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FUZZY HOMOMORPHISM THEOREMS ON GROUPS

GEZAHAGNE MULAT ADDIS

ABSTRACT. In this paper we introduce the notion of a fuzzy kernel
of a fuzzy homomorphism on groups and we show that it is a fuzzy
normal subgroup of the domain group. Conversely, we also prove
that any fuzzy normal subgroup is a fuzzy kernel of some fuzzy
epimorphism, namely the canonical fuzzy epimorphism. Finally, we
formulate and prove the fuzzy version of the fundamental theorem
of homomorphism and those isomorphism theorems.

1. Introduction

It is well known that if f : G — H is an ordinary(crisp) homomor-
phism of groups then its kernel is a normal subgroup of the domain
group G. Conversely, given a normal subgroup N of a group G, there
exists an epimorphism 7, namely the canonical epimorphism from G to
the quotient group % defined as w(a) = a+ N for all a € G such that its
kernel is N. Moreover, given a homomorphism f : G — H, the quotient

s i hic to the i f hich i b f th
group g is isomorphic to the image o f which is a subgroup of the

codomain group H. This isomorphism, let say f is simply induced by f;
in the sense that f can be defined as f(a + ker f) = f(a) for all a € G.
In other words we have a decomposition f = f ox. This is known as
the fundamental theorem of homomorphisms. As a consequence of this
result, the first, the second and the third isomorphism theorems follow
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immediately. In this paper we introduce the notion of fuzzy kernel of a
fuzzy homomorphism on groups and we show that it is a fuzzy normal
subgroup of the domain group. Conversely, it is proved in this paper
that any fuzzy normal subgroup is a fuzzy kernel of some fuzzy epimor-
phism, namely the canonical fuzzy epimorphism. Finally, we formulate
and prove the fuzzy version of the fundamental theorem of homomor-
phism and those isomorphism theorems analogously in a different way
other than they appears in ( [1], [5], [6], [7] and [15]).

2. Preliminaries

In this section we recall some necessary definitions and results for a

better completeness of the paper. We refer [4] for those ordinary(crisp)
concepts in group theory.
For a set X, by a fuzzy subset of X, we mean a mapping of X into the
unit interval [0, 1]. We say that a fuzzy subset p of X is nonzero if there
is some = € X such that p(z) # 0. We denote by Oy and 1x; fuzzy
subsets of A defined by:

Ox(z) =0and 1x(xz) =1forall x € X
For any sets X and Y, by a fuzzy relation from X to Y, we mean a fuzzy

subset of X x Y [14]. The following definition of fuzzy mappings is the
generalization of the definitions found in [2], [3], [9].

DEFINITION 2.1. A fuzzy relation f from X to Y is said to be a fuzzy
mapping from X into Y if for each © € X there exists a unique y € Y
such that f(z,y) = 1.

A fuzzy mapping f from X into Y is one-one if for each x1, 25 € X
and y € Y: f(z1,y) =1 and f(z9,y) = 1 implies that z; = xzo. We call
f an onto fuzzy mapping if for each y € Y there exists x € X such that
f(z,y) = 1. Moreover its fuzzy image denoted by Ry is a fuzzy subset
of Y defined by

Ry(y) = sup{f(z,y) - v € X}

for all y € Y [13]. It is observed that f is onto if and only if Ry = 1y

DEFINITION 2.2. [13] Let f be a fuzzy mapping of X into Y. If p is
a fuzzy subset of X and v is a fuzzy subset of Y then

f()(y) = sup{p(z) A f(z,y) |z € X}
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and
7 W) () = sup{f(z,y) Av(y) |y € Y}

LEMMA 2.3. Let f be a fuzzy mapping of X into Y, i a fuzzy subset
of X and v a fuzzy subset of Y Then

Lop € fH(f(w)
2. If f is onto, then v C f(f~'(v))

DEFINITION 2.4. [13] Let f be a fuzzy mapping of X into Y and g be
a fuzzy mapping of Y into Z. Then their composition g o f defined by:

go f(z,z) = sup{f(z,y) Ngly,z) :y €V}
is a fuzzy mapping of X into Z

DEFINITION 2.5. ( [10], [12]) A fuzzy relation © on a fuzzy equivalence
relation on X if the following conditions are satisfied for all x,y, 2z € X:

1. O(z,z) =1

2. O(z,y) = O(y, 7)
3. O(x,y) NO(y,2) < O(x, 2)
*)

Let (G, *) be a group. We write zy for = * y.

DEFINITION 2.6. [12] A fuzzy subset u of G is called a fuzzy normal
subgroup of G if:

1. u(e) =1

2. pu(zy) > p(x) A p(y) for all z,y € G

3. u(z™) > p(x) forall x € G

4. p(zy) = p(yx) for all z,y € G

Note that according to Rosenfield [11], a fuzzy normal subgroup p
need not necessarily attain the value 1 at e.

