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THE GROWTH OF ENTIRE FUNCTION IN THE FORM
OF VECTOR VALUED DIRICHLET SERIES IN TERMS
OF (p,q)-TH RELATIVE RITT ORDER AND (p,q)-TH
RELATIVE RITT TYPE

TANMAY BIswaAs

ABSTRACT. In this paper we wish to study some growth properties
of entire functions represented by a vector valued Dirichlet series on
the basis of (p, q)-th relative Ritt order, (p, ¢)-th relative Ritt type
and (p, ¢)-th relative Ritt weak type where p and ¢ are integers such
that p > 0 and ¢ > 0.

1. Introduction and preliminaries

Suppose f (s) be an entire function of the complex variable s = o + it
(o and t are real variables) defined by everywhere absolutely convergent
vector valued Dirichlet series briefly known as VVDS

(1) fls)= ) ane™

where a,,’s belong to a Banach space (E, ||.||) and \,’s are non-negative
real numbers such that 0 < A\, < A1 (n >1),\, = +00 as n — 400

. . T T 1 n
and satisfy the conditions lim lo)\ﬁ = D < +oo and lim ‘eglanl —
n—4oo " n——+oo n
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—o0 . If 0. and o, denote respectively the abscissa of convergence and
absolute convergence of (1), then in this case clearly o, = 0, = +00. The
function My (o) known as maximum modulus function corresponding to
an entire function f (s) defined by (1), is written as follows

M;(o)= Lub. |f(o+it)].

—oo<t<+00

Now we state the following two notations which are frequently use in
our subsequent study:

log[k} r = log <log[k_” x) for k=1,2,3,---;

log[o] r = u, log[fl] r=expxr

and
expz = exp (exp[k_l] x) for k=1,2,3,---;
explz = z,exp ™2 =logz.

Juneja, Nandan and Kapoor [10] first introduced the concept of (p, q)-
th order and (p,q)-th lower order of an entire Dirichlet series where
p > q+ 1 > 1. In the line of Juneja et al. [10], one can define the
(p, q) -th Ritt order (respectively (p, ¢)-th Ritt lower order) of an entire
function f represented by VVDS in the following way:

— logl M . log?
P(p’q) (f)= lim = [q]f(a) =, lim [qu])g j
log® M loglP!
respectively A\?9 (f) = lim Og—M = lim LUI :
ostoo  logl? o o—+oologld M; (o)

where p and ¢ are integers such that p > ¢+ 1> 1.
In this connection let us recall that if 0 < p®9 (f) < oo, then the
following properties hold

PP (f) = oo for n <p,
p(pq”():() for n<gq,
p(p+nq+n (f) = for n=1,2,---
Similarly for 0 < A (f) < oo, one can easily verify that
AP0 () = 00 for n<p,
APa=n) (£) =0 for n<gq,

Aptnan) (fy =1 for n=1,2,---
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An entire function f (represented by VVDS) of index-pair (p,q) is
said to be of regular (p, ¢) Ritt growth if its (p, ¢)-th Ritt order coincides
with its (p, ¢)-th Ritt lower order, otherwise f is said to be of irregular
(p, q) Ritt growth.

Now to compare the relative growth of two entire functions repre-
sented by VVDS having same nonzero finite (p,¢)-th Ritt order, one
may introduce the definition of (p, ¢)-th Ritt type (respectively (p, ¢)-th
Ritt lower type) in the following manner:

DEFINITION 1. The (p, ¢)-th Ritt type and (p, ¢)-th Ritt lower type
respectively denoted by A®® (f) and AP (f) of an entire function f
represented by VVDS when 0 < pf (p, q) < 400 are defined as follows:

— log" " My (o) log?~! M; (0)

and Z(p’Q) (f) — h_m

(X)) — T
APD(f) = lim ]p(m)(f) et [ ]pmq)(f)

o—-+00 |:

log[q—l] o 10g[q—1} o

where p and ¢ are integers such that p > ¢+ 1> 1.

Analogously to determine the relative growth of two entire functions
represented by vector valued Dirichlet series having same nonzero finite
(p, q¢)-th Ritt lower order, one may introduce the definition of (p, ¢)-th
Ritt weak type in the following way:

DEFINITION 2. The (p, ¢)- th Ritt weak type denoted by 79 (f) of
an entire function f represented by VVDS is defined as follows:
log?~1 M (o)
] AP (f)

7(P9) (f) = lim

lim , 0< Ap(pq) < +o0
O'—>+OO|:

10g[q—1] .

where p and ¢ are integers such that p > ¢+ 1> 1.
Also one may define the growth indicator 79 (f) of an entire func-
tion f represented by VVDS in the following manner :

— logP™M My (o)

TrO(f) = ol—igloo [ }A(p’q)(f)

s 0< )‘f(p>q) < +OO,
log[qfll o

where p and ¢ are integers such that p > ¢+ 1> 1.

