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A NOTE ON THE MULTIFRACTAL
HEWITT-STROMBERG MEASURES IN A
PROBABILITY SPACE

BILEL SELMI

ABSTRACT. In this note, we investigate the multifractal analogues
of the Hewitt-Stromberg measures and dimensions in a probability
space.

1. Introduction

The notion of dimension is fundamental in the study of fractals. Var-
ious definitions of dimension have been proposed, such as the Haus-
dorff dimension, the packing dimension and the modified lower and
upper box dimensions etc. Unlike the Hausdorff and packing dimen-
sions, the modified lower and upper box dimensions are not defined in
terms of measures. Hewitt-Stromberg measures were introduced by He-
witt and Stromberg in [21|. Since then, they have been investigated
by several authors, highlighting their importance in the study of local
properties of fractals and products of fractals. One can cite, for exam-
ple [2,3,19,20,22,27,28,34,35]. In particular, Edgar’s textbook [17]
provides an excellent and systematic introduction to these measures,
which also appears explicitly, for example, in Pesin’s monograph [29]
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and implicitly in Mattila’s text [26]. The purpose of this paper is to
define and study a class of natural multifractal generalizations of the
Hewitt-Stromberg measures in a probability space.

A function ¢ : (0,400) — (0,+00) is called a dimension function if
g is increasing, right continuous and ll_r}(l) g(r) = 0. Let X be a metric

space, £ C X. The Hausdorff measure associated with a dimension
function g is defined, for € > 0, as follows

J9(FE) = inf {Zg(diam(f)ﬁ) | EC UEi, diam(E;) < 5} .
This allows to define the g-dimensional Hausdorff measure 7#9(E) of E
by

H(E) = sup H(E),

e>0

The packing measure with a dimension function g is defined, for £ > 0,
as follows

ZE) = sup {Z g(2r) } :

7

where the supremum is taken over all closed balls <C’ (@i, n)> “such that
r; < e and with z; € E and C(x;,7;) N C(xj,r;) = 0 for i # j. The
g-dimensional packing pre-measure @g(E) of F is now defined by

P°(E) = inf ZY(E).

e>0

This makes us able to define the g-dimensional packing measure 29(F)

of F as
PI(E) = inf {Zﬁg(a) | EC UEZ} .

While Hausdorff and packing measures are defined using coverings and
packings by families of sets with diameters less than a given positive
number ¢, say, the Hewitt-Stromberg measures are defined using pack-
ings of balls with the same diameter . The Hewitt-Stromberg pre-
measures are defined as follows,

%’ (E) = lim inf M, (E) g(2r)
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and o
7?(E) = limsup M,(E) g(2r),

r—0
where the packing number M, (E) of E is given by
M, (E) =sup {jj{[} | (C(zi, r,)) is a family of closed balls with
el

1€
z; € Eand C(x;,r;) N C(zj,1;) = 0 for ¢ # J}~

Now, we define the lower and upper g-dimensional Hewitt-Stromberg
measures, which we denote respectively by Z9(F) and 77(E), as follows

UI(E) :inf{Z@g(Ei) | EC UEZ}
and

¥9(E) = inf {Z?g(&) | EC UEI} .

We recall the basic inequalities satisfied by the Hewitt-Stromberg, the
Hausdorff and the packing measure (see [22,27])
%7°(E) <7V*(E) < Z°(E)
and
HIE)<UIE)<VIE) < PE).

In Euclidean space R"™ there is no generally accepted definition of a
fractal, even though fractal sets are widely used as models for many phys-
ical phenomena. The idea behind these models is that of self-similarity
or affineness which is based on the linear structure of R". These and
other geometrical notions have no obvious meaning in an abstract prob-
ability space. Then, Billingsley |5, 6], and Dai et al., in [8], have defined
the Hausdorff measure and the packing measure in a probability space.
Y. Li et al., in [11, 12] were motivated by those researches. They ap-
plied the ideas developed in [5,6,8| to generalize the Hausdorff measure
and the packing measure and gave the relative multifractal formalism
with respect to the relative multifractal Hausdorff measure and packing
measure in a probability space. Other works carried in this sense pre-
sented many valuable results on the same subject and applications see
for example [1,4,7,9,10,13-16,23-25,30-33|.

