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SURFACES GENERATED VIA THE EVOLUTION OF
SPHERICAL IMAGE OF A SPACE CURVE

M. A. SOLIMAN, NASSAR H.ABDEL-ALL, R. A. HUSSIEN,
AND TAHA YOUSSEF SHAKER®

ABSTRACT. In this paper, we linked the motion of spherical images
with the motion of their curves. Surfaces generated by the evolution
of spherical image of a space curve are constructed. Also geometric
proprieties of these surfaces are obtained.

1. Introduction

The authors [1-5] studied the motion of curves specified by

ox L L
(1) 8—’;:aT+5N+yB,

Where o, ﬂ and v are depending on the local values of curvatures and
T N and B are the unit tangent, principal normal and binormal vectors
along the curve. The above authors obtained the evolution equations of
the curvatures and constructed the evolving curve from its curvatures.
Takeya Tsurumi et al. [6] studied the motions of curves specified by
accelerations
0*x

(2) 82—ET+FN+GB

where F, ' and GG are the tangential, normal and binormal accelerations.
They obtained six partial differential equations governing the motion of

Received March 19, 2018. Revised August 15, 2018. Accepted August 21, 2018.

2010 Mathematics Subject Classification: 53A05.

Key words and phrases: Curve evolution, Spherical image, Surface generated.

x Corresponding author.

© The Kangwon-Kyungki Mathematical Society, 2018.

This is an Open Access article distributed under the terms of the Creative com-
mons Attribution Non-Commercial License (http://creativecommons.org/licenses/by
-nc/3.0/) which permits unrestricted non-commercial use, distribution and reproduc-
tion in any medium, provided the original work is properly cited.


https://doi.org/10.11568/kjm.2018.26.3.425

426M. A. Soliman, Nassar H.Abdel-All, R. A. Hussien, and Taha Youssef Shaker

curves and showed that for a given (E, F, G) the motion of the curve is
determined from these equations.

D. Y. Kwon and F. C. Park [7,8] studied the evolutions of an in-
extensible flow of plane and space curves. They obtained the partial
differential equation that governing the flow of that curves.

Curves associated to a space curve in three dimensional space have
been discussed by many authors in recent years. Among these curves,
the most studied ones are Mannheim partner curves, Bertrand curve
couples, involute-evolute curve couples and spherical image of a space
curve [9-17].

Talat Korpinar and Essin Turhan [18,19] studied the surfaces gener-
ated via the binormal spherical image of a space curve. They obtained
the time evolution equations for the orthogonal triad of binormal spher-
ical image as a curve evolving on the sphere and constructed the first
fundamental form, seconde fundamental forms, Gussian curvature and
mean curvature of these surfaces.

If the curve moves with time, then spherical image of that curve which
generated by the triad ('f‘, 1<I, ]§) evolves on a sphere. In this paper, we
linked the motion of curves with the motion of its spherical image using
a method different from the one proposed by Talat [18]. Time evolution
equations for the curvature and torsion are obtained for the space curve.
Surfaces generated by the evolution of the spherical image of the space
curve are constructed.

This paper is organized as follows: In Section 2, we introduce the
differential geometry of spherical images of a space curve . In section 3,
we explain the proposed method for the evolving curves by two sets of
Frenet frame. In section 4, surfaces generated by the evolution of spher-
ical image of a space curve are constructed. Also geometric proprieties
of these surfaces are obtained.

2. Differential geometry of spherical images of a space curve

In this section, we present the representation of the Frenet frame
(T,N,B), curvature and torsion for spherical images of the curve in
terms of the quantities associated with the curve. let ¥ = r(s) be a
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regular space curve in E? parameterized by s. The relations [20]

J T 0 x 0 T
(3) N = = 0 T N
*\ B 0 —7 0 B

are known as the Frenet-Serret formula, where 'f‘, 1<I, ]_3>, k and T repre-
sent the tangent, the principal normal, the binormal, the curvature and
the torsion of the curve, respectively.

DEFINITION 2.1. The following space curves lies on a unit sphere [21]
ap =T1(s1) = 'f‘,
(4) ay = To(sy) = N,
ay = F3(s3) = B,

and called the spherical image of the tangent, the normal and the binor-
mal to the curve.

Visualization of spherical images of the space curve are plotted in
figure 1.