DEFINITION 2.7. ( [10], [12]) A fuzzy equivalence relation © on G is
a fuzzy congruence relation on G if:

O©(ac,bd) > O(a,b) A O(c,d)

for all a,b,c,d € G. We denote the set of all fuzzy normal subgroups of
G by FN(G) and the set of all fuzzy congruences on G by FC(G). It is
observed in [12] that there is an order isomorphism between the lattice
FN(G) and the lattice FC(Q).
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For a fuzzy normal subgroup p of G and each a € G define a fuzzy
subset fiq, of G by pe(z) = p(ra™) for all z € G. p, is called the
fuzzy coset of G determined by a and p [8]. It is observed that p, = 1
if and only if u(ab™') = p(e) = 1. The collection % = {pa : a € G}
forms a group under the operations defined by: (1a)(ts) = f4(ap) for all
a,b € GG and it is called the quotient group induced by the fuzzy normal
subgroup p. For a fuzzy subgroup i of G we denote by G, the level set
G,={xeG:px)=1}.

3. Fuzzy Homomorphism Theorems

Throughout this section G and H are groups unless and otherwise
stated. The following definition is due to [13].

DEFINITION 3.1. [13] A fuzzy mapping f from G to H is said to be
a fuzzy homomorphism if for any z,2o € G and y € H we have the
following:

L f(ziza,y) = sup{f(z1,y1) A f(22,92) : 41,92 € G 1y = y}

2. fla™hy™h) = f(z,y)
If f is one-one(respectively onto) then as usual we call f a fuzzy monomor-
phism(respectively a fuzzy epimorphism) and if it is both one-one and
onto then we call it a fuzzy isomorphism. If there is a fuzzy isomorphism
from G onto H then we say that G and H are F'—isomorphic to each
other and we denote this by G LH

LEMMA 3.2. Let f be a fuzzy homomorphism from G to H. Then
f(e,€’) =1 where e and €' are identity elements of G and H respectively

LEMMA 3.3. f is a fuzzy homomorphism if and only if
flaizyt,y) = sup{f(zr, 1) A fla2,92) gy =y}

Proof. Suppose that f is a fuzzy homomorphism. For any zy,2, € G
and y € H consider

flarzyy) = sup{f(zi,y) A fs " v2) 1y y2 € Hoyiye = v}
= sup{f(z1,y1) A f(Iz,yg_l) CY1ye = Y}
= sup{f(z1,y1) A f(z2,90) : y1ys ' =y}

Conversely suppose that

flawy'y) = sup{f(z1,y1) A f(z2,92) tyiys ' =y}
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for all 1,29 € G and y € H. Then
f@hy™) = flez 'y
= sup{f(e,y1) A f(z,p2) oy =y '}
> fle,y1) A f(@,12),Yy1, 92 € Hyyrys ' =y~

In particular for y; = €’ and y, = y. That is;
fa™hy™) > fle,e) A fla,y)
= flz,y)
Similarly doing we get f(z,y) > f(z='y™!) so that f(a=ty™!) =
f@,y).
flaiws,y) = sup{fzi.y) A f23',y2) s iys ' =y}
= sup{f(zi,y1) A fl2,957") 101y =y}
= sup{f(z1,y1) A f(22,92) : Y12 = ¥}
]

LEMMA 3.4. [13] If f is a fuzzy homomorphism from G to H and g is a

fuzzy homomorphism from H to K, then go f is a fuzzy homomorphism
from G to K.

LEMMA 3.5. [13] Let f be a fuzzy homomorphism from G to H. If
p and v are fuzzy subgroups of G and H respectively then f(u) and
f~Y(v) are fuzzy subgroups of H and G respectively.

DEFINITION 3.6. [13] A fuzzy homomorphism [ from G into H is said
to satisfy the surjerction property if:

f(@,y1y2) = sup{f(x1,y1) A f(22,92) : 2120 = 2}
for all z € G and all y;,y, € H

LEMMA 3.7. [13] Let f be a fuzzy homomorphism from G to H.

1. Ifv is a fuzzy normal subgroup of H, then f~!(v) is a fuzzy normal
subgroup of G

2. If p is a fuzzy normal subgroup of G and f satisfies the surjection
property, then f(u) is a fuzzy normal subgroup of H

LEMMA 3.8. If f is a fuzzy homomorphism from G to H, u and o are
fuzzy subgroups of G, v and 0 are fuzzy subgroups of H, then we have
the following:
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1 f(uo) = f(p)f (o)
2. f7Yw)f1(0) C f~1(vh); and the equality holds whenever f satis-
fies the surjection property.