In this paper, we construct the multifractal analogues of the Hewitt-
Stromberg measures lying between relative Hausdorff measure and the
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relative packing measure in a probability space which determine the
modified lower and upper relative box-dimension. We also compare the
modified lower and upper relative box-dimension with the relative mul-
tifractal dimensions in a probability space. In particular, the relative
packing dimension is equal to the modified upper relative box-dimension.

2. Preliminaries

Let we start by defining the relative multifractal Hausdorff and the
packing measure in a probability space (see [11-13]). We start with a

fixed stochastic process {Xn | ne N} on a probability space (Q, F, V)

taking values in a finite or countable state space S. The n-cylinder C' is

defined by
C = {w €| Xiw)=a; i= 1,2,...,n}

where a; € S,i=1,2,...,n. For each w €  there is a unique n-cylinder
set, denoted by I,,(w), which contains w. Thus

I(w) = {w’ Q| Xi(w)=Xi(w), i=12, n}

We assume that the process is .#-measurable, that is that € C .%, where
¢ is the class of all cylinder sets. Many details of classical proofs are
greatly simplified because € is nested, that is, given C,Cy € €, then
either C; € Cy or Cy C C; or C; N Cy = (. We use sets in € for
both covering and packing. It is worth observing that we can use € to
introduce a pseudo metric in Q. Given w,w’ € Q, let Iy(w) = Q for all
w, and

p(w’w/) _ 2fsup{k€N, Ik(w)zlk(w’)} — 9 n

We allow n = +oo in the definition, so that p(w,w’) = 0 if w,w’ are not
distinguished by the sets of €. The closure of E C 2 is therefore

E= {w | pw,E) = O}, where p(w, E) = inf {p(w,w') | W€ E},

then it is easy to check that E € o(€), the sigma field generated by the
cylinder sets. o(€) plays the role of Borel sets in the topology generated
by the metric p. The sets of € are both open and closed in this topology,
and each I,(w) can be considered as closed ball of radius 27" centered
at w (see [8-10]).
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DEFINITION 2.1. [11,12] We say that v is a non-atomic (o(€)-
continuous) measure, if

lim v(l,(w)) =0, forall we.

n—-4o00

For E C © and 6 > 0, we say that a collection (C’,)ZEN is a centered
d-packing of E if C; is of the form [, (w;) with w; € E, v(C;) < 6 and
CiNC; =0 for all i # j. Similarly, we say that (C’) is a centered
d-covering of E if C; is of the form I, (w;) with w; € E V(Ci) < 9 and

EQUQ

In this paper, we will assume that v is non-atomic. Let £ C € and
d > 0, suppose p is a probability measure on (2, .%). For ¢,t € R, we
define

7" (E)

0,0
= sup {Z M(C’i)ql/(C’i)t | (Cl> _is a centered d-packing of E} .

The relative multifractal packing pre-measure is then given by

ZV(E) = inf PV, J(E).

# 5>0

In a similar way, we define

7" (E)

Hv,8

= inf {Z ,u(Ci)qV(Ci)t | <CZ> is a centered J-covering of E} .
The relative multifractal Hausdorff pre-measure is defined by

T () = sup T, 5(E).
§>0
with the conventions 0 = oo for ¢ < 0 and 0?7 = 0 for ¢ > 0.

%Zi is o-subadditive but not increasing (it is easy to check that if
A C B, then a centered (5 covering of B is not necessarily a centered
0-covering of A, thus " v 18 not necessarily monotone) and qu’y is
increasing but not o- subaddltlve That’s why Dai et al. in [11 12]
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introduced the following modifications on the relative Hausdorff and
packing measures “t and 323’;,

—q,t
%’f,f( )= sup%” () and @gi(E): inf 2, (Es).