G. S. Srivastava [14] introduced the relative Ritt order between two
entire functions represented by VVDS to avoid comparing growth just
with expexps In the case of relative Ritt order, it therefore seems
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reasonable to define suitably the (p,q)-th relative Ritt order of entire

function represented by VVDS. Recently, Datta and Biswas [6] introduce

the concept of (p, ¢)-th relative Ritt orderp®? (f) of an entire function f

represented by VVDS with respect to another entire function g which is
also represented by VVDS, in the light of index-pair which is as follows:

DEFINITION 3. [6] Let f and g be any two entire functions represented
by VVDS with index-pair (m,q) and (m,p), respectively, where p, g, m
are integers such that m > ¢+ 1 > 1 and m > p+ 1 > 1. Then the
(p, q)-th relative Ritt order and (p, q)-th relative Ritt lower order of f
with respect to g are defined as

) — logP M (My (o) — logP M (o)
pg ’ <f) - 01—1>moo [a] - 0—1>moo [q] —~1
+ log'? o toologh” M (o)
and
log?! M (M (o)) log”! M1 (o)
AP () = lim 2 ST
o400 logl? & o100 logl? M; (o)

In this connection, the following definition is relevant:

DEFINITION 4. [3] Let f and g be any two entire functions both
represented by VVDS with index-pairs (m,q) and (m,p) respectively
where p, q, m are integers such that m > ¢+1>1land m >p+1 >
1. Then the entire function f is said to have relative index-pair (p,q)
with respect to another entire function g, if b < pép ) (f) < oo and
pg,p_l’q_l) (f) is not a nonzero finite number, where b = 1 if p = ¢ =m

and b = 0 otherwise. Moreover if 0 < pép’Q) (f) < oo, then

P (f) = o0 for n<p,
P (f) =0 for n<q,

p(gp-i-mq—f—n) (f =1 for n = 1’ 2’, ..

Similarly for 0 < A% (f) < oo, one can easily verify that

)\ép_n”) (f) =00 for n <p,
Alpa=n) (f)=0 for n<gq,

)\ép+"’q+n)(f =1 for n=1,2,---
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Further an entire function f (represented by VVDS) for which (p, q)-
th relative Ritt order and (p, ¢)-th relative Ritt lower order with respect
to another entire function g (represented by VVDS) are the same is
called a function of regular relative (p,q) Ritt growth with respect to
g. Otherwise, f is said to be irregular relative (p,q) Ritt growth.with
respect to g.

Now in order to compare the relative growth of two entire functions
represented by VVDS having same nonzero finite (p, ¢)-th relative Ritt
order with respect to another entire function represented by VVDS, one
may introduce the concepts of (p, q)-th relative Ritt-type (respectively
(p, q)-th relative Ritt lower type) which are as follows:

DEFINITION 5. [2] Let f and g be any two entire functions represented
by VVDS with index-pair (m, q) and (m,p), respectively, where p, g, m
are integers such that m > ¢+1>1andm > p+1>1and 0 < pép’q) (f)
< +o00. Then the (p, q)-th relative Ritt type and (p, q)-th relative Ritt
lower type of f with respect to g are defined as

1 1
A;p’Q) (f) - Tm log[p ]Mg (Mf (U))

. 00 (p,q)
—+ [log[q_l} 0‘} pg 7 (f)

log?~ " Mt (M (0))
rgp’q)(f)

and

~ () .
Ay (f) = lim

o—+00

[log[qfl] o

Analogously to determine the relative growth of two entire functions
represented by VVDS having same nonzero finite p, ¢)-th relative Ritt
lower order with respect to another entire function represented by VVDS,
one may introduce the definition of (p, ¢)-th relative Ritt weak type in
the following way:

DEFINITION 6. [2] Let f and g be any two entire functions represented
by VVDS with index-pair (m, q) and (m,p), respectively, where p,q, m
are integers such that m > ¢+1>1and m > p+1 > 1. Then (p, ¢)-th

relative Ritt weak type denoted by 7.”% (f) of an entire function f with
respect to another entire function ¢ is defined as follows:

log"™! Mt (M (7))
]Aép’q%f)

