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GENERALIZED FIXED POINT THEOREMS IN CONE

METRIC SPACES

Seung Hyun Kim and Byung Soo Lee∗

Abstract. In this paper we introduce the property (C), which is a
cone metric extension of the usual metric property (E,A) and con-
sider fixed point theorems for generalized contractive mappings un-
der suitable conditions in cone metric spaces without normal cones.

1. Introduction and Preliminaries

In 2007, Huang and Zhang [1] introduced a cone metric space with
a cone metric generalizing the usual metric space by replacing the real
numbers with Banach spaces ordered by the cone. They considered some
fixed point theorems for contractive mappings in cone metric spaces with
normal cones. Since then, the fixed point theory for mappings in cone
metric spaces with normal cones has become a subject of interest in
nonlinear analysis [1-6].

In 2002, Aamri and Moutawakil [8] introduced a property (E,A) for
self mappings and obtained some fixed point theorems for such mappings
under strict contractive conditions. The class of mappings satisfying
property (E,A) contains the class of noncompatible mappings. The
property (E,A) is very useful in the study of fixed point theorems of
nonexpansive mappings, see [9].

Inspired and encouraged by the previous works, in this paper we the
authors introduce the property (C), which is a cone metric extension of
the usual metric property (E,A) and consider some fixed point theorems
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for generalized contractive mappings under suitable conditions in cone
metric spaces without normal cones.

A nonempty subset P of a real Banach space E is called a (pointed)
cone if and only if
(P1) P is closed, P ̸= ∅, P ̸= {0};
(P2) a, b ∈ R with a, b ≥ 0, x, y ∈ P ⇒ ax+ by ∈ P ;
(P3) x ∈ P and −x ∈ P ⇒ x = 0.

Let P ⊂ E be a cone; we define a partial ordering ‘≼’ with respect to
P as follows; for x, y ∈ E, we say that x ≼ y if and only if y − x ∈ P ,
x≪ y if and only if y − x ∈ intP , where intP denotes the interior of P ,
x ≺ y if and only if x ≼ y and x ̸= y.

Definition 1.1. [1] Let M be a nonempty set. Suppose that a map-
ping d :M ×M → (E,P ) satisfies the following;
(d1) 0 ≼ d(x, y) for all x, y ∈M and d(x, y) = 0 if and only if x = y;
(d2) d(x, y) = d(y, x) for all x, y ∈M ;
(d3) d(x, y) ≼ d(x, z) + d(y, z) for all x, y, z ∈M .
Then d is called a cone metric on M , and (M,d) is called a cone metric
space.

The following definitions and lemmas are considered in a cone metric
space (M,d).

Definition 1.2. [1] Let {xn} be a sequence in M and x ∈M . If for
every c ∈ intP , there is a natural number N such that for all n > N ,
d(xn, x) ≪ c, then we say that {xn} converges to x with respect to P
and denote as lim

n→∞
xn = x.

Lemma 1.1. [1] Let P be a cone. Let {xn} and {yn} be sequences in
M . Then;
(i) {xn} converges to x with respect to P if and only if d(xn, x) → 0 as
n→ ∞;
(ii) If xn → x and yn → y as n→ ∞ with respect to P , then d(xn, yn) →
d(x, y) as n→ ∞.
(iii) If xn → x and yn → y as n→ ∞ with respect to P and xn ≼ yn for
all n ∈ N, then x ≼ y.

Definition 1.3. Two mappings S, T :M →M are weakly compati-
ble if STx = TSx whenever Sx = Tx.
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2. Fixed point theorems in cone metric spaces

Now, we introduce some property in cone metric spaces, which can
be helpful to check the relationship of a limit of sequence converging to
some point and a limit of the image sequence converging to some point.

Definition 2.1. Let M be a nonempty set with a cone metric d :
M×M → (E,P ). A mapping T :M →M is said to satisfy the property
(C) if there is a sequence {xn} in M such that

lim
n→∞

d(xn, z) = 0 = lim
n→∞

d(Txn, z) for some z ∈M.

Example 2.1. Let M = [0, 1], E = R2 be a Banach space with
the standard norm, P = {(x, y) ∈ E;x, y ≥ 0} be a cone and let d :
M×M → E be a mapping of the form d(x, y) = (|x−y|, 1

2
|x−y|). Then

the pair (M,d) is a cone metric space. Define a mapping T : M → M
by Tx = x

2
. Consider a sequence {xn} = { 1

n
}, for all n ∈ N. Then

lim
n→∞

d(xn, 0) = 0 = lim
n→∞

d(Txn, 0).

Hence, T satisfies the property (C).

Remark 2.1. The property (E,A) considered in [8] is a usual metric
case of the property (C).