FCE ’ ECU, Ei

The functions %”qt and @qi are outer measures. An important

feature of the Hausdorff and packmg measures is that
it —t
TN < A< P ST,
The measure f/jﬁj is of course a multifractal generalization of the Billings-
ley’s Hausdorff measure (see [5,6]), whereas 92‘” is a multifractal gen-

eralization of the packing measure (see [§]) in a probablhty space. The

measures S, “F and 32‘” and the pre-measure 32 et ., assign in the usual
way a multlfractal dnnensmns to each subset F of supp pNsupp v. They

are respectively denoted by bf ,(E), B} (F) and Al (E). More pre-
cisely, we have

b (E) = inf{t€R| %‘{;f(E)zO}

= sup {t eR| HH(E)= —i—oo},

Bl (E) = inf{teR] 933;(13):0}

= sup {t eR| 2 (E)= —1—00},
and

Al (E) = inf{teR| 7" (B) = }

2214 Il

= sup {t €ER| ?ZZ(E) = +oo}.
It is also readily seen that
bZ,V(E) S BZ,V(E) S AZ,V(E)
For convenience, we write
b(q) = by, (q) = bl ,(supp p N supp v),

B(q) := Bu,(q) = B} ,(supp p N supp v)
and

A(q) == Au.(q) = A} (supp p N supp v).
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In fact, it is easily seen that the following holds for ¢ > 0 and F C (2,

LY(E) < AUE), PLUE)=P%(E) and P,(E)= 2,

,u,l/(

E)

where L! denotes the t-dimensional Hausdorff measure with respect to
v (see [5,6]), 2! denotes the t-dimensional packing measure and @Z

denotes the ¢-dimensional pre-packing measure with respect to v (see
[8]). In particular, we have

dim, (E) <’ (E), Dim,(E) =B, (E) and A,(E) =A%, (E).

3. Main results

3.1. The multifractal Hewitt-Stromberg measures. The Hewitt-
Stromberg measure has recently received some interest in the fractal
geometric community and it is both natural and timely to investigate
multifractal analogues of this measure. Let ¢,t € R, p € Z(£2). We will
now construct the multifractal analogues of Hewitt-Stromberg measures
Hg:’; and Pg;,ﬁ in a probabilistic setting that are analogues to Billingley’s
classical results for the Hausdorff and packing measures in [5,6,8|. For
E C €, the pre-measure of F is defined by

iy () = limsup 57 5(E) 4,
6—0

where

Su,ua —sup{Zu

)
— <
9 =

It is readily seen that C’q’ is increasing and C’szj(@) = 0 but it is not o-

additive. For this we mtroduce the outer measure Pg”ﬁ—measure defined
by

V(Cy) < 8, C; = I(w) with w € E}

Pq’ = inf {Z Cq’ i E C UZEZ} .

In a similar way we define

L3, (B) = liminf T2, (B) &,
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where

T, 5(E) =

Hv,6

inf {Z ,u(C’i)q | ECUC,, g <v(C;) <6; C; = 1,(w) withw € E} )

Since LZ”’; is not increasing and not countably subadditive, one needs a
standard modification to get an outer measure. Hence we modify the
definition to
74t ¢t
HM,V(E) = sup LM’V(F)
FCE

and
. —q,t
H'(E) = inf {Z H,,(E)| ECUE; } .

Our first main result describes some of the basic properties of the
multifractal Hewitt-Stromberg measures including the fact that Hg:ty and
ng, are outer measures and summarises the basic inequalities satisfied
by the multifractal Hewitt-Stromberg measures, the relative multifractal

Hausdorff measure and the relative multifractal packing measure.

THEOREM 3.1. Let ¢q,t € R and E C §). Then

1. the set functions Hg’t and Pg’t are outer measures.

v v

2. There exist ¢* > ¢, > 0, such that for any E C
0,0 (E) < Hi(E) < Pl (B) < ¢" P, (E).

3.2. Relative modified box-counting dimension in a probability
space. We will now define the lower and upper relative multifractal box-
dimension in a probability space. For any subset E of Q2 and ¢ € R, we
define

dim®B(E) = inf{teR| o (E):o}

e N7 1V
= sup {t ER| EZZ(E) = —|—oo}
and

(E) = inf{teR| Cgi,ﬁ(E):O}

= sup {t eR| C(E)= —1—00}.
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) . ¢.B
REMARK 3.1. It is worth observing that dlmq’ and d1m , are mono-
tone, but not o-stable.