W (f) = lim

o—+00

, 0< APD(f) < 4o0.
[log[q_” o
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Similarly the growth indicator ?ép"” (f) of an entire function f with
respect to another entire function g both represented by VVDS in the
following manner :

p=1] pr-1
7P (f) = UE_Toolog M, (M; ((U)) L 0< AP () < foo.
[log[q 1]

During the past decades, several authors (see [1-5,11-13,15-17]) made
closed investigations on the properties of entire Dirichlet series in dif-
ferent directions using the growth indicator such as Ritt order. In the
present paper we wish to establish some basic properties of entire func-
tions represented by a VVDS on the basis of (p, ¢)-th relative Ritt order,
(p, q)-th relative Ritt type and (p, ¢)-th relative Ritt weak type where p
and ¢ are integers such that p > 0 and ¢ > 0. Through out the paper
we consider that all the growth indicators are nonzero finite.

2. Main Results

In this section we state the main results of the paper.

THEOREM 1. Let f, g and h be any three entire functions repre-
sented by vector valued Dirichlet series. Also let p,q,m are integers
such that p > 0, ¢ > 0 and m > 0. If (m,q)-th relative Ritt order
(respectively (m, q)-th relative Ritt lower order) of f with respect to
h and (m,p)-th relative Ritt order (respectively (m,p)-th relative Ritt

lower order) of g with respect to h are respectively denoted by pﬁlm’q) (f)
(respectively Al (f)) and p\"™" (g) (respectively Almr) (g)), then

A . D(f) p (f)
o S )<f>§mm{ T ()

P (9) (9) o1 (9)
M) o (f)} o (f)
< max ¢ 2 B <P () < S
max{Aé”””) @ A [T A

Proof. From the definitions of ,0 (p.a) (f) and /\ép ) (f) we get that

(2)  logpl (f) = T (log”*! M, (o) ~ 1og" M7 (o) )

o——+00 g
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(3)  logAP?(f) = lim (bgw” M, " (o) — logl"*" Mf—l(a)).

o——+00

Now from the definitions of p,(Lm’q) (f) and )\ém’q) (f), it follows that

(4) togp™ (f) = T (log" ™ M (0) — log™*) M7 (0))
(5) log\™ (f) = lim <1og[m+“ M (o) — loglt*! Mf—l(a)>.

Similarly, from the definitions of p,(lm’p ) (g9) and A;Lm’p ) (g9), we obtain
that

(6) logpf™” (9) = Tm (log™ M, (0) — logh*! Aty (o))
(7) log )\](Lmyp) (9) = h—rf <1Og[m+1} Mh—l (o) — log[P-i-l} Mg—l (U)) .
o—r+00

Therefore from (3), (5) and (6), we get that

log \P9 (f) = lim [log™ M1 () = logl™ M- (o
g h f

o—+00

— <log[m+” MY (o) — loglP ™ pr -t (0))}

g

i.e., log )\gp,q) (f) > [ lim (10g[m+1] Mh—l (o) — 1Og[q+1] Mf_l(O')>

o—+00

o——+400

— lim <10g[m+1] M (o) — loglP*] Mg_1 (a))}

(8) i.e., log )\E]p’q) (f) > (log )\ELm’q) (f) —log pgm’p) (g)> .
Similarly, from (2), (4) and (7), it follows that

log pép’q) (f) = Tm [log[m—i-l] Mh—1 (0) — logl+1l Mf—l(a)

o—+400

— <log[m+” M (o) — logP™] M (0))}

i.e., log pgp’q) (f) < [ lim <log[m+” MY (o) — logltt] Mf_l(a)>

o—400

~ tim (log™ A (o) = g 0, ()

o—+00
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(9) ie., logpP? (f) < (10gpém’q) (f) — log A" (g)> :

Again, in view of (3) we obtain that

log AP (f) = lim [log" ! M, (0) — log™! M} (o)

ag—00

- <log[m+” M (o) — log ™ At (a))}

g
By taking A = (log[mH] M (o) — logltt! Mf’l(a)> and
B = (log[mH] M, (o) — logh*t1 M (O’)) , we get from above that

log)\gp’q)(f)gmin(li_mA—l— lim — B, lim A+ lim —B)

oc—+00 0—+00 o—+00 o—+00

i.e., log)\;p”) (f) < min (h_mA — lim B, lim A — EB) )
T—00 og—o0 T g0
Therefore in view of (4), (5), (6) and (7) we get from above that
(10) log AP (/) <
min (log N (f) = log Ay (9) log pi™ ) (f) — log p™" (g)) :
Further from (2) it follows that

log pP9 (f) = lim [log[erl] M (o) — logla+1] Mf—l(a)