2.1. Spherical image of T. The Frenet frame (’f‘l,Nl,ﬁl) of the
curve oy

(5) fi(s1) =T,

is calculated and given by

T, 01 0 T
(6) 1111 =1 G 0 & 1:T )
B; CQ 0 Cl B
where
K
(7) R GE
.
G =

VEZ 12
The curvature x; and the torsion 71 are calculated and given by
A /IiQ + 7—2
Rl = ——""",
N K
(8) _ —kT KT
k(K24 T2)]
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(a) Tangent spherical image (b) Normal spherical image

(c) Binormal spherical image

FIGURE 1. Spherical images of the triad (’f, N, ]_3>) for the
curve ¥ = (sin s, cos s + sin s, cos )
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where ’ denoted to the derivative with respect to s.

2.2. Spherical image of N. The Frenet frame (’f‘g,ﬁ2,]§2) of the
curve oo

(9) Fa(s2) = N,
is calculated and given by
?2 G 0 G ri‘
(10) Ny [=] &G G G N |,
B, G Gr Gg B
where
¢ = K
LV
T
G

S Vet

T(—7K + KT)

G = V(K2 + 724 + (=7 + k7)) (K2 + 72)’
C - (/€2 +T2)3/2
T \/(Iiz + 72)3 4+ (7K' — /{7”)27
(11) G = K(—TK + KT')
5 \/(,{2 T 72)3 ¥+ (7.,{/ _ /{7")2)7
B 7(k? 4+ 72)
G = V(K2 723+ (1K — kT2
—7K + kT’
b= \/(/12 +72)3 + (7K — /@7”)27
o= k(K2 4+ 72)

V(824123 4+ (16 — KT)2
The curvature ko and the torsion 75 are calculated and given by
(12)

\/(I{?’ + k712)2 + (K27 4+ 73)2 4 (7K — KT')?
(K2 + 12)3/2 )
T2BK'T — 7K") — KEBK'T + TK") + k37" + kT(3K? — 372 + 777)
(k3 + Kk712)2 4+ (K21 + 73)2 + (7K' — RT)?

Ro =

To =
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2.3. Spherical image of B. The Frenet frame (’f‘g,ﬁ3,]§3) of the
curve ag

(13) r5(s3) = B,

is calculated and given by

T 01 0 T
(14) N3 - Cl O —CQ N 3
B3 CQ O Cl B
where
K
O= T
T
G =

The curvature k3 and the torsion 73 are calculated and given by

VK2 + 72

Ry = —"—"—,
1 T
(16) —k7 + KT
Ty = ———————.
3 T(Kk2 + 72)

3. Time evolution equation of a space curve

In this section, we derive the time evolution equations that the in-
trinsic quantities of curves satisfy.

If the curve evolves in time ¢, then ¥ = 1(s, t), where s is the arc-length
and t represent time evolution in the space.

The moving frame ('f‘, N, ]§) vary along the curve according to Serret-
Frenet equations

(17) 2

2
I
|
x
o
\]
T2
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—

If the curve moves withe time t in the space, then the frame (T, N, ]_3>)
evolves over the curve according to [22]

) I‘ 0 P11 P2 I‘
(18) gl N = 0 ps N |,
B —p2 —p3 0 B

where the parameters p;, po and p3 are function of s and t.
Applying the compatibility condition

— —

go (X oo (7T

(19) —— [N |===| N |,

a short calculation using Egs. (17) and (18) leads to

(20)
0 (B =% +rp) (B =kt 7o)
—(% — 92+ 7py) 0 (5 — 22 —kpa) | = O35
(82— gyt ) (% — 22— py) 0
Thus the compatibility conditions become
9k _ Op_
o Os P2
or dps3
21 - = =
( ) at 88 + RpP2,
dp2 .
s Kps — TpP1.
The curvature and torsion evolves according to
ok Oy
—_ = T
ot as T
(22) 9
87’ 8 (_8% + Tpl) n
— = —(&E—) + kpo.
at  Os K P2

4. Surfaces generated by the evolution of the spherical image
of a space curve

In this section, we shall study the surfaces generated by the evolution
of the spherical image of the tangent, spherical image of the normal and
spherical image of the binormal to the curve.
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4.1. Surfaces generated via spherical image of the tangent vec-
tor field. The equation of surfaces generated by the tangent spherical
image is given by

— —

(23) Y =T(s,1).