The multifractal Hewitt-Stromberg measures H 2! and P’” assign in
the usual way a dimension to each set E of (2 called the modlﬁed lower
and upper relative box-dimension. They are respectively denoted by

(h_mZ’yyB(E) and dlmq’MB(E)

dim?P(B) = if{teR| HIL(E)=0}

214
= sup {t eR| HI(E)= +oo}

and
dm™(B) = inf {t eR| PU(E)= o}
= sup {t eR| PI(E)= —1—00}.
For convenience, we write

MB(

7(q) == 1,,(q) = dim® " (supp p N supp v)

and

— ——q,MB
7(q) ==Tu.(q) = dlmZ’V (supp N supp v).
REMARK 3.2. Clearly di_mZ”]yB and di_mZ:]yB are monotone and o-
stable in the sense of [5,8]. It is clear that from Theorem 3.1 one has
. MB ——q,MB
bl (E) < dimp 7(E) < dim,,,~ (E) < Bj(E) < Al (E).
In addition, if ¢ = 0 we deduce that
0 < dim, (E) < dim%MP(E) < dim,, " (E) < Dim, (E) < A,(E) < 1.

THEOREM 3.2. For any subset E of Q) and q € R, we have

logT? <(F)

: q,B 7'/76

1. dim?(FE) = f}é% lllgllélf ~logd
log S}, 5(E)

¢,B

2. dim?” (E) = lim sup
o (E) 50 —logd

There are ways of overcoming the difficulties of relative box-dimension

outlined in Theorem 3.4. However, they may not at first seem appealing

since they re-introduce all the difficulties of calculation associated with

the relative multifractal Hausdorff dimension. For E a subset of €2 we can
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try to decompose E into a countable number of pieces Ey, Ej, ... in such
a way that the largest piece has as small a dimension as possible. This
idea leads to the following relative modified box-counting dimensions :

THEOREM 3.3. For any subset E of €2 and q € R, we have

KV

1. dim?%MP(E) = inf {Supcii_mz”f(Ei) | EC UEZ and E; C Q} )

——q,MB

2. dim,,  (F) = inf {sgpﬁif(fﬂ) | EC UEZ and E; C Q} )

In the following theorem, we compare the upper relative box-dimension
and the modified upper relative box-dimension with the relative multi-
fractal packing and pre-packing dimensions in a probability space.

THEOREM 3.4. For any subset E of () and ¢ < 1, we have
——q,B

1. dlmZﬁ(BE) = A7 (E).

2. dimy,, " (E) = B! (E).

REMARK 3.3. The first assertion of Theorem 3.4 gives the relevant
version of the definitions found in [12, Proposition 3.2|.

Example : For «, 8 > 0, let us introduce the fractal sets

E(ﬁ) = QW € supp pMNsupp v ‘ limsupw <B%,
n—-+00 logy([n(w))

1 I,
E(a) = {w € supp pNsupp v | liminf Og“( <W))

_ >
n+oo logv (1, (w)) ~ a} ’
and
E(a,B) = E(a) NE(B), E(a)=E(a)NE(a).
Let ¢ € R and suppose that %ﬁff (a) (supp 1N supp V) > (. Then,
—¢B.(q) +7(q), ifq¢=0

dim,, (E( = Bj(a), ~Bi(a))) 2
—qBi(q) +7(q), ifg<0.

In particular, if B is differentiable at ¢ and a = —B’(g), then we have
Dim, (E(a)) = dim, (E(a)) = B*(a) =7 (a) = 7*(a) = b*(«a),
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where f*(a) = i%f (@B + f(B)) denotes the Legendre transform of the

function f. For more details, the reader can be referred to [11].

REMARK 3.4. It is instructive also to consider the special case ¢ =
0 since the relative multifractal Hausdorff measure is the Billingsley’s
Hausdorff ¢-measure [5] and the relative multifractal packing measure
is the packing ¢-measure introduced by Dai and Taylor in [8] where the
function
¢ =@ 1 [0,+00) = [0,400] is defined by po(z) = 0 and

(oo for =0
for t <0,
2t for >0
pi(z) =
0 for z=0
for ¢t > 0.
[ 2! for >0

The following example is constructed in a similar way as in [5,8|.
Example : In this example, we specialize 2 to the unit interval [0, 1]
with the Lebesgue measure. Whenever S is a finite set of s elements
0,1,2,...,s — 1 and the process {X,} consists of independent random
variables taking each of these values with probability s—!, the obvious
mapping using expansions to base s provides a connection between the
theories of this paper and the usual definitions in R. We exploit this
connection to show that certain exceptional sets are fractals, and we can
determine their dimensions. More specifically, given Q2 = [0, 1], and take
Z to be the class of Borel subsets, v to be Lebesgue measure, and p
to be probability measure on (Q,.%) with supp p = [0, 1]. For a fixed
integer s > 2, w € (), let