9 o—+00
— <log[m+” M (o) — logP ™! M, (U)>:|
By taking A = (log[m“] M (o) — logltt!] Mf_l(a)> and
B = (log[mH] M, (o) — logh 1 M (a)) , we obtain from above that

logpép’q)(f)ZmaX<li_mA+ Im — B, im A+ lim —B)

o—+00 0—+00 o—+00 o—+00

i.e., logpép’q)(f)Zmax( lim A— lim B, lim A— lim B).

o—+00 o—4oco Tt o—+00

Therefore in view of (4), (5), (6) and (7), it follows from above that
(11) logp? (f) =

max (1og A" (f) = log A" (g) ,Jog pi" () = log o} (9) )
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Thus the theorem follows from (8), (9), (10) and (11). O
In view of Theorem 1, one can easily verify the following corollaries:

COROLLARY 1. Let f, g and h be any three entire functions repre-
sented by vector valued Dirichlet series. Also let f be an entire function
with regular relative (m, q) Ritt growth with respect to entire function h
and g be entire having relative index-pair (m, p) with respect to another

entire function h where p, q, m are integers such that p > 0, ¢ > 0 and
m > 0. Then

(m.q) (m,q)
A\(Pa) (f) — ph—(f) and pép,q) (f) = Pn (f)

o (9) A (9)
In addition, if pglm’q) (f) = pém’p) (g9), then

NP9 (f) = pf™ (g) = 1.

COROLLARY 2. Let f, g and h be any three entire functions repre-
sented by vector valued Dirichlet series. Also let f be an entire function
with relative index-pair (m,q) with respect to entire function h and g
be entire of regular relative (m,p) Ritt growth with respect to another
entire function h where p,q, m are integers such that p > 0, ¢ > 0 and
m > 0. Then

N () i (f)
APD(f) = and  pP? (f) = "=t
o (g) i (9)

In addition, if pgzm’q) (f) = pgm’p) (g9), then

AP0 () = A (9) = 1.

COROLLARY 3. Let f, g and h be any three entire functions repre-
sented by vector valued Dirichlet series. Also let f and g be any two
entire functions with regular relative (m, q) Ritt growth and regular rel-
ative (m,p) Ritt growth with respect to entire function h respectively
where p, q, m are integers such that p >0, ¢ > 0 and m > 0. Then

(m,q)
AP () = oo () = D),
pn o (9)

COROLLARY 4. Let f, g and h be any three entire functions repre-
sented by vector valued Dirichlet series. Also let f and g be any two
entire functions with rregular relative (m,q) Ritt growth and regular
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relative (m, p) Ritt growth with respect to entire function h respectively
where p,q,m are integers such that p > 0, ¢ > 0 and m > 0. Also
suppose that p\"™? (f) = p\™ (g) . Then

MPD(f) = 0 (1) = AP (9) = o™ (9) = 1.

COROLLARY 5. Let f, g and h be any three entire functions repre-
sented by vector valued Dirichlet series. Also let f and g be any two
entire functions with relative index-pairs (m,q) and (m,p) with respect
to entire function h respectively where p,q, m are integers such that
p>0,q >0, m >0 and either f is not of regular relative (m,q) Ritt
growth or g is not of regular relative (m, p) Ritt growth, then

PP (f) .7 (g) > 1.

If f and g are both of regular relative (m,q) Ritt growth and regular
relative (m, p) Ritt growth with respect to entire function h respectively,
then

AP ()7 (9) = 1.

COROLLARY 6. Let f, g and h be any three entire functions repre-
sented by vector valued Dirichlet series. Also let f and g be any two
entire functions with relative index-pairs (m,q) and (m,p) with respect
to entire function h respectively where p,q, m are integers such that
p>0,qg>0,m >0 and either f is not of regular relative (m,q) Ritt
growth or g is not of regular relative (m,p) Ritt growth, then

APD (f) AP (g) < 1.

g
If f and g are both of regular relative (m,q) Ritt growth and regular
relative (m, p) Ritt growth with respect to entire function h respectively,
then |

APD () AP (g) = 1.