We introduce generalized (ψ, φ)-weak contractive mapping in cone
metric spaces.

Definition 2.2. Let M be a nonempty set with a cone metric d :
M ×M → (E,P ). A mapping T : M → M is said to be generalized
(ψ, φ)-weak contractive if for each x, y ∈M ,

ψ(d(Tx, Ty)) ≼ ψ(d(x, y))− φ(d(x, y)),

where ψ, φ ∈ Φ = {φ;φ : P → P a continuous mapping satisfying φ(t) =
0 iff t = 0}.

Example 2.2. Let M, E, P and d be the same as in Example 2.1.
Define mappings ψ, φ : P → P by ψ((x, y)) = (x

2
, y), φ((x, y)) =
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(1
4
x2, y2). Define a mapping T : M → M by Tx = x − 1

2
x2. With-

out loss of generality, we assume that x > y.

ψ(d(Tx, Ty)) = ψ((|x− 1

2
x2 − y +

1

2
y2|, 1

2
|x− 1

2
x2 − y +

1

2
y2|))

= ψ(((x− y)− 1

2
(x− y)(x+ y),

1

2
{(x− y)− 1

2
(x− y)(x+ y)}))

= (
1

2
{(x− y)− 1

2
(x− y)(x+ y)}, 1

2
{(x− y)− 1

2
(x− y)(x+ y)})

≼ (
1

2
{(x− y)− 1

2
(x− y)2}, 1

2
{(x− y)− 1

2
(x− y)2})

= (
1

2
(x− y),

1

2
(x− y))− (

1

4
(x− y)2,

1

4
(x− y)2)

= ψ((x− y,
1

2
(x− y)))− φ((x− y,

1

2
(x− y)))

= ψ(d(x, y))− φ(d(x, y))

Hence, T is a (ψ, φ)-weak contraction.

Remark 2.2. Generalized (ψ, φ)-weak contraction is a cone metric
extension of (ψ, φ)-weak contraction considered in [7].

Now, we introduce quasi-weak contractive mapping in cone metric
spaces.

Definition 2.3. Let M be a nonempty set with a cone metric d :
M ×M → (E,P ). A mapping T : M → M is said to be quasi weak
contractive if for each x, y ∈M ,

ψ(d(Tx, Ty)) ≼ ψ(MT (x, y))− φ(MT (x, y)), for ψ, φ ∈ Φ

provided that

MT (x, y) := max{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}.

Remark 2.3. Quasi-weak contraction is an extension of generalized
(ψ, φ)-weak contraction.

Theorem 2.1. Let M be a nonempty set with a cone metric d :
M ×M → (E,P ) and T : M → M a quasi-weak contraction satisfying
the property (C). Then T has a unique fixed point.

Proof. Let {xn} be a sequence in M satisfying

lim
n→∞

d(xn, z) = 0 = lim
n→∞

d(Txn, z) for some z ∈M.(2.1)



Generalized fixed point theorems in cone metric spaces 357

Since T is a quasi-weak contraction,

ψ(d(Tz, Txn)) ≼ ψ(MT (z, xn))− φ(MT (z, xn)),(2.2)

for ψ, φ ∈ Φ. From (2.1), we have

lim
n→∞

MT (z, xn)

= lim
n→∞

max{d(z, xn), d(z, Tz), d(xn, Txn), d(z, Txn), d(xn, T z)}

= max{d(z, z), d(z, Tz), d(z, z), d(z, z), d(z, Tz)}(2.3)

= d(z, Tz).

From (2.2) and (2.3),

lim
n→∞

ψ(d(Tz, Txn)) ≼ lim
n→∞

(ψ(MT (z, xn))− φ(MT (z, xn)))

⇒ ψ(d(Tz, z)) ≼ ψ(d(z, Tz))− φ(d(z, Tz))

⇒ d(Tz, z) = 0.

Thus z is a fixed point of T. To prove the uniqueness, suppose that
T has two distinct fixed points y and z in M , then

MT (y, z) = max{d(y, z), d(y, Ty), d(z, Tz), d(y, Tz), d(z, Ty)}
= max{d(y, z), d(y, y), d(z, z), d(y, z), d(z, y)}
= d(y, z).

Since T is a (ψ, φ)-weak contraction,

ψ(d(y, z)) = ψ(d(Ty, Tz)) ≼ ψ(MT (y, z))− φ(MT (y, z))

= ψ(d(y, z))− φ(d(y, z))

⇒ φ(d(y, z)) = 0,

which implies the unique existence of fixed point of T .
If MT (x, y) = d(x, y), then we have the following theorem from The-

orem 2.1 as a corollary.