The tangent space to the surface 1; is given by
b = kN,

wt =aN + BB7

where the subscripts denote partial differentiation.

—

The unit normal to v is given by

%] JS /\ﬁt
%) Y |0 A ]

Using equations (17), (18) and (24), the second derivative are calculated
and given by

= T.

1/735 = — kT + k7B + HSN,
(26) Yu = (8 — )T + (o — By)N + (a7 + ) B,
Yo = (8% = a®)T + (@ = )N + (a7 + 5,)B.
If we compute components of the first fundamental form g;;, we have
g1 = Vs APy = K2,
(27) g12 = U5 ANy = ar,
G2z = Yy ANy = o® + B2,
If we compute components of the seconde fundamental form /;;, we have
i = ?/_;ss A Nw = —r?,
(28) l1g = QESt A ﬁw = —ak,
loa = Py A N¢ = —a®+ .
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The Gaussian curvature K; and the mean curvature H; are calculated
and given by

ligloy — 12
K, = bl 2 _ g
"o L1922 — 2012912 + la2gn1
L=
2(g11922 — 9i)

The principal curvatures are calculated and given by
ky=H+VH?-K =1,
koy=H —VH? - K=-1.

4.2. Surfaces generated via spherical image of the normal vec-

tor field. The equation of surfaces generated by the normal spherical
image is given by

(31) ¢ =N(s,1)

=0.

(30)

The tangent space to the surface 5 is given by
53 = —kT + TN,

(32) q . =
(bt = —OéT =+ ’}/B

—

The unit normal to ¢ is given by

X 7758/\@_5;
(33) * T A

Using equations (17), (18) and (32), the second derivative are calculated
and given by

Gss = —(k* + )N — £, T — 7,B,
(34 du=—(a"+ 9" )N+ (By = )T+ (-af+7)B,

i =—(0® =7 )N+ (87 — )T + (—af +7)B.

If we compute components of the first fundamental form g;;, we have

= N.

g1 :$SA$5272+/{2,
(35) g2 = Cgs A 92_5; = QK + T,
922 =5t/\5t =a® + 72
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If we compute components of the seconde fundamental form /;;, we have
1 :Ggss/\ﬁqs: —7% — K7,

(36) la = Got A 1<Lz> = —QKk — T,
los = Gu /\Nqﬁ =a’ -7

The Gaussian curvature Ko and the mean curvature H, are calculated
and given by

Ky — l11l22 :lig
(37) 911922 — Ji2
H — l11g22 — 2l12g12 + la2gn
2= 2
2(911922 — 972)

The principal curvatures are calculated and given by
k12:H+\/H2— I—l,
koo=H—VH?> - K=-1.

=1,

S

(38)

4.3. Surfaces generated via spherical image of the binormal
vector field. The equation of surfaces generated by the binormal spher-
ical image is given by

(39) 7= B(s.t)
The tangent space to the surface ¢ is given by

Ps = _TNa
(40) ST

@y = BT —yN.
The unit normal to ¢ is given by

— _»S /\ 2. —
| B A Bl

Using equations (17), (18) and (40), the second derivative are calculated
and given by

Pss = kT — 7B — TsN,
(42) Pt = (8% — VQ)E + (ay + 5t>rf + (af — 1)

—

Gy = (ﬁQ - ’72)B + (OZ’Y + Bt)'f‘ + (045 - %)

?

Z. 2



Surfaces generated via the evolution of spherical image of a space curve 435

If we compute components of the first fundamental form g;;, we have

gi11 = 935/\455 = 7—27

(43) G12 = @s N\ Pt =T,
g =G NG =+
If we compute components of the seconde fundamental form /;;, we have
lll = 9555 A th = _7-27
(44) l12 = Sﬁst VAN ng = =0T,
log = Py N N@ = B2 -4~
The Gaussian curvature K3 and the mean curvature Hs are calculated
and given by
Ky — lilag — 1,
911922 — 9tz
_ l11922 — 2112912 + la2gn1
2(g11922 — 9%2)
The principal curvatures are calculated and given by

k13:H+\/H2—K:1,
ko = H— VAT — K = —1.

=1,
(45)

Hs = 0.

(46)

5. conclusion

In this paper, we linked the motion of spherical images with the mo-
tion of their curves. Surfaces generated by the evolution of spherical
image of a space curve are constructed. Also geometric proprieties of
these surface are obtained.
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