COROLLARY 7. Let f, g and h be any three entire functions rep-
resented by vector valued Dirichlet series. Also let p,q, m are integers
such that p > 0, ¢ > 0 and m > 0. Also let f be an entire function with
relative index-pair (m, q), Then

(2) /\gp,q) (f) = oo when pgm’p) (9) =0,
(i7) pP9 (f) = oo when Ay (g) =0,
(iii) AP (f) = 0 when pf"" (g) = o0
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and
(i) pPD (f) =0 when A" (g) = ooc.

COROLLARY 8. Let f, g and h be any three entire functions rep-
resented by vector valued Dirichlet series. Also let p,q, m are integers
such that p > 0, ¢ > 0 and m > 0. Also let g be an entire function with
relative index-pair (m,p), Then

(7) pgp’Q) (f) = 0 when ph (f)
@nwmu)zonmmun

(iii) pP9 (f) = oo when p{" ’)(f) = o0
and
() APD (f) = oo when A" (f) = oc.

REMARK 1 Under the same conditions of Theorem 1 one may write

: f A m,
o (1) = il and AP () = 3 when A (g) = "™ (g).
. . /\( 7‘1) m,
Similarly pg, (f) = )\(”mp)( ) ) and /\M)( f) = mp)(; when )\2 9 (f) =
(m.q)
pr ()

Next we prove our theorem based on (p, g)-th relative Ritt type and
(p, q)-th relative Ritt weak type of entire functions represented by VVDS.

THEOREM 2. Let f and g be any two entire functions VVDS defined
by (1) with relative index-pairs (m, q) and (m, p) with respect to another
entire function h VVDS defined by (1) respectively where p,q,m are
integers such that p > 0, ¢ > 0 and m > 0. Then

1 1
_(m7Q) (m,p) (m,q) (m,p)
A A (9) A A (9)
fHax ( (}?an) (f)> h ’ (—(hmp) <f)) ' S
o (9) 7 (9)

Proof. From the definitions of A" (f) and Zémg) (f), we have for
all sufficiently large values of ¢ that

(m,q)
(12) Mf (0') < M, (exp[m—l] ((Al(zmﬂ) (f) +€> [log[q—l} O'] Ph (f))) 7
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(13) My (o) = My <exp[m_” <(Z§Lm’@ (f) — 5> [log[q—ll U] pgﬁ’mf)))

and also for a sequence of values of ¢ tending to infinity, we get that

(14) My (o) = M, (exp“"” ((Aim’” (/) — &) [log~1 o] p%”’q><f>>> |

(m,q)
(15) My (o) < My, (exp[m_l] ((Zﬁm’q) (1) +¢) [log o] <f>>) |

Similarly from the definitions of Agm’p ) (9) and Zém’p) (g), it follows
for all sufficiently large values of o that

)
My (o) < My, (exp[m_” ((Agm’p) (9) + 5> [1Og[p—1} U} "

1
(mp)
1 [m_l] P (9)
(16) i.e., My (o) > M, | expl™"l (Og) o nd
(A" (9) + <)
1
log[m—l] o pgbmvp)@)

(17)  My(o) < M, | expl™

— g

Also for a sequence of values of ¢ tending to infinity, we obtain that

1

CEOp
loglm—1l ey (9)
(18) My, (o) < M, | explr™!! og" o nd
<A§Lm,27) (g) — 8)
2P (g)

1 log[mfl] o

(19) M, (o) > M, | explP~ —
(Ahm’p (9) + 5>
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From the definitions of ?%m,q) (f) and T,Em’Q) (f), we have for all suffi-
ciently large values of o that

(m,q)
(20) My (0') < M, (exp[m—l] ((?gva) (f) +€) [log[q—l] O'} Ah (f))) 7

(m,q)

(21) My (o) = My (exp[m‘” ((r,(j”’q) (f) — 5> [10g[q—1] 0.] T )>>

and also for a sequence of values of ¢ tending to infinity, we get that

- _)\(m«Q)(f)
(22) M; (o) > M <exp[m—” ((?2’”’” () —¢) [log o] ))

- - )\(mv‘Z)(f)
(23) My (o) < M, <exp[m_1] ((T,&m’q) (f) + 5> logl o] ™" )) :

D) (

m,p) (

Similarly from the definitions of ?gm g) and T,(L g) , it follows for

all sufficiently large values of o that

A(mvp)

12 s (14 1) 1)

1
AP (g)

(24) e, My (o) > M, [ exp~1] and

logm=Y o
(7" (9) - <)

Also for a sequence of values of ¢ tending to infinity, we obtain that

(25) My (0) < M, | explP=!