+o0o
w= Z Xi(w)s™
i=1

be the nonterminating expansion of w to base s. Then {Xj, X5, ...}
becomes a stochastic process taking values in S = {0,1,2,...,s— 1}, and
I,,(w) becomes a half-open interval of length s™". We define independent
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random variables

;

1
1 with probability >
Yi(w) =
1
\ —1 with probability 5
and
( n
Sulw) = q =
0 if n=0.

\

Then {S”}n is called a simple random walk on the integer lattice. The
strong law of large numbers implies that

lim —Sn (w)

n—-+4oo n

=0 a.s.

In particular, if A is a subset of

B:{wesupp,uﬂsuppu| lim Sn(w)#()},

n—-+o0o n

Sh,
then A has measure zero and —1 < ﬂ
n

< 1. Now, we consider the

set

Sn
E(a) = {w € supp pNsupp v | lim () = a} .

n——+oo n

It is clear that E(a) C B for all =1 < a < 0. We therefore conclude
that v(F(a)) = 0 and

dim, (E(a)) = dim%¥?(E(a)) = dim,,  (E(a)) = Dim, (E(a)) = ¢(a),

1221

where

¥(0) = 1~ 5(1 + ) logy(1 +a) — 5(1— o) logy(1 — a).

4. Proof of the main results

4.1. Proof of Theorem 3.1.

1. These properties follow easily from the definitions.
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2. Let ' C E and § > 0. Let <C’Z> C ¢ be a centered d-covering of

7

F with g <v(C;) < 6. Then
Ay s(F) <3 u(C)w(C)f

and
_Q7t

A
It follows immediately that

(F) < max(1, 2_t)T37V’6

(F)ét.

JTR7%
727 (F) < Lot "
¢* u,l/( ) S L;},,I/(F) S Hu7l/(F)'

Let (F}); C € such that F' C UE,
— 0t 779t
0 A (F) < 3 H,,, (F)
and
—at
0.7, (F) < Hiv(F) < Hi (B).

It follows immediately from the definitions that ¢, 7% (E) < Hi" (E).
Take 6 > 0. Let (C’z> C ¢ be a centered d-covering of FF C F

5 7
with 3 < v(C;) < 4. Since € is net, we may suppose that (Cl)z is
disjoint. So (C7’>z is a 0-packing of F', then

Tg,u,é(F) < ZM(C’L}(I < SZ,V,§(F)'

Also observe that it follows from the definitions that
it it t 79t it
LI (F) < CU(F) <CPh(E) and H, (E)<C(E).
We therefore conclude
it p
HY(E) < PI(E).
Now, let £ C (), then, we have

(4.1) Z%(E) > min(1,27)C% (E)

Il
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and

6 PLE) = ¢*mf{2@g;<m| EQUE’}

> inf{z CT(E)| EC UEz}

_ St
= Pl (E).
O
4.2. Proof of Theorem 3.2. Let E be a subset of 2 and g € R.
1. First, we suppose that
logT? (F
sup lim inf M > dim?5(E) + ¢, for some ¢ > 0.
FCE §—0 — log ) H
Then there exist F' C E and dy > 0 such that for all 0 < ¢ < dg,
log Tg,u,a(F) > —(dl_me(E) +¢)logd
and
!, 5(F)§mis (®)+e) >
Therefore, we obtain
— im%B € im®
0 = AU E By > qim inf T, (F)@mal (942) > 1,
Y 6—0 s
which is a contradiction. Then
logT?  (F)
iminf —22° ~ < dim%B(F fi )
;g% 11%1551 “logs = dim?7(E) +¢, for any € >0
Now, suppose that
logT? (F
sup lim inf M < dim?P(E) — ¢, for some € > 0.
FCE 6—0 —10g5 Ho
Then for all F' C E, and for every o, > 0 there exists 0 < § < dy
such that

log T?, 5(F) < —(dim?5 (E) — ¢) log §

and

Tq

W46(},ﬁ)(g(cliirn,’t,’f(E)—E) <1
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Hence,