DEFINITION 3.9. Let f be a fuzzy homomorphism from G to H. Let
Ky be a fuzzy subset of G defined by:

K¢(z) = f(z,€¢) forallz € G
we call Ky the fuzzy kernel of f.

LEMMA 3.10. Ky = f~'(xqe}); where € is an identity element of H.
LEMMA 3.11. K} is a normal fuzzy subgroup of G.
Proof. Clearly Ks(e) = 1. Also for each z1,25 € G.

Ey(may') = flazg',€)

= sup{f(x1,31) A f(x2,92) : 1y ' = €'}
Flr, 1) A f(e,92), Vi, u2 € Hopyy ' =€
flx,y) A f(2,92), Yy, 92 € Hoyo = 1o
f(@1,y) A f(22,y),Vy € H

(AVARAVARIV]

In particular K;(z125") > f(z1,€)Af(xe,¢') = K;(x1) AKf(z9). There-
fore K is a fuzzy subgroup of GG. Next we show that K is normal. For;
Ki(xze) = f(zxg,€)

= sup{f(@1,y1) A f(22,92) : thyp = €'}

= sup{f(x2,y2) N f(x1,91) : yorn = €'}

= flawy,€)

= Kjy(xozy)
Therefore K is a fuzzy normal subgroup of G. O

LEMMA 3.12. A fuzzy homomorphism f from G to H is one-one if
and only if G(k,) = {e}.

Remark: The fuzzy kernel of f can also be defined as a fuzzy relation
Oy on the domain group G as follows:

Oy(a,b) = Sup{f(a,y) A f(b,y) :y € H}
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for all a,b € G. It is observed that Oy is a fuzzy congruence relation on
G and the fuzzy normal subgroup induced by ©; is precisely K;. For
a

this reason the quotient group @% is the same as X

LEMMA 3.13. Every fuzzy normal subgroup of G is a fuzzy kernel of
some fuzzy epimorphism.

Proof. Let p be a fuzzy normal subgroup of GG. Consider the quotient
group % and define a fuzzy relation 7w from G into % by:

m(x, py) = pley™t) for all z,y € G

Then 7 is a fuzzy epimorphism of G onto % such that its fuzzy kernel k,
is . We call this 7 the natural (or the canonical) fuzzy epimorphism. [

THEOREM 3.14. (Fundamental Theorem of Fuzzy Homomorphisms)
Let f be a fuzzy homomorphism from G to H and p a normal fuzzy
subgroup of G' such that i C Ky, then there exists a fuzzy homomor-
phism f from % into H such that f om = f where 7 is the natural fuzzy
epimorphism of G onto % and the fuzzy kernel Ky = % Moreover
f is a fuzzy isomorphism if and only if f is a fuzzy epimorphism and

G,y = G

The theorem can be rephrased as follows: There exists a fuzzy homo-
morphism f from % into H such that the diagram:

G f H

G /H

1s commutative.

Proof. Define a fuzzy relation f of % into H by

f(pe,y) = flo,y); Vo € Gy e H
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We first show that f is a fuzzy mapping; for if z1,z, € G,such that

Ky = Mz, and f(:uwwyl) = 17 f(ljlzzva) = 1; that iS? f(l’l,Zh) =1
and f(z2,72) = 1 which implies that f(x125%, 319, ") = 1. Also, since
[e, = Hzy and p C K, we get Kp(zyz;') = 1. That is, f(zz5',¢) =1
and f(x125"', 9195 7) = 1 which implies that g9, = ¢ so that y; = vs.
Therefore f is well defined. It can also be observed that f is a fuzzy
homomorphism. Now we show that f or = f: for,

For any x € G and z € H consider;

For(e,2) = sup{m(e, ) A T(iy,2) 1y € G}
= sup{p(zy™") A fly.2) 1y € G}
> way™) A fly,2) Yy e G
In particular for y = x; that is,
fom(w,2) > plza™") A f(z,2) = f(z,2)
On the other hand for any y € G consider;
flx,2) = flzy™'y,2)
= sup{flzy™" 21) A f(y,22) : 2120 = 2}
> fley ™ 2) A fy, 2); Va2 = 2

In particular for z; = €’ and 2z, = z; that is,
fla,2) > flay™ ) A f(y,2)
= Kp(zy™) A fluy, 2)
p(xy ™) A Flay, 2)
(, py) A Flpy, 2)

AVARIY

which implies that
flx,2) > sup{m(x,pu,) A?(uy, z):y € G}

= fon(z,2)
Thus fonr = f. Also it is easy to observe that K+ = % Moreover f is
a fuzzy isomorphism if and only if f is onto and G(x,) = G, ]

THEOREM 3.15. Let f be a fuzzy homomorphism from G to H and
i a normal fuzzy subgroup of G, v a normal fuzzy subgroup of H such
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that f(p) € v. Then f induces a fuzzy homomorphism f of% into