1
(m,p)
— A
lo [m—1] P )

(7" (9) ~ <)

(26) My (0) < M, | expP! and
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1
- Ag(m,p)
log™ Yo

(7" (9) +<)

Now from (14) and in view of (24), we get for a sequence of values of
o tending to infinity that

MY (M (o)) >

Mg‘1 (Mh (exp[m_” ((A;(Lm’q) (f) — 5> [log[q_l} a} pglmm(f)) ))

i.e., Mg_le (o) >

(27)  My(0) > My [ expt™!

1
(m.q) NG
1Og[m—1] exp[mq} <<A§me (f) — 5) [log[q_ll 0] P, (f)) AR 9)
eXp[p—l]
(Fém’p) (9) + 6>
1
<A;(1m’(” (f) - 6) @ o)

i.e., logP~! Mt (Mg (o)) >

[toglt=t g | 277
(7" (@) +e)

(m,q)

Since in view of Theorem 1, =) > 5PD (£) and as £ (> 0) is
)\( ,P)(g) pg

h
arbitrary, therefore it follows from above that

o log” ! My (M (0)) (Ag’”ﬂ) (f)) T

O:'ll—)ngo ng’q)(f) ?(m,p)( )
[log[q*” a} oo \9

1

A(qu) A(m’p)(g)

(28) ie., APD(f) > (_(hT)(f)) ne
Tw o (9)

Similarly from (13) and in view of (27), it follows for a sequence of
values of ¢ tending to infinity that

M, (M (o)) =

M ( M, (exp[m_l] ((Zﬁf’“q) () - 5) [log[q_u U} pﬁzﬂ»w(f)) ))
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ie., My "My (o) >

1

(m,q) Ag(m,p)
—(m (£ 7
log™ =1 explm—1] <(A§L ? (f) — 6) [log[q_l] 0] o )

(7 (9) +¢)

exp[p* 1]

1
Z;}qu) (f) - 8) A;Lm,l)) (9) pglm,Q) %)

[oglt=t o |27
("7 (0) +¢)

(m,q)
Since in view of Theorem 1, it follows that i }gm,p)((]gc ; > pP9 (f). Also
h

i.e., log" UMY (My () >

e (> 0) is arbitrary, so we get from above that

1
——log? My (My (0)) (B ()T
ah—>nolo PP (f) =z T(mm)( )
[log[q_” a} oV
A" (1)
(29) i.e., A;p,q) (f) Z W .
0 (9)

Again in view of (17), we have from (12) for all sufficiently large values
of o that

M, (Mj (o)) <

(ma)(f)
(o (o ({30010 20 i)

i.e., M;le (O’) S

1
(m,q) (m,p)

p () (9)

log[m—l] exp[m—l] <(A§Lm,q) (f) + 8) [log[Q—l] O_i| h ) Ph g

(B (9) <)
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1
(m7Q) (m,p)(() (m,q) f)
(Ah (f) + 5) Pp g 1 [q—l] ng,p)(g)
—(mp) s g '
(B (9) - <)

(m,0)
As in view of Theorem 1, it follows that '; E}”;)g ; < pgp,q) (f) Since

i.e., logP~1 Mg_1 (My (o)) <

e (> 0) is arbitrary, we get from above that

1

gV M (M (o) _ (AEZ”"” (f)) T

oo o) —(m.p)
7 gt o] 5" (g)
(m.q) T
"l PP (g)
(30) ie., Aém) (f) < (@_(f)) h .
(m,p)
Ay (9)
Thus the theorem follows from (28), (29) and (30). ]

The conclusion of the following corollary can be carried out from (17)
and (20); (20) and (25) respectively after applying the same technique
of Theorem 2 and with the help of Theorem 1. Therefore its proof is
omitted.

COROLLARY 9. Let f and g be any two entire functions VVDS defined
by (1) with relative index-pairs (m, q) and (m, p) with respect to another
entire function h VVDS defined by (1) respectively where p,q,m are
integers such that p > 0, ¢ > 0 and m > 0. Then

—(m, g [ =(m, RPN
AP (f) < min <—T§( q)> (f—)> L (_T% Q)>(f) ) m
7o) 5 (9
Similarly in the line of Theorem 2 and with the help of Theorem 1, one
may easily carried out the following theorem from pairwise inequalities
numbers (21) and (24); (18) and (20); (17) and (23) respectively and
therefore its proofs is omitted:

THEOREM 3. Let f and g be any two entire functions VVDS defined
by (1) with relative index-pairs (m, q) and (m, p) with respect to another
entire function h VVDS defined by (1) respectively where p,q,m are
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integers such that p > 0, ¢ > 0 and m > 0. Then