Theorem 2.2. Let M be a nonempty set with a cone metric d :
M×M → (E,P ) and T :M →M a generalized (ψ, φ)-weak contraction
satisfying the property (C). Then T has a unique fixed point.

By putting ψ(t) = t and φ(t) = 0 in Theorem 2.2, we obtain the
following fixed point theorem for a nonexpansive mapping in cone metric
spaces.
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Theorem 2.3. Let M be a nonempty set with a cone metric d :
M ×M → (E,P ) and T : M → M a mapping satisfying the property
(C) such that d(Tx, Ty) ≼ d(x, y) for all x, y ∈M . Then T has a unique
fixed point.

3. Common fixed point theorems in cone metric spaces

In this section, we obtain a coincidence and common fixed point the-
orem in cone metric spaces.

Definition 3.1. Let M be a nonempty set with a cone metric d :
M ×M → (E,P ). Two mappings S, T :M →M are said to satisfy the
property (C) if there is a sequence {xn} in M such that

lim
n→∞

d(Sxn, z) = 0 = lim
n→∞

d(Txn, z) for some z ∈M.

Example 3.1. Let M, E, P and d be the same as in Example 2.1.
Define two mappings S, T :M →M by Tx = x

2
and Sx = x2

2
. Consider

a sequence {xn} = { 1
n
}, for all n ∈ N. Then

lim
n→∞

d(Sxn, 0) = 0 = lim
n→∞

d(Txn, 0).

Hence, S and T satisfy the property (C).

Theorem 3.1. Let M be a nonempty set with a cone metric d :
M × M → (E,P ) and S, T : M → M be mappings satisfying the
property (C), S is onto, and for each x, y ∈M ,

ψ(d(Tx, Ty)) ≼ ψ(d(Sx, Sy))− φ(d(Sx, Sy))

for ψ, φ ∈ Φ. Then S and T have a coincidence point in M . Moreover,
if S and T are weakly compatible, then S and T have a unique common
fixed point.

Proof. Let {xn} be a sequence in M satisfying

lim
n→∞

d(Sxn, z) = 0 = lim
n→∞

d(Txn, z) for some z ∈M.

Take a ∈M such that z = Sa, then

lim
n→∞

d(Sxn, Sa) = 0 = lim
n→∞

d(Txn, Sa) for some z ∈M.

Since

ψ(d(Ta, Txn)) ≼ ψ(d(Sa, Sxn))− φ(d(Sa, Sxn)),
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we have

lim
n→∞

ψ(d(Ta, Txn)) ≼ lim
n→∞

(ψ(d(Sa, Sxn))− φ((Sa, Sxn)))

⇒ ψ(d(Ta, Sa)) ≼ ψ(d(Sa, Sa))− φ(d(Sa, Sa))

⇒ d(Ta, Sa) = 0

Since S and T are weakly compatible, SSa = STa = TSa = TTa.
Now, we show that z = Ta is a common fixed point of S and T . We

have

ψ(d(Ta, TTa)) ≼ ψ(d(Sa, STa))− φ(d(Sa, STa))

= ψ(d(Ta, TTa))− φ(d(Ta, TTa))

⇒ Ta = TTa.

Hence TTa = STa = Ta = z. To prove the uniqueness, suppose that S
and T have two distinct fixed points y = Sy = Ty and z = Sz = Tz in
M , then

ψ(d(Tz, Ty)) ≼ ψ(d(Sz, Sy))− φ(d(Sz, Sy))

= ψ(d(Tz, Ty))− φ(d(Tz, Ty))

⇒ φ(d(Tz, Ty)) = 0.

Remark 3.1. In [11], the common fixed point results are proved un-
der the assumption that the cone is regular. However, in the proof of
Theorem 3.1, we do not use the assumption that the cone is regular.

By putting ψ(t) = t and φ(t) = 0 in Theorem 3.1, we obtain the
following common fixed point theorem.

Theorem 3.2. Let M be a nonempty set with a cone metric d :
M × M → (E,P ) and S, T : M → M be mappings satisfying the
property (C), S is onto, and for each x, y ∈M ,

d(Tx, Ty) ≼ d(Sx, Sy).

Then S and T have a coincidence point in M . Moreover, if S and T are
weakly compatible, then S and T have a unique common fixed point.

The following theorem in [10] is a corollary of Theorem 3.2.

Theorem 3.3. Let (X, d) be a cone metric space, and P a normal
cone with normal constant K. Suppose mappings S, T :M →M satisfy

d(Tx, Ty) ≼ kd(Sx, Sy), for all x, y ∈M,
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where k ∈ [0, 1) is a constant. If the range of S contains the range of
T and S(M) is a complete subspace of M , then T and S have a unique
point of coincidence in M . Moreover, if S and T are weakly compatible,
then S and T have a unique common fixed point.
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