg — F>(f2(y),2))])

® R3O A (y) + .

(4.24)

Importing the same logic as in Theorem 4.1 for (4.9), we have

(1 — ) Acpa(Aape + A2fiAy,)
n ©® == n - S Tn +
[Ynt1 @ Yl = 1Ynsr —yll <1 .

i (1 — m)Ac(paref2 + p203)
P2

yn —

(4.25)

lzn = 2|
Similarly, it follows from (4.18) and (4.21) that

0< 2,112
= mnzn + (1= m) RYSPOA(2,) + As(ws © F(fs(2n), 7))
@ Tz + (1= 1) RYSPODA2) + Na(ws @ Fy(fa(2), 7))
= T(2n @ 2) + (1 = m) (RASSVTV[A2) + Ng (w3 © Fy(fa(2n), )]

@ RBEODNA(2) + A (ws @ Fa(f3(2),2)))).-
(4.26)

Importing the same logic as in Theorem 4.1 for (4.11), we have

2041 @ 2]l = (2041 — 2[| < [mn + (1 = ma)Acks(Aa + Aso1A )] 2n — 2]
(427) +(1 —Wn)/\c(ﬂg)\302+51)||$n—$|H
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From (4.23), (4.25) and (4.27), we have

[@ns1 — 2l + [[Yns1 — yll + [[2ns1 — 2|
(1 —mp)Acpi(Aapr + Aardy,)

< lra . — 2
P1
1—m)A Ay + p16
(Lo mdelnhits +pide)y, -
P1
1—m,)A A + X1y,
+ [, + ( n) CM2(p2AP2 2B1f. >]Hyn ]
+ [(1 - W))‘C(:U“2)\252 + p253)]||zn . Z”

P2
+ [T 4+ (1 = m)Acps(Aa + Azo1Ap)] |20 — 2]

+ [(1 = m) Ac(usAson + 61)] ||z — =
< 7Tn(||xn - :L‘H + Hyn - y” + ”Zn - ZH)
Aot (Aapr + AdrarAy,)

+ (1 —m,)[ ; + Ao (psAsos + 01)]||z, — 2]
1
A A A2 B A A A
(=) cpa(Aape + XaBiAy,) n c(mArias + 0152)]||yn T
P2 P1
A A + P90
(1= T opis(a + Ny hg,) + 22t a0y

= Ton(llzn — 2/l + llyn — yll + |20 — 2[)
+ (1 =) (llzn — 2l + Qallyn — yll + Q|20 — 2]).
(4.28)

From (4.2), we know that max{€;, s, 3} < 1. Then (4.28) becomes

21 = @l + [1yns1 = yll + 12042 — 2]
<n(ll2n — 2/l + lyn = yll + [lzn — =)
(4.29) + (1= m)Qllzn — 2l + [lyn = yll + |20 — 2[)),
where © = max{Q, 2,23} and

A
0 = p—c[ﬂl()\Apl + A g) + pi(psAzon + 61,
1

A
Oy = P ; [pap1(Aapz + XaBiAy,) + pa(pidiae + d2p1)],
12
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and N
Q5 = p_c[uzpz()\A + X301 55) + (p2Aafa + G3p2)].
2

Let 9, = (||xn — || + |lyn — |l + |20 — 2||) and ¢, = Q+ (1 — Q)m,,, then
(4.29) can be rewritten as

1977,—&—1 Sgnﬁn>nzo’1727"' :

Choosing ¢,, we know that limsup, ¢, < 1. It follows from Lemma 4.3
that 0 < ¢, < 1. Therefore, {(z,,¥yn,2,)} converges strongly to the
unique solution {(z,y, z)} of (3.1). O
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