1
(m,q) (m,p)
(Th (f)) M) < Tép,q) (f) <

=(m.p)
T (9)
1 1
' T}(lm’Q) (f) TP (g) ?2771,(1) (f) TP (g)
T —(m,p) ) (m,p)
AL (9) AL (9)

COROLLARY 10. Let f and g be any two entire functions VVDS
defined by (1) with relative index-pairs (m,q) and (m,p) with respect
to another entire function h VVDS defined by (1) respectively where
p,q, m are integers such that p > 0, ¢ > 0 and m > 0. Then

1 1
A (f)) <Z§Z’"q> (f))
A (9) 7 (9)

With the help of Theorem 1, the conclusion of the above corollary can

be carry out from (13), (16) and (13), (24) respectively after applying
the same technique of Theorem 2 and therefore its proof is omitted.

Tép’Q) (f) > max (

THEOREM 4. Let f and g be any two entire functions VVDS defined
by (1) with relative index-pairs (m, q) and (m, p) with respect to another
entire function h VVDS defined by (1) respectively where p,q,m are
integers such that p > 0, ¢ > 0 and m > 0. Then

1

—(m,q) (m,p)

A NI

(_(hm = (f)) h S A;p»q) (f) S
T (9)

Proof. From (13) and in view of (24), we get for all sufficiently large
values of o that

M, (M (o)) =

Mg‘1 <Mh (exp[m_l] ((ng’q) (f) — 8) [log[q_” 0} pgw)(f)) ))

z'.e., M;le (O’) Z



110 Tanmay Biswas

1
(m,q) NCEOPN
——(m ey (f) Ay 9
log™=U explm—1 <<52 a) (f) _€> [bg[q—u 0] b ) h

1
(ngvw (f) o 5) )\glm,li)(g) Pgbm’Q)(f)
: [log[q_” a} AP )
(7 (9) +¢)
A0 L (pa)

Now in view of Theorem 1, it follows that NPy > pg " (f). Since
h 9

ie., logP UMY (Mg (0) >

e (> 0) is arbitrary, we get from above that

1

logP UM (M (0)) (AU () 0w
n ST 7mP) ()
[log[q_l] a} A " g

 —a) 50 (1)) T

(31) 1.€., Ag (f) Z W .
T (9)

Further in view of (18), we get from (12) for a sequence of values of
o tending to infinity that

M, (M (o)) <

M;l <Mh (exp[ml]

i.e., Mg_le (o) <

(857 () + &) g o] Pﬁf"’”(”] ))

1
(m,q) (m,p)
ey ) Pp 0 (9)
log[m—l] exp[m—l] <(A§me (f) + 5) [log[q_l] 0'} h ) '

(A (9) —¢)

1
(Agm,q) (f) + 5) o) () o™ (5)
: [bg[q—ll a} o)
(Aim’p) (9) — 6)

i.e., logr=t prt (My(0)) <

g
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) . PO (1) (p,9) :
Again as in view of Theorem 1, ) < pg" (f) and € (> 0) is
h
arbitrary, therefore we get from above that

L logP ML (M) (0)) (Aé’""” (f)) A

et pgp,q)(f) (m,p)
- [log[qﬂ} a] &)
1
(m,q) (m.p)
) —(p,q) A (f) o1 P (g)
(32) e, A (f) < (f;m—) |
Ay, (9)

Likewise from (15) and in view of (17), it follows for a sequence of
values of ¢ tending to infinity that

My (M (o) <

M (Mh (exp[m_” <(Zémﬂ) (f) + s) [1og["*” a} p;mm(f)) > )

ie., My My (o) <

i.e., logP~ 1 At (Mg (0)) <

9
1
(Zg’”"” (f) + 5) RO At
(33) : [log[q*” a} RN
(& (9 <)

Analogously, we get from (33) that

L logP M (M) (o)) (ZEZ"’” ()

o0 RO
[log[q_” 0]

(34 e DYV (F) < (Zﬁm"” <f>)ﬂé’”’%
Y — Z ,
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(m,q)
since in view of Theorem 1, % ?mm)((f ; < pP? (f) and € (> 0) is arbitrary.
Pp, g

Thus the theorem follows from (31), (32) and (34). O

COROLLARY 11. Let f and g be any two entire functions VVDS
defined by (1) with relative index-pairs (m,q) and (m,p) with respect
to another entire function h VVDS defined by (1) respectively where
p,q, m are integers such that p > 0, ¢ > 0 and m > 0. Then

1 1
(m,q) RG0S —(m,q) RGP
~(P,9) : T (f)\ "o [7F ()"
Ay (f) < min <?7—> 7 __?m,p) 7
7 (9)

B N
(?g’""” ( f)> PG (Tlgmm ( f)) P
7" (9) 7" (9)

The conclusion of the above corollary can be carried out from pairwise
inequalities no (17) and (23) ; (18) and (20) ; (23) and (25); (20) and (26)
respectively after applying the same technique of Theorem 4 and with
the help of Theorem 1. Therefore its proof is omitted.