1rn q,B —& g B
(dim% 7 (E) )(E) = sup hmlnfT (F)g(@H,E(E) &) < 1,

FCE 6—0

+ooH

which is a contradiction. Therefore

logT? (F
dim??(E) — ¢ < sup liminf M

< dim??(E
- FCE 6—0 — 10g5 - dlmu’y< ) + ©

for any £ > 0 and the result follows since ¢ is arbitrary.
2. We suppose that

log S7 ,5(E)
M > dlmq’B(E) + ¢, for some € > 0.

For every 0y > 0 there exists 0 < § < §y such that

log S}, 5(E) > (dlm (E) +¢)log o
and

SZ7V75(E)5(dIm ( )+e) > 1.
Furthermore, we obtain
0= C q,(dim}, (E)+€)(E) = lim sup S? Va(E)é(diimZ’f(E)-i-a) > 1,
50

which is a contradiction. Then

IOg SZ,V,(S(E) < di_m%B

< wv(E)+e, forany > 0.

lim su
§—0 P - log J

Now, we suppose that

log SZ,I/,&(E) < di_q’B

lim sup m,, , (E) —¢, for some ¢ > 0.

6—0 - log 0
Then there exists dp > 0 such that for all 0 < § < 9y,
log Sz,u,é(E) < —(dl_mZIj(E) —¢)logo
and
——q,B
SZ7V76(E)6(d1m””V (E)_E) < 1.
It follows that

mq,B _ ——7q,B
= CZ:f,d o () E)(E) = lim sup SZM(E)(S(dImzv”(E)_E) <1
6—0 T
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which is a contradiction. Therefore

- log S?  <(E)
iE q,B E)— e <1 wv,8
i, (B) =& < lmsup =105

for any € > 0. The result now follows by letting ¢ — 0. O

< dim’s, (E) +e,

Proof of Theorem 3.3. Let ¢ € R and E be a subset of €.

. Suppose that

dimf;,'"(E) >
inf {sgp(h_me(El) | EC UEZ and E; C Q} =: B.

Then there exists t € (5, dl_mzjy B(E)), so there is a sequence (F;);

of 2 such that £ = U;(E; N E) and supdi_mZ’f(Ei N E) < t. Thus

HY'(E;NE) = 0 for any i, implying that H*(E) = 0. It is a
contradiction.

Now, we suppose that (ﬁ_mZ”yB(E) < B, there exists ¢ in
(dl_ml‘i]y B(E), ), thus H?'(E) = 0. Therefore, there is a sequence
(B;); of Q@ such that E = U;(E; N E) and Hy\(E; N E) < +oo,
for any i. Then, dl_me(EZ) < tforany i and g < t. It is a
contradiction.

. The proof is similar to the one of assertion (1). O

Proof of Theorem 3.4.

. Tt follows easily from (4.1) that dim'., (E) < AY (E). On the other

hand, if ¢t > dimZ’f(E), by using Theorem 3.2, we have
log S? <(E
t > lim sup M >
6—0 - log 0

There exists dg > 0 such that for all 0 < 6 < 4y,
S (E)<d "

I

Let (C’z> be a centered d-packing of E. Thus

ZM(Ci)qV(Ci)t <S8, s(E)0 <80t =1.
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Then, we have 27, s(E) < 1 and 2., (E) = inf 2%, s(E) < 1.

6>0
Hence, AY (E) < t. It follows that A% (E) < dim’., (E).
2. 1f E C | J E;, then

——q,B
Bl (E) < sup Bl (E;) < sup Al (E;) = Sup dim,, (E;).

Theorem 3.3 now gives that B} ,(E) < MZZJI\//[B(E).

Conversely, if t > BY ,(E) then 21} (E) = 0, so that E C U; E;
for a collection of sets E; with @ZLZ(E,) < 1 for each 7. Hence, for
each i, if § is small enough, then ?Zi(;(Ez) < +o00 and so by (4.1),
Sz’y’é(EZ-)y < 400 as § — 0. Therefore, MZ?(EJ < t for each 1,
giving from Theorem 3.3 that (h_mZ’fB(E) <t. O
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