% such that f is a fuzzy isomorphism if and only if Ry Vv =1y and
G € G-

Proof. Define a fuzzy relation f from % into % by:

[, vy) = f(z,y) VeeGye H

then this f is a fuzzy homomorphism induced by f such that it is a fuzzy
isomorhism if and only if Ry Vv =1y and f~(v) C pu. ]

THEOREM 3.16. (The First Fuzzy Isomorphism Theorem)
Let f be a fuzzy homomorphism from G to G'. Then

G
Eif(G)

In particular if f is a fuzzy epimorphism then

GF/
K =

Proof. The proof follows from the fundamental theorem of fuzzy ho-
momorphisms by taking p = Kjy. [

EXAMPLE 3.17. Let Z be the additive group of integers and for n > 1,
let Z,, be the additive group of integers modulo n. For each n, define a
fuzzy subset u, of Z by

(@) 1 n divides a
nlQ) = .
a 0 otherwise

for all a € Z. Then p, is a fuzzy normal subgroup of Z and
Z
fin

Proof. Define a fuzzy subset f of Z x Z,, as follows: for any a € Z,
there exists ¢ € Z and 0 < r < n such that a = gn + r then for a € Z

and b € Z,, define:
1 if b=r
b p—
f(a,b) {O otherwise
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Then this f is a fuzzy epimorphism of Z onto Z, such that its fuzzy
kernel is precisely u, therefore by the first fuzzy isomorphism theorem
we get that

]

THEOREM 3.18. If u and v are fuzzy normal subgroups of G such
that ppov = 1g, then
G »G " G

[ AR 2" v

G G
Proof. Define a fuzzy relation f from G into — x — by:
Lo

fla, (e, vy)) = plaz™) Av(ay™)
for all a € G and all z,y € G. Then we get that this f is a fuzzy

epimorphism of G onto — X g such that its fuzzy kernel is p N v.
Therefore by the first fuzz/;f isorgorphism theorem we get
¢ ;0 ¢
uNv - p v

THEOREM 3.19. (The Second Fuzzy Isomorphism Theorem)
Let p and o be fuzzy normal subgroups of G. Then

G, » G.G,
uno o

IR =1

Proof. Define a fuzzy relation f from G, into % by:

f(z,0,) =0c(zy™") Vo € G,y € GG,

Then f is a fuzzy epimorphism such that its fuzzy kernel is pNo. Thus
by the first fuzzy isomorphism theorem we have
G, GG,
unNo o

IR
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THEOREM 3.20. Let f be a fuzzy epimorphism of G onto H and v a
fuzzy normal subgroup of H. Then
G pH
i) = v

Proof. Define a fuzzy relation ¢ from G into % as follows:

9w, vy) = suplv(zy™) A f(z,2) : = € H)
for all x € G, y € H. Then it can be worked out that ¢ is a fuzzy
epimporphism such that its fuzzy kernel is f~1(v). Hence by the first
fuzzy isomorphism theorem it follows that

o

) = v

]

THEOREM 3.21. (The Third Fuzzy Isomorphism Theorem)
Let p and o be fuzzy normal subgroups of G such that G, C G,. Then

1. A fuzzy subset % Of% defined by:
2(1z) = o(x) for all z € G

is a fuzzy normal subgroup of %
2.
G/u p Q
olu - o
Proof. Define a fuzzy relation f of % into }f by:

1R

f(pz,0,) = o(xy™t) for all z,y € G.

Then f is a fuzzy epimorphism of % onto g Moreover the fuzzy kernel
K of f is precisely % Therefore by the first fuzzy isomorphism theorem
we get that

]

THEOREM 3.22. (The correspondence theorem)
Let p be a fuzzy normal subgroup of G. Then there is a one-one corre-

G
spondence between [u, 1] and FN(—) where:
i

1, 1g] ={c € FN(G) : G, C G,}
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and

G G
FN(—) = the collection of all fuzzy normal subgroup of —
Il f

Proof. It can be shown that the mapping o — ¢ of (1, 1¢] onto

G
FN(—) is a one to one correspondence. [l
1

THEOREM 3.23. If f is a fuzzy homomorphism of G into an Abelian
group H and p is a fuzzy subgroup of G' containing the fuzzy kernel of
f, then p is fuzzy normal.

Proof. Tt is enough if we show that p(a='v"1ab) > u(a) for all a,b €
G. For; let y,,yp € H such that f(a,y,) = 1 = f(b,y), so we have
f(a™tb7tab, y; 'y, 'yays) = 1. Since H is Abelian it is equivalently saying
that f(a='0~'ab,e’) = 1. Thus,

pla™ v tab) > Kp(a b 'ab)
fla™ b tab, e
=1
pu(a)

v
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