Similarly in the line of Theorem 2 and with the help of Theorem 1, one
may easily carried out the following theorem from pairwise inequalities

no (22) and (24); (21) and (27); (17) and (20) respectively and therefore
its proofs is omitted:

THEOREM 5. Let f and g be any two entire functions VVDS defined
by (1) with relative index-pairs (m, q) and (m, p) with respect to another
entire function h VVDS defined by (1) respectively where p,q, m are
integers such that p > 0, ¢ > 0 and m > 0. Then

1 1
=(m,q) Xg(m.p) (m,q) NG
max (ZLT)(JC)> : (T}ET)(JC)> " < fgp,q) (f)
T ( o

9) 9)
. (a&m’” (f) ) Ao
A ()

COROLLARY 12. Let f and g be any two entire functions VVDS
defined by (1) with relative index-pairs (m,q) and (m,p) with respect
to another entire function h VVDS defined by (1) respectively where
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p,q, m are integers such that p > 0, ¢ > 0 and m > 0. Then

1

—~(m,q) (m,p) (m,q) (m,lp)
A T A )

209 (f) > max (@T(f)) (f(zmT(f)> S
Ay (9) AL (9)

N N
(Aﬁwwﬁ)xwwm (zﬁmpﬂ>vﬁww
7 (9) " (9)

The conclusion of the above corollary can be carried out from pairwise
inequalities no (14) and (16) ; (13) and (19); (14) and (24); (13) and (27)
respectively after applying the same technique of Theorem 4 and with
the help of Theorem 1. Therefore its proof is omitted.

Now we state the following two theorems without their proofs as be-
cause they can be derived easily using the same technique or with some

easy reasoning by the help of with the help of Remark 1 and therefore
left to the readers.

THEOREM 6. Let f and g be any two entire functions VVDS defined
by (1) with relative index-pairs (m, q) and (m, p) with respect to another
entire function h VVDS defined by (1) respectively where p,q,m are
integers such thatp > 0, ¢ > 0 andm > 0. Also let A\ (g) = p\™") (g).
Then

A (9)
1 1
~(m,9) (m,p) (m,q) (m,p)
B ()N Ao (A (f)\ A
= i <—<m,p> AN
Ay, (9) h (9)
~(m,q) <m§)> (m,q) <m,§>
Ay () e T AT () N e
< max (-(m,p) ’ A(m D)
A, (9) ()
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and

" (9)
1 1
m, (m,p) —(m, (m,p)
uin) (HOVET (HEO) T
T (9) T (9)

THEOREM 7. Let f and g be any two entire functions VVDS defined

by (1) with relative index-pairs (m, q) and (m, p) with respect to another
entire function h VVDS defined by (1) respectively where p,q,m are

integers such thatp > 0, ¢ > 0 and m > 0. Also let A;Lm’q) (f) = pgm’q) (f).
Then

v (9)
Alma) g (m.q) .
< min <é?mp) (f)> ) (A(mp) (f)) '
Ay (g) AL (9)
< masx (ZEZ” ! (f)) A < A (f)) A
5" (g) A (g)
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and
(m,q) )\(myp)(g)
(Th (f)) h < Z(p,q) (f)
" (9) ’

3. Conclusion

The main aim of the present paper is to revisit some growth proper-
ties of entire functions in the form of vector valued Dirichlet series on the
basis of their (p, ¢)-th relative Ritt order, (p, ¢)-th relative Ritt type and
(p, q)-th relative Ritt weak type for any two positive integers p and gq.
Recently, Filevych et al. [7] and Glova et al. [8] have studied the gener-
alizations of the growth properties of Dirichlet series. Further, Hlova et
al. [9] have investigated some problems regarding the generalized types
of the growth of Dirichlet series. The notion involved in our paper may
be reinvestigated in the light of the theories employed in [7], [8] and [9].
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